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1 INTRODUCTION

This article deals with the application of reduced-ordedels (ROMSs), via the asymptotic NNM method
proposed in[[1], to thin shells large-amplitude vibratiosvo particular geometries are addressed: a
doubly-curved shallow shell, simply supported on a reatargbase, and a circular cylindrical panel
with simply supported, in-plane free edges. In both ca$esshell is subjected to a harmonic excitation,
normal to its surface, and in the spectral neighbourhootsdtindamental frequency.

For both shells, the models use Donnell’s non-linear std@placement relationships, with in-plane
inertia retained. The discretized equations of motion &taioed by the Lagrangian approach described
in [2,13,[4], where the unknown displacements are expandezhad-hoc basis of approximation func-
tions that are not the eigenmodes. As a consequence, a langieen of degrees-of-freedom (dofs) is
necessary in order to obtain convergence.

The reduction to a single NNM is shown for various excitationplitude, and compared to a reference
solution. Perfect results are obtained for vibration amgde lower or equal to 1.5 times the thickness of
the shell.

2 EQUATIONS OF MOTION

The main steps of the Lagrangian approach used for deriviegetjuations of motions are here only
sketched, the interested reader can referitbl[2), 3, 4] fonaptete description. The two structures under
study are: (i) a doubly curved shallow shell with rectangliase, (ii) a circular cylindrical panel. For
case (i), a curvilinear coordinate systéf, x,y, z) is used, whereas a cylindrical coordinate system
(O,z,r,6) describes case (ii), see Figure 1. A particular doubly alirsiell is selected, such that
R,/R, = —1 (hyperbolic paraboloid panel), whefe, and R, are the principal radii of curvature.

The Donnell’s strain-displacement relationships for tlirells are used for deriving the elastic strain
energy of the shells. Kinetic energy is expressed by ndglpobtary inertia and keeping in-plane inertia
terms. An external transverse point excitation, located: aj) for case (i), or atz, 5) for case (ii) is con-
sidered. Its temporal content is harmonic with frequen@nd magnitudg’ (in Newton). The boundary
conditions are simply supported for the hyperbolic paralapanel, and with simply supported, in-plane
free edges for the circular cylindrical panel. The equatiohmotions are discretized with a Lagrange
formulation, by expanding the middle surface displacemémtv, w) on a basis of trigonometric func-
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Figure 1. Geometry and coordinate system for (a) the doulnyexd panel, from13]; and (b) the circular
cylindrical panel, from([4].

tions satisfying identically the geometric boundary cdiodis. For case (i), the expansion reads:

w(z,y,t) Wiy, (t) sin(mmz /a) sin(nmy/b)

M N
u(zx,y,t) = Z Z U, (t) cos(mmz /a) sin(nmy/b) 1)
v(x,y,t) m=1n=1 | v, ,(t)sin(mmz/a)cos(nmy/b)

For case (ii),y/b must be replaced b§/«, and the two sine functions appearing in the expansion of
u andv must be replaced by cosine functions in order to satisfy Hdannconditions. Leg be the vector
of generalized coordinates :
q=[Wmn Unn vmvn]T , m=1 ..M, n=1,..N. 2
Let P be the dimension of, which generic element is referred to @s The discretized Lagrange
equations of motions then readg, = 1, ... P:

P P P
dp + QCprQp + Z Z?Qi + Z Zgszin + Z Zﬁj7inQij = fp COS(Wt)- (3)
i=1 ij=1 ivjk=1

Modal damping has been added in Hq. (3), &rd [f; ... fp]” is the vector of the projected external
forcing considered. The panels response to harmonic ¢xcite the vicinity of the first eigenfrequency
is then numerically studied with the software AUTO. Numalitequency-response curves are then ob-
tained by continuation. By convention, the reponse givelEy (3) will be referred to as the reference
solution. The number of dofB is generally relatively large for attaining convergencéisireference so-
lution will then be compared to frequency-response cunained by reduced-order models computed
with NNMs, as explained in the next section.

3 REDUCED-ORDER MODELS
3.1 Numerical computation of the eigenmodes

The first step for reducing the size of the system is to makdintiear part diagonal. Lek = [z],; be
the linear part (stiffness) of EJ1(3), alithe matrix of eigenvectors (numerically computed).o$uch

that: P~'LP = A, with A = diag [wpﬂ , With w,, the eigenfrequencies of the structure. A linear change
of coordinates is computed, = PX, whereX = [X; ... Xp|” is, by definition, the vector of modal
coordinates. Application d® makes the linear part diagonal, so that the dynamics can e@xfressed

in the eigenmodes basis, and reads= 1, ... P:

P P
Xp+2GwpXp +wi Xy + Y gf XX+ Y B XXXy = F, cos(wt). (4)

ij=1 i, k=1
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The application ofP let the damping unchanged, aRd= P~!f is the new vector of modal forces.
By increasing the number of linear modes retained in the mneeleor X, convergence with respect to
the number of eigenmodes can be studied, see section 4 and 5.

3.2 Non-linear normal modes (NNMs)

Eq (@) is now transformed with the asymptotic NNM proceduesdatibed in[[l]. A non-linear change of

coordinate is computed:
Yp Sp (R, S) )
whereY, = X, is the velocity,(R,, S,) are the new variables that describe the dynamics in an awari

based span of the phase space, @&3 QI(,?’) are polynomials of the third degree. The dynamics is
then expressed with the introducégt,, S,) variables, that describe the motion along NNMs (invariant
manifolds), computed up to a third-order approximationgfde of the polynoms). Within this new,
invariant and curved basis spanned by the NNMs, proper #tiort of the system can now be realized,
as already shown i[1]. In the remainder of the study, refegesolution (withP basis functions) will be
compared to simulations with an increasing numbéinafar modegdimension ofX), and to simulations
with a single NNM, obtained by keeping in the dynamics onky directly excited NNM.

4 HYPERBOLIC PARABOLOID PANEL

The reference simulation is obtained with = 22 basis functions. Convergence has been checked in
[8] for an excitation amplitude of = 4.37 N. The generalized coordinates retained arg;;, wi 3,
W3,1, W33, U1,1, U3,1, U1,3, U3 3, UL5, U5 1, U35, U5,3, US55, UL,1, V3,1, V1,3, U3,3, V1,5, U515 U35, U533, U5, 5.
Figure[2 shows the maximum of the panel response in the speeighbourhood of the first eigenfre-
guencyw:, numerically obtained by continuation with the software . Only the principal coordinate
responseyw 1, is represented. It is compared to the response obtainedidpeverely reduced-order
models, obtained by keeping either only one linear modey(@w first. X; coordinate is kept foX), or

one NNM (only R; is kept in this case).

(a) (b) (©)
1.5 ref ﬁ . NNM

LNM

14 16 18 25

Figure 2. Comparison of reference simulation obtained @&Hdofs (ref) with reduced models consist-
ing of a single oscillator equation: one linear mode (LNMyame NNM. Three different excitation

amplitude are shown: (a)f = 2.84 N, (b): f = 4.37 N, (c): f = 6.66 N.

For f = 2.84 N, it is observed that the NNM reduced model is very close &réference solution,
whereas the simulation with only one eigenmode gives emamieesult. Fof = 4.37 N, discrepancies
between the reference solution and the NNM model are obdan/¢he prediction of the maximum
amplitude. This trend is confirmed fgr = 6.66 N, where it is observed that the reference simulation
amplitude remains quite constant with a loop at its end. @asien of the other coordinates reveals that
much of the energy is absorbed by the higher modes for thés tdexcitation.
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Convergence of the solution with the number of linear modes d&lso been checked. It has been
found that the convergence is very slow: 15 linear modes ecessary to recover the reference solution.
Hence, the result provided by the reduction to a single NNMeigy good, and can be considered as
blindly reliable for amplitudes of vibration up to 1.5 timése thickness of the shell. This result is
coherent with precedent studies, and points out the wglliditits of the asymptotic approach.

5 CIRCULAR CYLINDRICAL PANEL

The reference simulation is obtained with= 19 basis functions in this case for an excitation amplitude
of f‘ = 2.2 N. The generalized coordinates retained are;, wi 3, ws 1, w33, 41,0, ¥1,2, U1,4, U3,0, U3 2,

V0,1, V2,1, V4,1, V0.3, V2.3, V4.3, V0 5, V2,5, U4 5. Figure[B(a) shows the convergence of the solution with an
increasing number of linear modes retained. Once agaimyasi@v convergence is observed: 15 linear
modes are necessary to recover the converged result witasi® functions.

(a) (b) © f=44N

ref 11 LNMs NNM

=
N

E 0.8 8 LNMs E 1
5S /i =< s
s1 0.6
X g 0.6
X 04 X
g @ 04
0.2 E 0.2 ] LNM
0 1 11 1.2 1.3 0 0 1 1.2 14 1.6

w/wy w/w)

Figure 3. Maximum amplitude of the first modal coordinate (a): Convergence of the solution versus
the number of linear modes retained, for= 2.2 N. (b)-(c): Comparison of reference solution with
reduction to a single linear mode (LNM) and a single NNM, foe 2.2 Nandf = 4.4 N.

Figure[3(b)-(c) shows the results obtained by two reducedaisoof the same complexity (a single
oscillator-equation). Fof = 2.2 N, the NNM solution is close to the reference but overprettiet
maximum value, whereas the single linear mode truncativesgerroneous result. Fgr= 4.4 N, the
reduction to a single NNM deteriorates severely and is ngtraate acceptable. In this case, the validity
limit of the asymptotic NNM procedure used to reduce theeaysts thus estimated at 1.2 times the
thickness of the shell.
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