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TIME-DOMAIN STUDY OF THE DRUDE-BORN-FEDOROV MODEL FOR A CLASS OF
HETEROGENEOUS CHIRAL MATERIALS

PATRICK CIARLET, JR.[ GUILLAUME LEGENDRE}! AND SERGE NICAISES!

Abstract. We deal with the well-posedness of the transient Maxwell equations in a particular class of heterogeneous isotropic
chiral material modeled by the Drude-Born—Fedorov constitutive relations. A new formulation of the underlying evolution problem
allows us to correct a previous result establishing the existence and uniqueness of the electromagnetic fields in a homogeneous medium.

1. Introduction. Chiral materials are examples of media which respond with both electric and magnetic
polarization to either electric or magnetic excitations. Because of this peculiar behavior, they have been studied
extensively by the electromagnetics community, for a wide range of applications, including prospective ones.

In this work, we consider the time-dependent Maxwell equations in a heterogeneous, isotropic chiral medium
filling a bounded domain surrounded by a perfect conductor. Although their use is mainly restricted to time-
harmonic applications, the Drude-Born—Fedorov constitutive relations (see for instance [10]) are used to model
the behavior of the chiral material, within the scope of what is referred to in the literature as the optical response
approzimation [9]. Recent mathematical investigations dealing with electromagnetic waves in chiral media and
involving the Drude-Born—Fedorov relations are the main topics of a number of articles, e.g. [1, 3] and references
therein for the time-harmonic case, [8, 11] and references therein for the time domain case. Here, the well-posedness
result erroneously stated in [8] is reexamined (and corrected) through a different mathematical interpretation of
the evolution system in the case where the electric permittivity and magnetic permeability of the medium are both
possibly non-constant and proportional to the chiral admittance. Our main result asserts the existence of a unique
solution to the problem under a spectral condition involving the admittance. Its proof is based on the invertibility
property of the so-called Drude-Born—Fedorov operator, some characterizations of the orthogonal of its range and
the introduction of an appropriate invariant subspace of its inverse.

More precisely, we consider the following problem. Let © be a bounded subset of R? with a Lipschitz boundary
I', no assumption being made on the simple connectedness of {2, nor on the connectedness of I'. We consider the
time-dependent Maxwell equations, supplemented with boundary and initial conditions to close the system (the
reader is referred to [8] for a justification of this model),

%—lz —curl H =0 in  x (0, 00),
0B .
E—f—curlE:Oanx (0, 00), (1.1)

HAan=J, EAn=0onT x (0,00),
E(O) :Eo, H(O) :HO in Q,

subject to the Drude-Born—Fedorov constitutive relations
D=¢(E+fcurlE) and B = u(H + Scurl H). (1.2)

In the above equations, D is the electric displacement, H is the magnetic field, B is the magnetic induction, and
E is the electric field. The vector n denotes the unit outward normal vector to the boundary I' and the field J is a
surface current density flowing tangentially to the boundary. The positive scalars €, u and 3 denote respectively the
electric permittivity, the magnetic permeability, and the chirality admittance of the heterogeneous isotropic chiral
material. It is assumed that these coefficients are real-valued bounded functions and uniformly positive definite,
i.e. there exists constants e, €*, ., p*, B« and §* such that

0<es<e(x) <& <400, 0< py < p(x) < p* < 400,
and 0 < B, < B(x) < B* < +oo, VY € Q.
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In addition, the class of chiral material considered in this paper is characterized by two more hypotheses: we require
that there exist two constants k. and &, such that

ke = (e8)”" and k, = (uB)”" in Q, (1.3)

and moreover that the chiral admittance § is piecewise regular, in the following sense: we suppose there exists a
partition of 2 in a finite set of Lipschitz domains €1, ..., Qg such that the restriction of 5 to each 2, 1 < k < K,
belongs to ¢°(2;). Note that these conditions always hold if &, u and 3 are constant, which is the case originally
treated in [8]. On the other hand, when these coefficients are all piecewise constant, conditions (1.3) are satisfied if
their respective jumps hold on the same interfaces. Physically speaking, we do not claim that this model is pertinent.
However, from a mathematical point of view, these assumptions allow one to partly recover a familiar functional
setting (see the discussion in subsection 7.2 in [8]), which is the one for Maxwell’s equations in a nonhomogeneous,
isotropic dielectric material.

We finally recall that the surface current density is linked to the surface charge density o by the charge
conservation equation

aa—z—&—divTJ:O on I,

in which div, is the surface divergence operator. In the remainder of the paper, we restrict ourselves to a zero
surface charge density, therefore the surface current density will be (surface) divergence free.

An outline of the paper is the following. In Section 2, we first introduce the various ingredients needed to set
a proper mathematical framework for the physical problem (1.1)-(1.2). Section 3 is devoted to the invertibility of
the operator underlying the Drude-Born—Fedorov constitutive relations (1.2). This intermediary result then allows
us to establish the well-posedness of the evolution problem in the next section. Finally, we discuss the range of
applicability of this result in section 5.

2. Some definitions and technical results. Let us give some definitions and recall a number of results
relative to the functional frawework used throughout the paper.
We first define the Hilbert spaces

H(curl;Q) = {v € L?(Q)? | curlv € L*(Q)3},
H(divp=1Q) = {v e L*(Q)* | div(8~'v) € L*(Q)},

equipped with their usual norms, and their respective, closed, subspaces

Ho(curl;Q) ={v € H(curl;Q) [ vAn=0o0onT},
Ho(divp™Q)={ve Hdivg Q) | 7'lv-n=00nT},
H(div710;Q) = {v € H(divp~1Q) | div(3~'v) =0in Q}.

We also introduce the space X(Q,57!) = H(curl;Q) N H(divB~1;Q), and its subspaces Xy (2,57!) =
Hy(curl; Q)N H(div3~1 Q) and X7(Q,871) = H(curl; Q)N Hy(div 71 Q). It is well-known that the embedding
of X(Q,871) into L?(92)? is not compact (see, for instance, [2]), but that those of Xx(Q,371) and X7(Q, 371) are
(see [13]).

Concerning the traces of vector fields of H(curl;{), the following integration by parts formula, or Green’s
formula, holds

/u-curlvdm—/curlu-vda::(u/\n,n/\(v/\n)}F,
Q Q
Vu € H(curl;Q), Vv € H(curl;Q),

where u An and n A (v An) are respectively the tangential trace of u and the trace of the tangential components
of v, and (-, -)p stands for the duality product between H~1/2(divp;T') and its dual H~'/2(curly; T'), both endowed
with their natural quotient norm (see [6, 7] or [4] for a summary). In addition, the trace mapping u — u A n.
(resp. v = n A (v An). is onto from H(curl;Q) to H~/?(divp;T) (resp. H~/?(curlp;I)).

When the domain € is not simply connected, we introduce the kernel

H(m,B7") = {ve Xr(Q,B7") | div(3~'v) =0in Q and curlv = 0 in Q},

and assume there exists a set of m connected open surfaces ¥;, 1 < j < m, m being the genus of {2, called “cuts”,
which allow one to reduce € to a simply-connected domain denoted 2 = Q\ Uj=1,._mX;.



Similarly, when the boundary I' is not connected, we denote by I';, 0 <7 < p, its (maximal) connected components,
I'g being the boundary of the only unbounded connected component of R3\Q, and we introduce the space

H(e, ') ={veXy(Q,87") | div(3 'v) =0in Q and curlv = 0 in Q} .

The proofs of Propositions 3.14 and 3.18 in [2] can be easily adapted to characterize the spaces H(m,3~!) and
H(e, 1) as follows.
PROPOSITION 2.1. The dimension of the space H(m, 371) is equal to m. It is spanned by the functions Vq;f,

1 < j <m, where each q]T is the solution in Hl(Q), unique up to an additive constant, to the problem

(51 gT) = 0 in €,
Ongq} =0 onT,
[¢] |5, = constant and [ Onq] |z, =0, 1 <k <m,
(B710nqf 1)y = by L<k<m.

Above, given g € L? (Q), g denotes its canonical extension to L2(2).

PROPOSITION 2.2. The dimension of the space H(e, 371) is equal to p. It is spanned by the functions Vg,
1 <i < p, where each g~ is the unique solution in H(Q) to the problem

—div(87'VgN) =0 in €,
q |, =0 and ¢ = constant, 1 < <p,
(B710ngl, 1>F0 =—1 and <5*18anv,1>rz =8, 1 <0< p.

Let P, (resp. P.) denote the orthogonal projection from Xr(£2,37!) onto
H(m, B71) (resp. from Xy (2, 371) onto H(e, 37 1)), with respect to the weighted L?(2)-inner product

(v,w)z-1 :/ B v wde. (2.1)
Q
As a consequence of the last two propositions, the projection P, u (resp. P.u) of a field u satisfying div(3~'u) = 0
in € is completely characterized by the set of scalars <B_1u -, 1>2-’ 1< j < m, (resp. <B_1u N, 1>F‘, 1<i<p)
Finally, we recall the following relationship
div, (v Amr) = (curlwv) - nr, (2.2)

which is valid for any (sufficiently smooth) vector field v defined in .

3. An auxiliary problem. In this section, we study existence and uniqueness of a solution to the following
auxiliary problem, derived from system (1.1) and constitutive relations (1.2): given f € Ho(div3710;Q), find
u € Xn(Q,871) satisfying

u+ fcurlu = fin Q. (3.1)

We take inspiration from the work of Boulmezaoud et al. [5] on the existence and uniqueness of Beltrami (or
force-free) fields in a bounded domain, with the preliminary consideration of a curl-div system.

3.1. Preliminary study of a curl-div system. We now extend some of the results previously obtained in
[5] to a more general context. We introduce the following problem: given j € H(div3710;Q) N H(e, 371, find
u € X7(Q, 571 such that

Beurlu = j, div(f~'u) =0, and P,u = 0. (3.2)

This problem was studied in Lemma 5 of [5] in the case § = 1 and for a smooth domain. We adapt it to our setting
(that is, to the case of a non constant parameter 5 and a Lipschitz domain) as follows.
LEMMA 3.1. A field u € X7(2, 371) is solution to (3.2) if and only if it solves the variational problem

(Beurlu, curl v) r2(gys + (div(B ' u), div(8'v)) r2(q)s
+ (Pmu,Pm’U)g—l = (g, curl ’U)Lz(g)s, Yv € XT(Q,ﬁ_l). (3.3)



Moreover, this variational problem admits a unique solution.

Proof. The existence and uniqueness of a solution to (3.3) simply follows from the Lax—Milgram lemma, the left-
hand side of (3.3) defining a coercive and continuous bilinear form on X7(2, 371) x X7(92, 371) as a consequence
of Corollary 3.16 in [2]. It remains to show the equivalence between (3.2) and (3.3). As problem (3.2) obviously
implies problem (3.3), let us concentrate on proving the converse statement by following the steps given in [5]. Let
u € Xr(Q,57") be a solution to (3.3). First, taking v = P,,,u as a test function, we find that (P,u, Ppu)s-1 =0,
hence P,,u = 0 almost everywhere in . Next, consider ¢ € H*(2)/R, solution to the variational problem

/ BV Vipda = —/ div(3~'u)y dz, Vb € H(Q).
Q Q

Such a solution exists since the right-hand side is orthogonal to 1 by the Green formula, namely

/ div(3~'u)dz = (8 'u  n, ). =0.
Q
Furthermore, it is governed by the Neumann problem
div(B~'Vp) =div( u) in Q, f7'Vy-n=0onT.
Taking v = Vi in (3.3), we deduce that

(div(8~ ), div(B7'V¢)) r2(0)s =0,

and therefore div(8~1u) = 0 almost everywhere in Q. Finally, let us set w = Bcurlu — j. Then, using (3.3) and
the first two steps, we have

(w, curlv) 2 =0, Vo € Xp(Q, 7).
By virtue of Lemma 3.5 in [2], this implies that
(w,curl ®)12(qys =0, V@ € H'(Q)°. (3.4)

Taking ® in 2(Q)3, we then find that curlw = 0 in 2, which guarantees that w is in H(curl; ). Coming back
to (3.4) and applying the Green formula, we obtain

(wAn,®). =0, V& c H'(Q)®.

In other words, the field w belongs to Hp(curl; Q). Since div(8~'w) = 0 in , we infer that w belongs to H(e, 371).
Finally, seeing that P,w = 0 since

(87w - n, 1>Fi = (curlu-n, 1), — (875 n, 1>Fi =0, Vie{l,...,p},

by (2.2) and the assumption on j, we deduce, using Proposition 2.2, that w =0 in Q. O
As in [5], we now introduce the (bounded linear) operator from H(div 710;Q) N H (e, 371)* into itself

Kﬁ:j|—>u,

where u € X7(Q,371) is the unique solution to problem (3.2). Since X7(Q,371) N H(div3710;Q) is compactly
embedded into H (div 370; Q)NH(e, 371)L, the operator K is clearly compact. Accordingly, the operator Id+ Kz
is a Fredholm operator of index zero from H(div 3710; Q) NH (e, 371)* into itself. Therefore, it is an isomorphism
if and only if its kernel is reduced to the null subspace, and the same goes for the operator Id + Kz*, where Kg*
denotes the adjoint of the operator Kg, since dimker(Id+ Kg) = dimker(Id+ Kg*) according the Riesz—Fredholm
theory.

In order to identify the adjoint of Kz, we need to establish a Weyl-Helmholtz type decomposition for the
elements of H(div3710; Q) NH(e, ~1)L. We start by proving the following result.

LEMMA 3.2. Let u in L*(Q)? be a divergence-free field such that w-n =0 on T and Pyp,u = 0. Then, there
exists one, and only one, field ¢ in Xn(Q, 871) such that

u=curlg in Q, div(8~'¢) =0 in Q, and P.¢ = 0.



Proof. By Theorem 3.17 of [2], there exists ¢ € Xn(£2, 1) such that u = curl in 2 and fulfilling the statement
of the lemma with 3 = 1. Since 9 doesn’t verify div(5~ ') = 0 in Q, we consider y € H}(Q) such that

(Vx, Vv)g-1 = (¢, V)g-1, Vv € Hy(Q).
This field satisfies
div(3~'Vy) = div(~'9) in Q,
and the boundary condition
B'VxAn=0onT.

Consequently, the function ¢ =¥ — Vyx — Zle <5*1(¢ —Vx) n, 1>F1~ Vg» meets the requested properties. To
conclude that the field ¢ is unique, we make the following observation: if u = 0, ¢ belongs to H(e, 37!) and is
such that P.¢p =0, so ¢ is zero. O

We next give a decomposition for any vector field in H(div 3710; Q) N H(e, 71)* .

LEMMA 3.3. Let j € H(divB3710;Q) NH(e,B~1)L be given. Then, there exist s € H(Q)/R, coefficients c;,
1<ji<m, and ¢ € Xn(Q,B71) such that

j=Vs+ ch VqJT + Beurl ¢, with div(8~'¢) =0 in Q and P.¢p = 0. (3.5)

j=1

The fields s and ¢, and the coefficients (¢j)1<j<m are unique.
Proof. Consider the function s € H(£2)/R, solution to the Neumann problem

div(37'Vs)=0in Q, B7'Vs-n=5""'5-nonT,

which exists since
(5715 m 1)y = [ div(5 ) de =
The coefficients c;, 1 < j < m, are then given by
cj = <ﬁ_1(j —Vs) - n, 1>E_7- .

As the field u = 57! (j — Vs — Z;nzl ¢j quT) satisfies the hypotheses of Lemma 3.2, we deduce the existence of

the vector field ¢.
By construction, it is easily seen that the fields s, ¢, and the coefficients (¢;)1<j<m are unique. O
We may now introduce the operator K* from H(div 3710;Q) N H (e, 3~1)* into itself such that

K* . j o, (3.6)

where ¢ is the field appearing in Lemma 3.3 (and which depends continuously on 7). It turns out that this operator
is the adjoint of Kz (i.e., K* = Kg*).

LEMMA 3.4. The operator K* is the adjoint of Kz when H(div 3710;Q) N H(e, 71" is equipped with the
inner product (2.1).

Proof. Using Lemma 3.3, we can write

v=Vs+» ¢; Vg +pecurl K*v, Yo € H(divp'0;Q) NH(e, 571) .

j=1

Hence, for any w in H(div 3710;Q) N H(e, 371)*, we have

m
(Kgu,v)z-1 :/Kgu~ (6‘1V8+B_1ch qu—&-curlK*’u)d:c.
Q

j=1



Integrating by parts, we see that
(Kgu,Vs)g-1 = — /Q div(B ' Kgu) sdzx + <671Kﬂu -n, 5>F =0,

since div(37'Kgu) = 0 in  and Kgu belongs to X7(2, 37!). On the other hand, we find that
(Kpu, V) g1 = (Pn(Kpu), Vg )g-1 =0,

as P, (Kgu) = 0. Consequently, one has
(Kpu,v)g-1 = /QKBU -curl K*vdx.
Applying the Green formula and using the fact that (K*v) An =0 on T, we reach
(Kpu,v)g-1 = /chrl(K/gu) - K*vde,
and, since curl (Kzu) = 87!, we have finally proved that

(Kpu,v)p-1 = (u, K*v)z-1,
Yu € H(div 8710 Q) NH(e, ~HE, Yo € H(divA10;Q) nHie, 71 .

3.2. The Drude—Born—Fedorov operator. So far, we have not used the fact that 3 is piecewise regular, an
assumption which appeared before stating the proportionality assumptions (1.3). From now on, it will be explicitly
needed, starting with Theorem 3.5.

We next consider the mapping

Ag ¢ Xn(Q,87Y) = H(divs™Q)
u — u + Scurlu,

defining the so-called Drude-Born-Fedorov operator, and suppose that H(div3~1;Q) is equipped with the inner
product

(u,v)g = (u,v)g-1 + (div(ﬁ_lu),div(,B_lv))Lz(Q) ,
Vu € H(divp™1;Q), Yo € H(divs™; Q).

Let us characterize the orthogonal to the range of operator Ag in H(div 371; ). We first remark that Agv = v for
any v € H(e, 371), so that H(e, 371) C R(Ag). Also, according to the definition of P. (with respect to the scalar
product (-,-)z-1), one finds that

P.w =0, Yw € R(Ap)"*. (3.7)
THEOREM 3.5. In H(divB~1;Q), one has
R(Ap)*t = {w e H(divp™ Q) |w+ Beurlw = 0} .

Proof. Let us start with the inclusion R(Ag)* C {w € H(divB~1 Q) |w + Becurlw = 0}. Let w € R(Ap)t;
it is such that

0= (Agv,w)py = (v+ Beurlv,w), . + (div(8~'v), div(ﬂflw))m(ﬂ) ,

For any g € L?(Q), let ¢ € HZ(2) be the unique solution to

div(37'Vp) —p =g in Q,



in the following sense

/ (B7'Ve-Vx+¢x) de = —/ gxda, Vx € Hy(9), (3.9)
Q Q
and consider in (3.8) the test function v = V. This implies that
(V(p,w)@_l + (div(ﬂflvw,div(ﬂflw))LQ(Q) =0.
Integrating by parts the first term in the left-hand side, we obtain
0= (—p+div(87 V) div(8™'w)) 1) = (9. div(B™ w) 1 o), Vg € L*(Q).
In other words, one has
div(3~'w) = 0 in Q,

and we see, by applying the Green formula, that (3.8) reduces to

(v,w+ Beurlw), + =0, Yo € Xn(9, Bh. (3.10)

Now, for any z in 2(2;)3, 1 < k < K, let us set v = z — V1), where 1) belongs to HO(Qk) and is such that
div(ﬂ W) = div(87'2) in Q. By construction, the field v belongs to Xy (€, 37 !) and plugging this test
function in equality (3.10) yields

w + Scurlw = 0 in Q.

Hence, the field w belongs to H(curl, 2;) and we can apply the Green formula on each subdomain €, to get

K
Z (wAn,nA(VAN)) s, =0, Vv e Xy(9, Bh.
k=1

Hence, the tangential components of w are continuous across interfaces between subdomains. This implies that w
belongs to H(curl; ) and satisfies
w + fcurlw =0 in Q.

The converse inclusion follows directly from using the Green formula and remarking that the identity w +
Bcurlw = 0 implies that div(8~tw) = 0. O
LEMMA 3.6. Assume that

ker(Id+ Kz) = {0}. (3.11)

Then, a vector field w belongs to R(Ag)* if and only if there exists g in Ho_l/Q(F) ={ge HYV¥I)| (g,1)p = 0}
such that

w = wo + Vg,
where wy = —Kg(Id+ Kg) "'V, and ¢, € H'(2)/R is the variational solution to

div(B~'Vp,) =0 in Q,
B_1Vgog n=g onl,

in the following sense

/QB_1V909 -Vxdz = (9,X)r, Vx € HI(Q)/R.

Proof. For any w in R(Ag)*, let us denote its trace on T', which is an element of Ho_l/Q(F), by g =8 1w- n,
and set

T

wo =w — V.



We remark that w belongs to Hy(div 3710; Q)NH (curl ; Q). Setting j = B curlwy, we see that j € H(div 3710; Q)N
H(67B71)J— and Kﬁj = Wy, and that

J+ Kgj =wo+ fcurlwg = -V,

this last equality following from the identity w + B curlw = 0. The operator Id + Kz being invertible due to
condition (3.11), we deduce that

j=—(Id+Kp)"'Voq,
and therefore
wy = Kpj = —Kp(Id+ Kp) ™'V,
Conversely, for any g in Ho_l/Q(F)7 let us set wo = —Kz(Id+ Kg) 'V, and
w = wo + V.

The above arguments show that w is in H(div 71;Q) and satisfies w + S curlw = 0, so it belongs to R(Ag)*. O
COROLLARY 3.7. Assume that condition (3.11) holds. Then, there exist nonzero elements f € Ho(div 3710; Q)
such that f & R(Ag).

Proof. For any nonzero element g in Ho_l/Q(I‘), let us set wy = —Kp(Id+ Kg) 'V, and w = wo + Vg, ¢,
being defined as in Lemma 3.6.

On the one hand, Lemma 3.6 shows that the field w belongs to R(Ag)~. On the other hand, the field wy is in
Hy(div 3710;9) and is nonzero (indeed, if were the case, the identity wo + B curlwy = —V, would imply that
g = 0 and hence g would be zero).

Finally, wo cannot be in the range of Ag, because it is not orthogonal to w. Indeed, one has

(w()vw)H = (wo,w)ﬁ—l = (wo,wo + V@g),@—l = (wOawO)ﬂ—l # 0,

as an integration by parts yields (wo, Vipg)g-1 = 0. 0

Let us now go back to the auxiliary problem (3.1). We are now in a position to formulate a non-invertibility
result, which is a direct consequence of the preceding corollary.

COROLLARY 3.8. Under condition (3.11), the operator Ag is not an isomorphism from X n (2, 37 )NHo(div 3710; Q)}
into Ho(div 710; Q).

This last corollary negates an affirmation which was, erroneously, thought to be proved in the case of a
homogeneous material in [8]. The correction of this point is one of the main goals of the present work.

Nevertheless, one can establish the following results.

THEOREM 3.9. Assume that condition (3.11) holds. Then, the range R(Ag) is closed in H(div 371; Q).

Proof. Let us consider a sequence (uy,)nen in Xy (92, 371) such that

fo=up+pcurlu, — fin H as n — 4o0.
This equivalently means that
f.— fin L*(Q)% and div(8~'u,) — div(87'f) in L3(Q), as n — +oo. (3.12)

Let ¢, in H}(Q) = {v € HY(Q) | VU, = 0, vjp, = constant, 1 <i< p} be the unique variational solution to!

div(3~'Vy,) = div(8'u,) in Q.
According to (3.12), the sequence (¢, )nen converges in H} (), namely there exists ¢ € H}(£2) such that
On — @ in HY(Q) as n — +o0, with div(8~ V) = div(3~*f).
We next focus our attention on the divergence-free part of u,, Vn € N, by setting
b, =u, — V,.

LObserve that, Vn € N, ¢, is such that (371 V¢, - n, Lr, = (B~ up - n, Lr,, 1 <i<p.



The sequence (@, ),en then satisfies
div(™'®,)=0inQ, ®,An=0onT, P.®, =0, Vn €N,
fo=®,+pBcurl®, = f — Vo, = f—Vein L*(Q)® as n — +oo.
Consider now j, = Scurl ®,,, ¥n € N. By construction (see (3.5) and (3.6)), we have
@, = Kg"lin,
and consequently
G+ Kg'g, =®, +Bcurl®, = f — f— Vpin H(divs™ Q) as n — +oo.

Since the operator Id + Kg* is bounded from H(div 371;€Q) into itself and invertible, its inverse is also bounded,
which implies that

Go=Id+Kg*)" f, — (Id+ K5*) "' (f — V) in H(divp™;Q) as n — +o0.
As Kg* is bounded, we deduce in turn that

®, =Kz, = Kg*(Id+ Kg*) ' (f — V) = ® in H(divB ™ Q) as n — +o0.
This last property implies that

U, =®,+Vp, >P+Vp=uin LQ(Q)?’ as n — 400,
as well as div(8~tu) = div(B~1f) in L?(Q). Moreover, we have
curlu, = curl®, = 571(f, — ®,) = 8 (f — Vo — ®) in L*(Q)°,
so that u,, tends to u in Xx (2, 371) as n tends to infinity, with curlu = S~(f — Vi — ®). This finally leads to
u+fecurlu=®+Vp+f-Vp—&=Ff

and shows that f indeed belongs to R(Ag). O

COROLLARY 3.10. Under condition (3.11), the Drude-Born-Fedorov operator Ag is an isomorphism from
XN(Q,Bil) mto R(Aﬁ)

REMARK 3.1. For a homogeneous isotropic chiral material, that is when the value of the chiral admittance S is
constant over the whole domain 2, condition (3.11) means that 8 does not belong to a discrete set of real numbers
related to the spectrum of the curl operator (see [5] and [14] for details). Here, as the admittance is not necessarily
constant, this condition only expresses that —1 is not an eigenvalue of the operator Kg. We may conjecture that
it is however generic, in the sense that if it is satisfied for a given function 3y then, given a small perturbation £’
of By, —1 is not an eigenvalue of the operator Kg/ either.

We conclude this section with a second decomposition for the elements of R(Ag)t, which is needed in the
remainder of the paper.

LEMMA 3.11. Assume condition (3.11) holds. Then, a field w belongs to R(Ag)* if and only if there exists h
in H=Y/?(divp;T) such that

w = woy + W,

with wy = —Kg*(Id+ Kg*) ' (wp, + B curlwy,) and wy, € H(div 3710,Q) N H(curl; Q) is the variational solution
to

Beurl (5 curlwy) =0 in Q,
wpAn=honl, (3.13)
Powjy, = P.w,

in the sense described below.
Nota bene. By construction, one has that w Am = h on I'. As a consequence, the tangential trace mapping is
surjective from R(Ag)* to H~Y/2(divp;T).



Proof. Let w € R(Ag)*t. Then, one has curlw = —3 lw belongs to L?(Q2)? and therefore w belongs to
H(curl; ) and h = w A n belongs to H~'/?(divp;T). Let us now fix an element 1 in H(curl; Q) such that

wAn=h. (3.14)

Up to subtracting a gradient, we can assume that S~ 'w is divergence-free and that it is furthermore orthogonal
to H(e, 371). For that, consider the unique solution 1, € Xy (€2, 37!) satisfying

(Beurlwy,, curlv) ;2 (g)s + (div(B~'wp), div(ﬁflv))w(m + (P.wy, Pov)g—1 =
(B eurlw, curlv) 2 (g)s + (Pe(w — w), Pov)g-1, Yo € Xn(Q,87Y). (3.15)
Then, the field
wy, = Wy, + W,
belongs to H(div 710,Q) N H(curl; ), with P,w; = P.w, and is the solution to (3.13). Now we set
wy = wy, — W, (3.16)

which is in Xx(Q,371) N H(div 3710,9Q) and such that P.wg = 0, and we consider j* = B curlw,. By (3.5) and
(3.6), we have that wo = Kg*j" and, from (3.16),

3 + Kg*j* = Beurlwg + wo = Beurlwy, +wy, € H(div3710,Q).
Since the operator Id + Kg* is invertible, we deduce that
35 = (Id+ Kﬁ*)*l(ﬂ curlw, + wy,),
hence the decomposition
w=w), —wy =w, — Kg*"(Id+ Kg*)*l(ﬁcurl'wh + wp).

Conversely, given h in H~'/?(divp; I"), we fix any element 1 in H (div 3-10, Q)N H (curl ; Q) satisfying P, = 0
and (3.14) and we consider b, the unique solution in Xy (9, 57 !) to (3.15). The above arguments then show that

w = wy, — Kg*(Id + Kz*) (8 curl wy, + wy,)

is an element of R(Ag)L. O

4. Evolution problem. In order to be solved, the original physical problem must be recast in the mathe-
matical framework introduced so far. We thus need to precise the hypotheses on the data.

The a priori assumptions on the initial conditions are that Ey € X (2, 8) and Hy € H(curl, ), satisfying
HyAn=J(0) onT. Concerning the surface current density J, we assume that it is measurable with respect to
the time variable ¢t. We already know from Section 1 that div, J(-,t) =0 on I', ¢t > 0, and we furthermore suppose
that J is such that there exists a lifting Hy(¢), ¢ > 0, with Hy(t) An = J(t) on I'. The existence of such a
lifting allows us to replace the system (1.1)-(1.2) by an equivalent evolution problem with homogeneous boundary
conditions. .

As a consequence, the fields EF and H = H — H j satisfy

0 —~
EE(E—&—ﬁcurlE)—curlecurlHJ inQ, t>0,

0 (=~ —~ 0
nes <H+ﬁcur1H) +curl B = —p o (Hy + feurl Hy) in Q. >0,

EAn=0, ﬁ/\n:()OHF, t>0,
E(0) = Eo, H(0)= Hy = Ho — H;(0) in ©,

which can be written as the following abstract evolution problem: find &(t) €
Xn(9,871) x Xn(9,87Y), t >0, such that

d
a(Aﬁg)—Cg:j, t >0,
&(0) = &o,
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by setting

B E B Eqy p e lcurl Hy
¢= ( H > %o = ( H, ) and 7 = ( — 2 (Hy +fBcurlHy) )’

and introducing the operators

[ Az O B 0 e lecurl
As = ( 0 Ap ) and € = ( —u~teurl 0 )

Assuming that condition (3.11) is satisfied in the remainder of this section, Corollary 3.10 enables us to prove
that the above problem is well-posed under the proportionality conditions (1.3). Indeed, considering the new
unknown? 2 = A&, problem (4.1) is equivalent to

d
7 _cas 9= 7, t>0,
dt (4.2)
2(0) = Apép.
Let us then denote by S the largest vector subspace of R(Ag) such that

Ag~'S C S,
in the sense that
{As7'y|lye S} cs.
We now simply remark that the linear operator CAB_1 is a bounded operator from & = S x § into itself

provided (1.3) holds. Indeed, from our assumption on the coefficients, we may write, for any < © ) in S,

P
_ e\ e~ leurl (Ag~tp)
CAs™" ( ¥ ) - ( —p~'curl (zgﬁ_lw) )
[ e B Bcurl (Ag7 )
B ( —p B Beurl (As ) )
_ ke 3 curl (Agflft/i)
B ( —kufBeurl (Ag~'p) )
_( ke (Id+ Beurl)(Ag"p) — Ag™ ") )
=k (Id+ Beurl ) (A~ o) — A~ o)
- ( k(v — Ag™ ') )
—rulp—Ag7re) )7

Hence system (4.2) has a unique mild solution 2 € €([0, ); S), for any Agéy € S and .7 € L] _(0,00;S) (see
[12] for instance). Coming back to the original unknowns E and H, we have obtained the following result.

THEOREM 4.1. Assume that Eq € Aﬁ_IS’, H, € H;(0) + Ag_IS’, and J is such that there exists a lifting
Hj e Wllocl (0,00; H(B curl; S)), where H(Bcurl;S) = {v e S|fcurlv € S}. Then, under conditions (1.3) and
(3.11), problem (1.1)-(1.2) has a unique solution

E c%([0,00); Ag™'S), H € Hy +%([0,00); Ag~'S).
In particular, we have

Ec%([0,00); Xn(Q,671), HE Hy +%([0,00); Xn(Q,571)).

As an end note, let us emphasize the difference between the present approach to the evolution problem (4.1),
which amounts (up to some multiplicative coefficients) to use the fields D and B as the unknowns of the Maxwell
problem, and the one followed in [8], which kept the “natural” unknowns E and H. From the point of view of
electromagnetics, this can be seen as a reinterpretation of the original problem, by inversion of the constitutive
relations. While, in retrospect, the problem in E and H did not allow us to establish a full existence result, the
problem in D and B does not yield directly an explicit functional setting for the data and the solution. So, this
new result requires further studies, which are provided in the next section.

2In other words, from the point of view of electromagnetics, the unknowns are now the fields e ="' D and p~ 1 B.
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5. Range of applicability of Theorem 4.1. Gathered in this last section are some results intended to
make the space S more “explicit”. We thus provide some information on the validity of the existence result of the
time-dependent solutions in [8].

5.1. Some elementary results.
e The vector space S is not reduced to {0} (this result has already been alluded to in the Erratum to

[81)

.LEMMA 5.1. Consider the space

So={Vv|ve HXQ) and div(83~'Vv) € L*(Q)}.
Then, So is a subspace of R(Ag) and furthermore
So C S.

Proof. For the first assertion, let w € R(Ag)* and Vu € Sy. By the Green formula, we have
(Vu,w)g = (Vu,w)z-1 =0,

since div(3~1w) = 0 in Q, according to Theorem 3.5.
For the second one, we notice that

Ap~H(Vu) = Vu,

which belongs to Xy (£, 371). This shows that Aﬁ_lso = Sp, hence the inclusion So C S. O

e The vector space S is closed.

LEMMA 5.2. The vector space S is a closed subspace of R(Ag).

Proof. Let x belong to the closure S, then there exists a sequence (&, )nen of elements of S going to x in
H(div371;Q) as n tends to infinity. Since the embedding of Xx (2, 371) into H(div 371;Q) is continuous, as is
the operator Ag ™" from R(Ag) to Xy (2, 571), we have

AB_lscn — Ag_lac in H as n — oo.

This implies that Az~ a € S because (Agflacn)neN
We just have shown that A571§ C S and consequently that S C S, by definition of S. O

e An abstract, but somewhat natural, characterization of S.
LEMMA 5.3. The set S is equal to

is a sequence of elements of S.

S = Npen-D(As~F) = {y € R(Ap)|Vk € N*, Jz;, € D(AgY), Agkzy, = y}

Proof. Let us set
§={y € R(As)|Vk € N", 32y € D(45"), As*z =y}
We first show the inclusion S C S. If y € S, then there exists v € Xy (2, f71) such that
y = Agv.
But, by definition, v also belongs to S. Therefore there exists v; € X (Q, 371) satisfying
v = Agv.

By iterating, we conclude that y € S.
Conversely let y € S, then there exists 21 € Xn (€, 371) such that

Agzl =Y.

This implies that z; belongs to S, because, for all k € N*, there exists z; € D(Agk) such that Agkzk = y.
Therefore, we have z; = Ag ™' (Ag"2z;) = AgF712,. O
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5.2. A more involved result. To establish the interesting property that S is strictly larger than Sy, we first
need a number of intermediate results. Following [8], we introduce the following bilinear form on Xy (£2,371) x
XN(Qv ﬂil)

a(u,v) = (u + Bcurlu,v + curlv)g-1
+ (div(ﬂflu),div(ﬁflv))Lz(Q) + (Peu, Pe’l)),@—l. (5.1)

LEMMA 5.4. Assume that (3.11) holds. Then, the bilinear form defined by (5.1) is coercive, i.e., there exists
v > 0 such that

a(u,u) > yllul%, 5-1) Vo€ Xn(Q,571). (5:2)

Proof. As in [8], we use a contradiction argument. Suppose that (5.2) does not hold. Then, there exists a
sequence (wy, )nen in Xn (€, 71) such that

a(n, un) — 0 asn — oo, and ||u,||xy@s-1) =1, ¥n € N, (5.3)

The second property implies that the sequence (u,,), is bounded in X (€, 371). Since Xn(Q,371) is compactly
embedded into L?()3, we deduce that there exists a subsequence, still denoted by (w,,)nen, and u in Xy (€2, 371)
such that

w, — u weakly in Xy (Q,57'), as n — oo,
u, — u strongly in L?(Q)3, as n — oo.

Now as (5.3) means that

u,, + [ curlu, — 0 strongly in L?(Q)3,
div(8~ u,,) — 0 strongly in L?(£),
P.u,, — 0 strongly in L*(),

we deduce that u,, converges strongly to u in Xx(Q,371) and that

u+ fBcurlu =0in Q, (5.4)
div(f~'u) = 0 in €, (5.5)
P.u =0, (5.6)
ullxy@5-1) =1 (5.7)

Asu An =0onT, the field 5 = B curlu, which belongs to H(div 371;Q), satisfies j - n = 0 on I'. This implies
that w = Kg*j, according to (3.5) and (3.6). Now using (5.4), we see that

Kg*j+3=0,

and since the assumption (3.11) guarantees that Id + K" is an isomorphism, we deduce that 7 = 0. Then, one
has w = 0, which contradicts (5.7). O

LEMMA 5.5. Assume that (3.11) holds. For any y in H(div37'0,Q) N R(Ag), there exists z € D(Ag*) such
that

AEZz =uy.
Proof. As a consequence of Lemma 5.4 and Lax-Milgram’s lemma, there exists a unique solution z €
XN(Qv Bil) to
a(z,'u) = (yav)ﬁfl + (P6y7P6v)/3*1 ) Vo € XN(Qaﬁil)' (58)
First, choosing v € H(e, 1) yields

(Pez, Pov) g1 = (Poy, Pev)g 1, Vv € Hie, 1),
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and thus
P.z=P.y.

Next, for any g € L?(2), let p € HZ () be the unique solution to (3.9) and consider in (5.8) a test function of the
form v = V to obtain

(z+ Beurlz, V)1 + (div(B~"2), div(ﬁ71V<p))L2(Q) =0.
Integrating by parts in the first term in the left-hand side leads to
0= (div(8™'2), —¢ + div(87'V9)) 1, o) = (div(B7'2),9) 12 » V9 € L (),
and therefore
div(8~'2z) =0 in Q. (5.9)

Problem (5.8) then reduces to

(z+ Bcurlz,v + Bcurlv)ﬁ,l = (y,v)ﬁ,l , Yo e Xn(Q,87h), (5.10)
and, choosing v in Z(Q) for 1 < k < K, we see that (5.10) implies that

(Id+ Bcurl)(z+ fcurlz) = y in Q.

Hence, the field z + 5 curl z belongs to H(curl, Q). Returning to (5.10) and applying the Green formula on each
subdomain €, we find

K
> ((z+Beurlz) An,nA(vAn)) g =0, Vo e Xy(Q,57). (5.11)
k=1

This implies that z 4+ 5 curl z belongs to H(curl, Q) and satisfies
(Id+ fcurl)(z+ Bcurlz) =y in Q. (5.12)
It remains to check that
(z+ Bcurlz) An=0o0nT. (5.13)

This boundary condition cannot be deduced from (5.11) because the test functions v are in Xx (2, 571). But,
noticing that y belongs to R(Ag), it stems from (5.12) that (Id + Scurl)(z + Scurlz) is in R(Ag) as well, or,
equivalently, is orthogonal to R(Ag)* in H(div 371; (), which yields, keeping (5.9) in mind,

((Id + Beurl)(z + Beurlz), w),-. =0, Vw € R(Ap)*.

After an integration by parts, we obtain
(z + Beurlz,w + Beurlw) ;. +(wAn,nA((z+ Beurlz) An))r =0, Vw € R(Ap)*,

and, owing to Theorem 3.5,

(wAn,nA((z+ Becurlz) An))r =0, Yw € R(Ag)*.
We finally deduce from the results of Lemma 3.11 that

nA((z+fBecurlz) An)=0in HY2(curlp; T),

which implies (5.13). O

LEMMA 5.6. Lety € S be such that it is orthogonal to Sy in H(div3~1;Q). Then, one has div(8~'y) =0 in
Q.
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Proof. The orthogonality assumption is equivalent to

/Q (571y - Vu +div(8™y) div(ﬂAVu)) dx =0,
Yu € {v e Hy(Q)| div(3~tVo) € L*(Q)}.

Once more, for any g € L?(€2), we consider » € Hi () the unique solution to (3.9) and take u = ¢ hereabove.
Applying the Green formula then leads to

/ div(3~'y)gda = 0, Vg € L*(Q),
Q

hence the conclusion. O

e The vector space S is larger than Sj.

LEMMA 5.7. The set S\ Sy is non empty.

Proof. Let y € SN Si. Then, by virtue of Lemma 5.6, the field 3~y is divergence-free and therefore, owing
to Lemma 3.3, we have the following decomposition

y=Vs+ ch qu + S curl ¢,
j=1

with s € H'(Q)/R, coefficients ¢j, 1 < j < m, and ¢ € Xn(Q2,37"), such that div(87'¢) =0 in Q and P.¢ = 0.
Since y belongs to S, it is orthogonal to R(Ag)+ and therefore

(y,w)m =0, Vw € R(Ap)*,
or equivalently, using the above decomposition of vy,
/Q(ﬂ71VS + icj 5*1quT + curl@) - wdx =0, Yw € R(Ap)*.
j=1
Applying the Green formula (bearing in mind that w + S curlw = 0 and that div(3~!w) = 0 in ), we obtain
(B tw-n,s+ icj 4 )r — (¢, W)z =0, Vw € R(Ap)*.
j=1

Therefore, using Lemma 3.6, we deduce that
9.5+ > ¢ a))r — (6, w)ys =0, ¥g € Hy (D), (5.14)
j=1

with w given as in Lemma 3.6. Let us next fix ¢ € Xn (€, 371), such that div 3¢ = 0 and P.¢ = 0, and consider
the unique s € H'/?(I")/R governed by

(50,9)p = (@, w)z-1, Vg € Hy "/*(T). (5.15)

Such a sg exists because the right-hand side of this identity is a linear form on H, 1/2 (T"). Now consider the unique
lifting 5 € H'(Q)/R such that

div(~'V3) =0 in Q,

s=sgonl.
In view of (5.14), the property (5.15) implies that the field y, defined by
¥ = V35+ Bcurl ,

is orthogonal to R(Ag)L. This means that g belongs to R(Ag). Moreover, by construction, the field 371y is
divergence-free (and, as such, it is orthogonal to Sy). Hence, by virtue of Lemma 5.5, there exists z € D(Az?) such
that

AﬁQZ = g
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Now let v € Xn(€2,7!) be such that ¥y = Agv, then we remark that
Ag(Apz —v) =0,
and since Ag is injective we deduce that
v = Agz,
which garantees that v belongs to R(Ag). Moreover, since
y =wv + Scurlw,

and S~y is divergence-free, we deduce that f~'v is divergence-free. Applying once more Lemma 5.5, there exists
23 € D(Ag?) such that

A52Z3 =,
which implies that
A5323 = Ag’v = g

By iteration, we show that y belongs to D(Agk), for all k¥ € N, and we conclude using Lemma 5.3. 0
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