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Abstract In this paper, we give the expression and the asymptotic behaviour
of the physical solution of a time harmonic wave equation set in a periodic
waveguide. This enables us to define a radiation condition and show well-
posedness of the Helmholtz equation set in a periodic waveguide.

1 Introduction

Periodic media play a major role in applications, in particular in optics for mi-
cro and nano-technology [17,18,23,37]. From the point of view of applications,
one of the main interesting features is the possibility offered by such media
of selecting ranges of frequencies for which waves can or cannot propagate.
Mathematically, this property is linked to the gap structure of the spectrum
of the underlying differential operator appearing in the model. For a complete,
mathematically oriented presentation, we refer the reader to [23,24].

This article is a contribution to the theory of time harmonic wave propaga-
tion in closed periodic waveguides. More specifically, we are interested in the
characterization of outgoing solutions via appropriate radiation conditions,
the outgoing solutions being defined a priori thanks to the limiting absorption
principle. The construction of these radiation conditions relies on the analysis
of the behaviour at infinity of the solution constructed by the limiting absorp-
tion process. One particular motivation was to provide preparatory material
for the development of the so-called factorization method for inverse scattering
problems in locally perturbed periodic waveguides [7] which extensively uses
the asymptotic behaviour at infinity of the Green’s function associated with
the unperturbed periodic waveguide. We also expect that this article is a step
toward to the theory of the DtN method developed in [19,11]. This method
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Solutions of the Helmholtz equation in periodic waveguides 3

provides transparent boundary conditions for reducing numerical computa-
tions to a bounded domain, which has been justified in absorbing media. We
expect the extension of these absorbing boundary conditions in the case of
non dissipative media, already evoked in [19], to be equivalent to the radiation
conditions established in this paper.

It is worth noting that the Russian school [28-30] has extensively contributed
to the theory of radiation conditions for wave propagation problems in waveg-
uides using Kondrat’ev’s weighted spaces. This approach, which is a priori
different from the limiting absorption approach, yields to radiation conditions
in waveguides [31] and, more recently, in periodic media [32]. The connection
between their approach and ours, which does not appear straighforward to us,
would be quite interesting to discover.

The more classical approach to time harmonic solutions of wave propagation
problems is the limiting absorption principle; this aims to characterize the
physical solution as the limit, when it exists, of the unique solution of finite
energy of the corresponding mathematical model with absorption, when this
absorption tends to 0. The corresponding mathematical theory has been ex-
tensively developed in the literature in various situations with regard to locally
perturbed homogeneous media (see for instance [9,42,2]) or locally perturbed
stratified media (see for instance [43,8,41,6]). There are much fewer results
regarding periodic media. In [12], the authors use Mourre’s theory [27,16] to
prove the limiting absorption principle for analytically fibered operators whose
differential operators with periodic coefficients are a particular case. In [15],
the author uses the same theory to deal with the Laplace-Dirichlet operator in
a (n +1) -dimensional homogeneous layer with periodically shaped boundary.
In [25], a limiting absorption principle for a two-dimensional periodic layer
with perturbation is proven. In all these works, the authors are interested
mainly in the existence of the limit of the solution with absorption, which
amounts to studying the limit of the resolvent of the corresponding periodic
differential operator and in which sense this limit holds. Their approach is not
constructive and therefore cannot be used to study the asymptotic behavior at
infinity of the physical solution and construct corresponding radiation condi-
tions at infinity in order to characterize this solution. That is why we consider
a more constructive approach, using the Floquet-Bloch theory, which leads
to a semi-analytical expression of the limit, the physical solution, as in [14]
for the periodic half-waveguide and in [35] for more general infinite periodic
media. In addition, we are able to give a rate of convergence.

The main objective of this work is to use the semi-analytical expression of
the solution to deduce, from the analysis of its behavior at infinity, a radiation
condition that characterizes this solution, which means that we should be able
to show the uniqueness of a solution of the time harmonic wave equation set
in a periodic waveguide satisfying this radiation condition. This condition is
well-known in the case of a (locally perturbed) homogeneous medium occupy-
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ing the whole space : this is the so called Sommerfeld radiation condition that
represents the fact that, at infinity, the solution looks like an outgoing spheri-
cal wave which decays as |9c\_d2;1 where d is the space dimension. In the case
of a homogeneous closed waveguide, that is when the domain of propagation is
an infinite cylinder with bounded cross section, the behavior at infinity of the
solution is quite different than in the homogeneous whole space : in particular,
the solution does not decay any longer at infinity. As a consequence, the radi-
ation condition is of quite different nature and relies on the decomposition of
the solution as an infinite sum of evanescent modes and a finite sum of (appro-
priately chosen) propagative modes : these are the so-called outgoing modes.
The situation for a periodic closed waveguide that is considered in this paper
is similar in nature to the case of the homogeneous waveguide. However, the
notion of outgoing modes is much more delicate (we shall pay a lot of attention
to a precise definition and description of such modes) and the analysis relies
on quite different mathematical tools (the Floquet-Bloch transform, spectral
theory of operators depending analytically on a parameter, complex contour
integral techniques etc.).

2 The model problem

We consider in this paper the propagation of a time harmonic scalar wave in
a perfect periodic waveguide, 2 C R4 (typically d = 1 or 2) due to a given
source f

—Au—nzuﬂu:f in 2

Vu-n=0 on 012,

(1)
n being the exterior normal of (2.

We shall assume that (see Figure 1 for an example)

— The domain of propagation {2 is a connected open set of Rt which is
unbounded in one direction, let us set x1, bounded in the other ones

3S a compact region of R*, 2 CR xS,
and periodic with period L in the first direction in the sense that :
(x1,25) €2 = (r1tL,z,) €2

The boundary 0f?2 of {2 is supposed to be smooth enough in order that
{ue HY (N, ), Vu- n|69:O}CHS(.Q) for sornes>; (2)

where HY(A, 2) = {u € H(2), Au € L?(2)}. This is true, for instance,
if 942 is piecewise C! and globally Lipschitz [13]. The unit periodicity cell
is defined by

C=02n(-L/2,L/2) xS
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and finally
2=J¢C, with C,=C+(pL,0),VpeLZ
pEZL
Typically §2 could be a straight waveguide ({2 = S x R) minus a periodic
set of holes (see Figure 1).

— The material properties of the periodic medium, here the refractive index
ny, is characterized by a L>°({2) function, with n, > ¢ > 0 which is periodic
with the same period than the waveguide

V(z1,2s) € 2, np(xr+ L,xs) = np(x1, ).

— The source term represented by the function f is supposed to be L? with
a compact support.

Without loss of generality, we suppose in the following that the period L is 1.
Remark 1 (Extensions) Most of the results of this article can be extended to

— more general symmetric, second order elliptic differential operators with
real periodic coefficients (with the same period) ;

— other boundary conditions as soon as they satisfy the same periodicity
properties than the geometry and the coefficients.

000000000

Lo,

Fig. 1 A periodic domain of propagation : the black lines represents the boundary of (2
and typically np = 1 in the white region, n, = 2 in the light grey regions.

The principal difficulty of the problem (1) lies in the definition of the notion
of the "physical” or "outgoing” solution. Indeed, if the frequency w is such
that w? is in the spectrum of the corresponding periodic differential operator
—n, 2A in £2, waves can propagate in the periodic waveguide, which allows
non-vanishing solutions at infinity. In this case, the H' classical framework is
not appropriate anymore; solutions cannot exist in this space. On the other
hand, in H}, = {u, Ve € D(R) ¢(z1)u(z1,z;) € H'(£2)}, one can define
several solutions to the original problem. Additional conditions are required
to define the ”good” physical solution of (1). For example, if the waveguide is
straight and the refraction index is constant, the classical separation of vari-
ables can be used to show that at infinity any solution is exponentially close to
a finite superposition of propagative guided modes. It suffices then to impose
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that this superposition is only made of the outgoing propagative modes on
both sides of the support to make the problem well posed; this corresponds
to adding a so-called radiation condition. Let us emphasize that the definition
of the outgoing modes is explicit in that case thanks to the separations of
variables.

In the general periodic case, a classical and natural idea for defining physical
solutions is to use the limiting absorption principle. This principle consists in
adding some absorption to the original problem (the presence of the damping
term € > 0 guaranteeing the well-posedness of this problem in H!(2))

—Aue —n2 (w? +1e)u. = f in 2 3
Vu. - n=0 on 042,

and in studying the limit, when € goes to 0, of the family of solutions (ue)e>o-
If the limit exists in a certain sense, this limit is defined as the physical or out-
going solution of (1). One says that the limiting absorption principle holds.
Applied to the homogeneous waveguide, this approach leads to the outgoing
solution as defined in the previous paragraph.

Our main goal in this paper is to characterize the outgoing solution with
the help of radiation conditions at infinity, the construction of which relies on
the study of the asymptotic behavior of this outgoing solution when x; goes
to £o0.

The outline of the remainder of the paper is as follows. In Section 3, we in-
troduce useful mathematical tools and we recall and extend (for our purpose)
classical results about differential operators with periodic coefficients. In Sec-
tion 4, we briefly recall the construction and the semi-analytical expression of
the outgoing solution. In Section 5 which is the main section of the paper, we
investigate the asymptotic behavior of the outgoing solution when x; tends
to +o00 and construct the radiation conditions. Finally, in Section 6, we show
that this radiation condition ensures the uniqueness of the outgoing solution.

Throughout the remainder of the paper, we will denote for any open set O C {2

VI9€ IO (fo= [ fadndn.  (fogo= [ Fanidods,

and ||| |||,z o respectively, the corresponding norms.
2,
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3 Mathematical tools and results on differential operators with
periodic coefficients

3.1 The Floquet Bloch Transform and its properties

We recall the definition and more useful properties of the partial Floquet Bloch
Transformation in the z;-direction, denoted FBT in the following (see [22] for
a more complete and general exposition). Most of the proofs of the forthcoming
results are straightforward and left to the reader (see also [22]).

Definition 1 The FBT with period 1 in {2 is defined by (see [22])
F : D(2) —  L*(C x (—m, 7))
A 1
) LS — ) Sak == + )y &S —'ka’
f(xlx) f(l'lil? ) me(xl p.’E)@

PEL

where D({2) is the set of C'*°-functions with compact support (note that the
sum in the definition of the FBT is then finite).

Remark 2 The choice of the interval | — 7, 7| for the domain of variation of k
is arbitrary. It could be replaced by any interval of lenght 2.

The FBT can be extended to L? functions thanks to the following Proposition.
Proposition 1 (Extension of the FBT to L?(2)) The FBT extends to an
isometry between L?($2) and L*(C x (—m,m)) :

Y f,g € L}(0), / fodkdrydxs = | fgdxy das.
Cx(—m,m) n

The second important formula for us is the inversion formula:

Proposition 2 The operator F is invertible and its inverse is given by
V feL*C x (—mm), ae (z1,25) €C, Vp € Z,

(f_lf) (x1+p,zs) = \/% /f(xl,xs;k‘) eP® dk. (4)

In the sequel we shall use the following (obvious) properties of the FBT which
make the FBT a privileged tool for the analysis of linear PDEs with periodic
coefficients.

Proposition 3 The FBT has the following properties:

1. it commutes with the differential operators, in the sense that

Vu € HY(2), Vk € [—m, 7], f(;;)(-;k):aii(fu(-;k)); (5)
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2. it diagonalizes the integer translation operators

v(‘Tlaxs) € Qa VP S Za (Tpu)(zlaxs) = u(xl +p7 xs)
(6)

f(TPU)(xlaxs§k) = eilpk]:u(xlaxﬁk)a (wlaxs;k) €Cx (7’”377);

3. it commutes with the multiplication by a periodic function: if n, is a 1-
periodic L™ -function for all (x1,xs;k) € C X (—m,7)

}'(nf,u)(ml,xs;k) :ni(xl,xs)fu(ml,xs;k). (7)

For the sequel, it is essential to know how the Floquet Bloch Transformation
acts in Sobolev spaces. We recall these results, a proof of which can be found
in [10,11], for instance.

We need first to introduce spaces of functions on the domain C of so-called k
quasi-periodic functions (k being a parameter in (—m,x]). To do so, we need
to introduce the k-quasiperiodic extension operator Ej, € L(L*(C),L3,.(12))
defined by (note that Ej f = f in C)

v f € LQ(C)a VP € Za V(:cl,xs) € Ca Ekf(xl + D, xs) - 6Zpk f(xlaxs)' (8)
For any k € (—n,n] and for any m € N, let H"(C) be defined by
Hi"(C)={f € H™(C), Enf € Hip.(2)},
when k = 0, the above space will be denoted H?, (C). One easily shows that

H™(C) is a closed subspace of H™(C). Thus, H}(A,C) :={u € H}(C), Au €
L%(C)} is a closed subspace of H'(A,C), denoted H™, (A, C) for k = 0.

per

Let us give another characterization of H}(C) and H}(A,C) which will be
more convenient in the sequel.
Proposition 4 For any k € (—m, 7], a function u belongs to H.(C) if and
only if it belongs to H'(C) and satisfies
1k

u|$1:1/2 =€ u|a:1:71/2 (9)
and it belongs to HE(A,C) if and only if it belongs to H' (A, C), satisfies (9)
and

Onyul, 1y = €0, (10)

Xy :71/2

We can now state the main result for FBT in Sobolev spaces.
Proposition 5 For any m € N, F is an isometric isomorphism from H™({2)
1nto

gp(Cx(—mm) = {a € L3 (—m,m H™(0))/ Yk € (~m,m), (k) € HP'(C) },

equipped with the norm of L2( -, Hm(C)):

a2 = / (-5 )2y b

—T
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Remark 3 We can deduce easily that F is an isomorphism from H! (A, 2) into

Hbp (A€ x (=, 7)) = {u € L2(—mm HY(A,C))/

V€ (=mm), il k) € HA,0) ),

equipped with the norm of L*( — m, m H'(A,C)):

Jall*s= [ [Hat B ) + 1800 D)) db

—T

3.2 Analytic families of operators.

A lot of the technical developments of this paper will be based in complex
variable theory and make extensive use of the analytic perturbation theory of
operators as described in the reference monography of Kato [21]. In order to
make this paper more self-contained, we recall below the various notions of
analyticity for families of operators that we will use in the sequel. The only
notion that we assume to be known by the reader is the notion of analytic
functions with values in a Banach space (see for instance [21], Chapter 3).

Later in the paper, we shall also use various results from the analytic pertur-
bation theory that we shall recall when it will be needed.

In what follows, O denotes an open domain of the complex plane and H a
given Hilbert space, with scalar product (-, -). We assume that, for any k € O,
we can define an unbounded operator A(k), with domain D(A(k)) (including
the case where D(A(k)) = H if A(k) is bounded). Doing so, we define a family
of operators in O, to which we can attach different notions of analyticity:

Definition 2 The case where the operators A(k) are bounded. In that case
the family A(k) is bounded analytic if one of the three equivalent properties is
satisfied:

(a) The mapping k — A(k) is an analytic function from O with values in L(H).

(b) For any f € H, the mapping k — A(k)f is an analytic function from O
with values in H.

(c) For any (f,g) € H?, the mapping k — (A(k)f,g) is an analytic function
from O with values in C.

Definition 3 The case where the operators A(k) are unbounded. In this case,
we shall refer to two notions of analyticity, namely:
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(a) The family A(k) is analytic of type (A) if the domain of A(k) is indepen-
dent of k, that is D(A(k)) = D for any k in O and, for any f in D, the
mapping k — A(k)f is an analytic function from O with values in H.

(b) The family A(k) is analytic if there exists a family A(k) of unbounded
operators, analytic of type (A), and a family of isomorphism in H, S,
such that Sy is bounded analytic (which automatically implies that S, Lig
bounded analytic) and

A(k) = Sy, A(k) S; (11)

In such a case, if D is the common domain of all the operators Zl(k),
we have D(A(k)) = Sy D which means in some sense that the domain of
D(A(k)) depends analytically on k.

The notions of the analyticity of Definition 2 for bounded operators and of
analyticity of type (A) of Definition 3 (a) are the ones from Kato’s book [21].
The Definition 3 (b) is not given in [21] but it appears to be a particular case
of the more general notion of analyticity given on p. 366 of [21] and this notion
is also mentioned in Reed and Simon’book [36, Vol. IV, end of p. 20]. What is
important for our purpose is that, from the factorization (11), it is quite easy
to transfer theorems from perturbation theory of analytic operators of type
(A) to analytic operators in the sense of Definition 3 (b).

3.3 The operator A, and its spectral properties

In the following, L? spaces in the variable (21, ) will be naturally equipped
with the scalar product associated with the weighted measure nf, dridxs.

Let us introduce the unbounded operator in L?(§2) defined by

1
Ay=——5 O, D(4,)={ueH(A,Q), Vu-n|,, =0} (12)
p

One of the main results of the Floquet-Bloch theory is (see [22] for more
details) that the spectrum of A,, o(A,) is a pure essential spectrum given by

o) = |J o(4k) (13)

ke€]—m,m]

where, for all k € R, A,(k) is the unbounded operator in L?(C),
1
Ap(k) = —EA, D (Ay(k)) ={u € Hy(A,C), Vu-nl|,, .. =0} (14)
P

From the definition of H} (A, C), it is obvious that k — A, (k) is 2r—periodic.
For any k € R, the operator A,(k) is a self-adjoint positive operator with
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compact resolvent so its spectrum is purely discrete. Let us introduce the
eigenvalues of the operators A, (k) ordered increasingly,

0< Ao(k) SA(R) < ... <Au(k) < ..., with lim A (k) =400 (15)

n—-+oo

and a corresponding orthonormal basis of eigenvectors (gpn( ; k))n cn- Implic-

itly, each eigenvalue A, (k) is repeated with its (finite) multiplicity. With this
choice, one easily checks that the A, (k)’s have the properties

VkeR, M(k+2m) =M\ (k) and A\, (k) = A\.(=k), (16)
and that the associated eigenvectors can be chosen such that
VEER, @n(-sk+2m) =@n(-3k) and  @n(-5—k) = en(-5k).  (17)

According to [21], the functions k — A\, (k) and k — ¢, (-; k) are continuous
and piecewise differentiable functions, with values in R and L?(C) respectively.
These functions lose differentiability only at points k& when A, (k) is no longer
a simple eigenvalue. There is only a finite number of them and the reason is
that these functions are in fact piecewise analytic.

This relies on the perturbation theory of operators [21], and more precisely
on the contents of Chapter 7. We first show that the Definition (14) of the
operator A, (k) can be extended to k € C in such a way that A,(k) depends
analytically on k in the sense of the Definition 3 (b). Indeed, we observe that
the factorization (11) holds where Sy, is the isomorphism in L?(C) defined by

Spu(x) = e* u(x)

(obviously Si, is bounded analytic, see Definition 2) and gp(k) the unbounded

operator defined by

~ 1 g ~

Ay (k) = —— (V+ik)", D(Ap(k)) ={ue Hy. (A,C), Vu-nl|,, . =0}
P

On the other hand, the operators Zp(k) have a fixed domain (that is indepen-

dent of k) and depend polynomially on k (and are thus analytic of type (A)).

Next, a key point is that these operators have a compact resolvent for any
k € C and are self-adjoint for k£ € R. As a consequence, we can refer to the
Theorem 3.9, Chapter 7 of [21] and factorization (11) to claim that there
exists a sequence of neighborhoods of the real axis D, D R, a sequence
of analytic functions pu,(k) : D, — C and a sequence of analytic functions
Yn(-3k) : D,y — HY(A,C) such that for all k € R

Un(-1k) € D(Ap(K)),  Ap(k)¥n(-5k) = pn (k) ¥n(-: k)
and (Q/Jn( ) k)vwm('; k))n}%,c = (;n,m- (18)
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As a consequence, for each real k, the sequence (g, (k))nen is simply a rear-
rangement of the sequence (A, (k))nen:

VEER, {ua(k), n €N} = {Au(k), n € N}. (19)
Moreover, the eigenfunctions ¢, (-; k) can be chosen in such way that
VkeR, {¢n(-;k), neN}={p,(;k), ne N}

We can assume without, any loss of generality, that the domains D,, are sym-
metric neighborhoods of the real axis

keD, <— kebD,.

We shall call dispersion curves, the curves k € R — u,(k). By analyticity
arguments, two dispersion curves either coincide along the real axis or meet
only a finite number of times inside [—, 7]. Accordingly, for each n > 1, the
interval [—7, 7] can be divided into finite numbers of subintervals inside each of
which the function A, (k) (resp. ¢, (-;k)) coincides with some functions p,(k)
(resp. ¥p(-; k)), see Figure 2 for an example which makes precise the definition
of piecewise analytic function.

We shall use, in Section 3.4 and 6, another important property of the func-
tions p,, (k). By analyticity arguments, we know that either u, (k) is constant in
[—7, 7] or its derivative p (k) vanishes a finite number of times inside [—7, 7].
On the other hand, if a function u, (k) takes the constant value p, this means
that p is an eigenvalue (with infinite multiplicity) of A, ; in other words, this
occurs if and only if the operator A, has a non empty point spectrum, de-
noted o, . Of course, o, is necessarily a discrete subset of RT. Furthermore,
it is conjectured that this point spectrum is empty and this conjecture has
been demonstrated in [38,40] when the transverse space dimension d = 1.
When d = 2, similar results have been obtained in the (simpler) case of the
Schrodinger equation first by [5] for thin tubes, and in [20] for general cylin-
ders. In any case, if o, # 0, the values of w such that w? € o}, have to be
excluded from our analysis. Later, we shall be even led to exclude a larger—
still discrete—set of values of w, denoted o (see (33)).

Throughout most part of this paper, we shall work with (,un(k), U (5 k)) in-
stead of (A (k), ¢n(-;k)). Of course, according to (13), (15) and (19), the
spectrum of A, can be characterized by

o(4,) = U An([-m, 7)) = U pin (=7, 7]). (20)

neN neN

Let us point out the fact that, contrary to the A, (k)’s, the functions p., (k) are
not necessarily 27-periodic nor even as illustrated in Figure 3. The counterpart,
in terms of the u,(k)’s of the evenness of the A, (k)’s is as follows:
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Hno (k)
} >k

| Mpoia()
/\/\/\)\p“ (k)
t } } } t } t > &
—r T

Fig. 2 A picture of two dispersion curves (left) and corresponding A, (k) and Ap41(k) (right)

Lemma 1 For each index n, there exists m such that for all k, u,(k) =
Mn(_k)'

Proof Given n, there exists k such that in a neighborhood of k, denoted J,
the multiplicity of u,,(—k) as an eigenvalue of A,(—k) is constant. As a conse-
quence, by (19), there exists ¢ € N, depending only on n and J, such that for
all kin J, pn(—k) = Aq(—k). By the evenness of the A, (k)’s, un(—k) = Aq(k)
for all k in J. By similar arguments, there exists m € N, depending only on
q and J such that, for all k in J, A\j(k) = ppm (k). Thus p,(—k) and g, (k)
coincide along J and then everywhere by analyticity. O

T > k
- T

Fig. 3 The dispersion curve k — (k) is not necessarily 2m-periodic nor even

3.4 The propagating Floquet modes

In order to define the propagating Floquet modes at a given frequency w, let
us introduce the set of indices n for which, in the (£, 1) plane, the dispersion
curve of equation u = u,(¢) meets the horizontal line y = w?, namely

Iw)={neN, Fee]-mn], ua(§) =w’}. (21)
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For each n € I(w), we define the set

Enw) ={¢€]—m 7], un(§) = w?}. (22)

and the set of propagative wave numbers associated with w as (see Figure 4
for an example)

Ew = |J Zaw). (23)

nel(w)

In (23), the union is understood in the sense that common elements are re-
peated in the result, for example

{51752} U {51753} = {51752351753}' (24)

In this way, each £ in 5'(w) is associated with a unique dispersion curve p, (£).

Of course, according to (20), the sets I(w) and Z(w) are empty if and only if
w? does not belong to the spectrum of A,.

Fig. 4 In this case, I(w) = {ng,n1}, En,y(w) contains 2 points and =y, (w) 4 points.

Theorem 1 If w? does not belong to the point spectrum of A,, the sets I(w)
and =, (w) are finite.

Proof Using the min-max principle and the Weyl estimation (see [36]), it is
easy to show that

Vn,Vke]—mm], Cin <X\(k)< Can

where A, (k) are the eigenvalues of A(k), ordered increasingly, as defined in
Section 3.3 and Cy and C5 are related to the lower and the upper bounds of
n,. Using the relation between the A, (k)’s and the p,(k)’s, we can show by
contradiction that
li i (k) =
7L—1>I"11‘100 keI[ril'rIrl,w] H ( ) oo

and thus that I(w) is finite.
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Next, let us consider n € I(w). By analyticity arguments, the function pu, (k)
is either constant or meets w? only a finite number of times. However, since w?
does not belong to the point spectrum of A,, the first possibility is excluded.
Hence, each set =), (w) is finite. O

On Figure 4, the sets =, (w) are symmetric, however this is not necessarily
the case in general, see Figure 5 for an example. Nevertheless, this symmetry
property is satisfied by the full set ='(w).

Theorem 2 The set Z(w) is symmetric with respect to the origin in the sense
that
EeBZw) = —-¢e€Z(w)

Proof This is a straightforward consequence of Lemma 1. O

................. < S

1
T
—T ™

Fig. 5 The sets =y, (w) and =5, (w) are not symmetric with respect to k = 0 but =(w) is.

Foralln € I(w) and £ € &, (w), let us introduce the corresponding propagating
Floquet modes, namely the functions in H} (£2) which are the {—quasiperiodic
extensions of the eigenvectors ¥, (-;&), that we still denote with v, for sim-
plicity

Un(-5€) = Ee Yn(-;€) (abuse of notation) (25)
where the operator E¢ is defined in (8). One easily shows that ¢, (-;§) is an
element of the space

V(w) = {u € H}.(2), —Au—nlw*u=0in and Vu-n=0ondNR}
(26)
Furthermore, V(w) is generated by these propagating Floquet modes :

V(w) = span {¢(-;§), §€ Zn(w), n € I(w)}.

On the space V = {v € H. (), Ave H), and Vov-n=0ondN} which
contains V(w) for any w, we can define, setting I, = {zs, (z,zs) € 2} and
using, for  in R, trace theorems on I, in H (£2) with s > 3/2 (see (2))

dv w— 3@7}> dzs. (27)

R . e —_—
Ve eR, Yo, w eV, q(z;v,w) /Fx (dxl dr,
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Let x < y and £2, , = {(z1,2,) € 2, < 1 < y}, we have by Green’s formula

/ [(—A —nZw?)ow — (—A = nl w?)wo] deyde,
25,y

= q(x;v,w) — q(y;v,w). (28)
In particular,
Yo, weV(w), Ve €R, q(z;v,w) =q(v,w) (independent of z).  (29)

Thus ¢(v,w) defines a sesquilinear form in V(w), already introduced in [30]
where the quadratic form g¢(v,v) is defined as the energy flux of v. One
main interest of this sesquilinear form is that it ”orthogonalizes” the basis
{n(-;€), €& € Z,(w), n € I(w)}. This property will be useful to show the
uniqueness result of Theorem 8.

Theorem 3 Let n,m € I(w), £ € Z,(w), £ € En(w), then
ifm#noré#& qUa(-56),vm(-:€)) =0
otherwise q(n(-36),9n(-58)) = 1, (6)

Proof Writing that for any n,m € I(w) and (§,¢{') € 5, (w) X Ep(w),
q (50 (-58),%m(-;£)) is independent of z, we have, in particular,

/1;1/2 <d$1 wm( ,5 ) - del wn( 75)) dxs

-/ (%lg)ww— an(-;a) dz, =0.
Since ¥, (- ;&) (resp. ¥ (-5&')) is € (resp. &) quasi-periodic, this simply rewrites
(€0 =1) qen(-:),vm(:¢)) = 0.

This gives the result for £ # &'.
We consider now the case £ = ¢'. Let n,m € I(w) such that pn(€) = pm(€) =
w?. We shall use the derivative of 1, (- ; k) with respect to k, denoted 9, (- ; k).
The reader will easily recognize that g1, (- ;&) satisfies
(=D = (&) ny ) Hon(-:6) = 1 (&) Y (-36),  in 2 (30)
Hn(:8)|p, , =€ Otn(59] | +re a5, (31)

aml [8161/%( 75)] |[‘1/2 = 626 azl [akwn( 75)] |[‘71/2 + 7’615 aarﬂbn( ; §)|['71/2 (32)
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If we use formula (28) with © = —1/2, y = 1/2, v = KYn(-;€) € V and
w = Y, (-;€) €V, we obtain

Q(_1/2’6kwn(';5)7wm('§£))_Q(l/z 6k¢n 7 ( g))
— (e /wn ) (1 6) 2 dary dz,.

On the other hand, using the boundary conditions (31), (32) and the fact that
U (-3 &) is €-quasi-periodic, we obtain after some computations omitted here
Q(_1/2a 3/#%(' 75)7 w'm(' 75)) - Q(1/2a 6k'¢n(' 7€)a ¢m(' ; 5))
= —1q(Yn(-:€),¥m(-5€))
One then concludes easily by the orthonormality (18) of the (¢ (- ; k))nen. O

Remark 4 (Physical interpretation) Introducing for all n € I(w) and for all
€ € En(w), wn(&) = v/ 1n(§), one can reinterpret the Floquet mode as the
time harmonic wave obeying the dispersion relation

w = wn(§)
and thus define the group velocity by

€)= 5 1l (O

According to the previous Proposition, the sign of the group velocity indicates
how the energy propagates in the waveguide.

Vn(f) =

The propagating Floquet modes can then be divided into those for which
(&) > 0 (they propagate from the left to the right), those for which p! (¢) < 0
(they propagate from the right to the left) and those for which pu!,(§) = 0.

More precisely, we can decompose the set of propagative wave numbers as

Ew)=5%w) U BT (w) U 57 (w)

where
Hw) = |J Erw), Erw) ={¢eZ.(w), (&) >0}
nel(w)
Ew) = | ENw), Ew) ={€Ew), w,(&) =0}
nel(w)

the unions again being defined in the sense of (24).

Theorem 4 The sets =7 (w) and 5~ (w) are symmetric, one with respect to
the other, in the sense that

EeZt(w) & —¢teZ (w).
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Proof Let £ € % (w). Then there exists n € I(w) such that u,(¢) = w? and
(&) > 0. By Lemma 1, there exists m such that for all k, p, (k) = pm(—k)
which implies —§ € 5, (w). Moreover, u! (=€) = —un(€) < 0 which means
that —¢ € =/, (w) and thus to =~ (w). The converse is proven identically. O

We now introduce a set of frequencies w for which the limiting absorption
principle will not hold

0o = {w € Rv = n, 3 f € (_ﬂ-aﬂ-L ,un(g) = WZ and :u{n(g) = O}

(33)
={weR, Z%w) # 0}.
Physically, these are the frequencies for which there exists a Floquet mode
whose group velocity can vanish. This corresponds, for instance, to the cut-
off frequencies for the homogeneous waveguide for which we know that the
limiting absorption principle does not hold [26].

Of course the set o contains the point spectrum o,. However, it is a "quite
small” set:

Theorem 5 The set oy is a countable set with at most one point of accumu-
lation 4o00.

Proof Let us suppose that there exists a non stationary sequence (wy, ), of og,
then

v n, 3 in, 3 gnv ,uln(gn) = Wn and /.L;n (gn) =0

which converges towards ws, € RT. The sequence (wy), is in particular
bounded. Moreover, using that (see the proof of Proposition 1)

I . (k) =
n—1>r-ir-loo ker[rilTrrlm]'u ( ) oo

the set of indices (i), is necessarily finite. Left to extract a subsequence, we
can assume that the sequence (i), is constant and equal to g :

Vn, 3 fnu Hig (fn) = wp, and /'L;o (5") =0

The sequence (wy), is assumed to be non stationary, which implies that
i, () = 0 for a non stationary sequence (§,),. The function j;, being an-
alytic implies that p;, is a constant, which in turn implies that the sequence
(wn)n is stationary, which contradicts the initial assumption. O

Remark 5 In Appendix B, we shall show, by explicit calculations, that in a
straight homogeneous waveguide, the Floquet modes do coincide with the stan-
dard guided modes.
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4 Limiting absorption principle in the periodic waveguide

There are some contributions in the study of the limiting absorption principle
to periodic waveguides [25,11,14]. We remind the reader in this section about
the main results and the ideas of the proofs of these works; using the Floquet-
Bloch Transform, we give a semi-analytical expression of the solution of the
time-harmonic scalar wave equation (3) with absorption, show that the family
of solutions has a limit in a certain sense when the absorption tends to 0 and
finally deduce a semi-analytical expression of the physical solution of (1).

Lemma 2 Suppose that f € L*(£2). The solution u. of (3) is given by

Ue = Zu?, in HY (N, 02) (34)
neN

where each u? is given by ¥(z1,x,) € C, Vp € Z,

ot pa) = o [ SO o ga)
where
Pu(£)(5k) = (f(3K),0n( 3K)) 1z ¢ Un(-3 ). (36)

Proof Applying the Floquet Bloch Transform to Equation (3), and using its
properties as detailed in Proposition 3, we see that the FBT of u., namely
U (-5 k), belongs to D(A,(k)) and satisfies

Ap(k) G (k) — (w? +1¢) G (5 k) =

After diagonalization of the above equation in the basis (¢, (; k))nen, we ob-
tain

N _ Pn(f)(7k)
UE(~’]€) - n;\] Mn(k) o (wg —|—Z€)

and finally, by applying the inverse Floquet-Bloch Transform,

1 [ PuD@nzak) o
s 9 V Z, € y &S = = * dk
V(xy,25) €C, Vp € us(z1+p, Ts) Von /712.5;1 tin (k) — (w2 + 1) ¢

To conclude, the only difficulty is to justify the inversion between the integral
and the sum. The details use similar arguments to those in Step 1 of Appendix
A and are then left to the reader. O
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Remark 6 Using the same ideas, we can show that the definition of P,(f)
can be extended if the source term f € H"(f2) for any r > —s with s > 2
because ¥, (-3 k) € H*(C) (see Assumption (2)). Then the representation of
the solution holds in H"*2(C). In particular, we can deduce easily from this
result the expression of the Green function G(-;y) for which formally f = J,

with y = (y1 + ¢, s), (y1,ys) € C and q € Z, V(x1,25) € C, Vp € Z,

n\L 7:1757 n bl Sak 1(p—
G (‘Tl +p7 Tsy Y1 +q ys = / w ! 15}2(%1—123) ) e (r—q)k dk.
neN

We can now establish the limiting absorption principle which will be proven
in Appendix B.

Theorem 6 (Limiting absorption principle) Suppose that w ¢ oy and f
is in L2(82) with a compact support. Then

Vne(0,1), ICy(w), VpeZ, |luc—ulyi, < Cy(w)er™" 1£1| 22y
where u is solution of the Helmholtz equation (1) and is given by
Uevan = Z u" € Hl(A,Q)
U = Uepan + Uprop  With n¢l(w) (37)
o Uprop = Z u" € Hlloc(A’ ‘Q)
nel(w)

where each u™ is given by ¥(z1,z,) € C, Vp € Z,

‘Thxsvk)

n¢l(w), u"(z1+p,zs) \/ﬂ / m — 2 ek dk
1 f P, s rsi k),
nel(lw), u"(r1+p,xs)= oz .. / m PRk (38)

Pn(f)(xlaxsaf) 1p€
e D e

and where P, (f) is defined in (36) and

[ Py Tei ke P, Tsi ke
p.’U./ (f)(l'] T ) ezpk dk = lim (f)(.’l?l T ) ezpk dk,
pin (k) — w? 6—=0F fin (k) — w?

- n)

w,n

with Ifz n :] - ﬂ-vﬂ'[ \ U&eEn(w) [f - 575"’ 6]

Remark 7 When w? ¢ o(A,) (that is when I(w) = 0), we show in Appendix
A that u € H'(2) and

A0W), VpeZ, |ue—ullpic, <Cwelfll e
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Remark 8 Suppose that w ¢ oy,

Vye R, VpeZ, lm|G(;y) =G5y, =0

where G is a solution of the Helmholtz Equation (1) with f = d,, y = (y1 +
q,Ys), (y1,ys) € C and q € Z and is given by V(z1,z,) € C, Vp € Z,

/% xl,xs, szn(yl»ysvk) e (P— Dk gL

G(z1 +p,ws;y1+q,ys)f 7) —w?

T o T(w)

N 1 -/1/)71 xlvmsa /(/)n(yhysak) ez(pfq)k dk

k) — w?

nEI(w)

T Z U x1,a:5|;§;l)(@/$|(y1,ys;f) ez(p—q)f ) (39)

fez, (w)

5 Asymptotic behaviour of the solution when x; tends to oo

In order to describe the asymptotic behaviour of the solution at oo, we first
introduce the notion of functions which are exponentially decreasing at 4oo
or —oo in Hi (A, £2).

Definition 4 If m > 0, then u € H{ (A, 2) is exponentially decaying in
HE (A, Q) at 400 (resp. —oo) if there exist @ > 0 and C' > 0 such that

lull gr(ac,) < Ce Pl Vp>0 (resp.Vp<0). (40)

In this section, we still assume that the source term f has compact support,
which implies by the definition of F (see Definition 1), that its Floquet-Bloch
transformation f (:;k) can be extended to the complex plane as an analytic
function with values in L?(C).

We shall define in this section various domains in the complex plane. The
Figure 6 will help the reader to visualize these domains. We suppose now that
w ¢ 0p and that f is in L?(£2) with a compact support, that as a consequence,
Theorem 6 holds. Let us remind the reader that each function k — (k)
(resp. k — ¥, (+; k)) is analytic in D,,, a symmetric neighborhood in the com-
plex plane of the real axis (see Section 3.3). Let us introduce

nel(w)

where, by convention, D, = () when I(w) = 0 that is to say w? & o(A,).
When w? belongs to o(A,), D, is a symmetric complex neighborhood of the
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The domain D, a The rectangle R

* Rek

| The set Z(w) |

Fig. 6 The various domains in the complex plane

real axis. For each k € D, let us introduce P, (k) and Q, (k) the bounded
operators in L?(C) defined by Q, (k) =1 — P, (k) and

Vg€ 120, Pulk)g = 3 ([ a0nCiT)nd o) valih).
nel(w)

Again by convention, P,,(k) = 0 when w? ¢ o(A,). These operators obviously
satisfy the following properties:

Lemma 3 The operators P, (k) and Q, (k) have the following properties

1. for real k, they are orthogonal projectors in L?(C);
2. they are bounded analytic functions of k in D,,.

Proof Since Q,, (k) =1 — P, (k), it suffices to give the proof for P, (k).
For the first point, it suffices to notice that for real k, k = k so that

/g¢n( ) ))n dx = (g d)n( ) ))n}%,C'

Thus P, (k) is the orthogonal projector in L?(C) on the space
E, = span {¢,(-;k),n € I(w)}.
For the second point, given (g, h) € L?(C)?, we denote

() = ( [[g0aCibymd de). hat) = ([ BonCskynd do).

By analyticity of k + ,,(-; k) € L*(C), we deduce that both functions g, (k)
and h, (k) are analytic functions of k& and

(k) g.h) e = > /gu)n k)n dm)(/hz/;n(, k) n dx)

nel(w)

nel(w)
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Recalling that if a(z) is analytic in a domain symmetric with respect to the
real axis, then (%) is also analytic, and we deduce that

Eom (PR g h),,

is analytic in D,, for any (g,h) € L?*(C)?. This allows us to conclude (see
Definition 2 (¢)). O

To study the asymptotic behaviour at infinity of u, we shall analyze the se-
quence p — u( - +(p,0)) € L*(C). We recall (see Theorem 6) that u can be
written as

’LL( : +(p7 0)) = uevan( ! +(pv 0)) + uprop( : +(p7 0)) (42)

where Uevan (the evanescent part of the solution) and up.op (the propagative
part) are given by

1 [ Pualk)()C5E)
uevan( : +(p> O)) - \/ﬂ Z / ‘un(k) — w2 : dk (43)

né¢l(w) Zq

“pmp( +(p, 0)) = U;mp( -+(p, 0)) +1 \/Z Z Z W et

nel(w) E€5, (w)
(44)
where we have defined

. 1
uprop( +(p, O)) = \/72? Z

nel(w

[ Pu(H)(5k)
)p.v.[ (k) — w2 e'’?” dk. (45)

We begin with the evanescent term uevan( - +(p, O)) From Formula (43) and
Formula (4), we first reinterpret teyvan as the inverse FBT of

n¢I(w)

Next we notice that teyan satisfies the equation
(Ap(k) Qw(k) - WQ) ﬁevan(' ; k) = Qw(k) f( ) k)

Moreover, it is easy to see that the spectrum of the operator A, (k) Q. (k) is
purely discrete and

o (Ap(k) Qu(k)) = {0} |J {un(k), n ¢ I(w)}.
We have then
U o(4p(k)Quk) = {0} ] a(A)\J (46)

ke|—m,m)
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where J is an open interval given by
J= U pn (] = 7, 7[).
nel(w)

From Lemma 3, we deduce that k — A, (k) Q. (k) is analytic in D,,, in the sense
of Definition 3 (b). Indeed, setting Q. (k) = S, 'Q,(k)Sy which is bounded
analytic as product of bounded analytic operators, we can write

Ap(k) Qu(k) = Sk Ay(k) Qu (k) St

where Ap(k’) Q. (k) is analytic of type A as a product of an analytic operator
of type A with a bounded analytic one. Moreover, by definition of I(w), w? be-
longs to J and thus, by (46), does not belong to the spectrum of A, (k) Q. (k).
Therefore, for any real k, A,(k)Q, (k) — w? is invertible from Hk(A 2) into
L?(C) with bounded inverse

VEER, (A,(k)Qu(k)—w?) " e L(L(Q)).

Using [21, Chapter VII, Theorem 1.3] for each kg € R, there exists a neigh-
borhood V(ko) of kg , of the form |k — ko| < p(ko) in which A, (k)Qy (k) — w?
is invertible from H} (A, §2) into L?(C) and such that the function
~1
k— ( ( )@w( ) —w )

is bounded analytic in V(ko). By compactness arguments, using a locally finite
covering of the real axis by such neighborhoods, we deduce that there exists a
neighborhood of the real axis such that the function

ks (A (k)Qu(k) —w?) ™

is well defined and bounded analytic. Without loss of generality, up to redefin-
ing D, as the intersection between this domain and D,,, we can assume that
this domain contains D,,. Next, we observe that, as soon as 8 > 0 is small
enough, we have the inclusion

ng c D,
where R is the closed rectangle (see Figure 6)
Rp ={k € C, Re(k) € [-m, 7], Im(k)| < SB}.

Since k — f(-; k) is an analytic function in C with values in L2(C), the function
Gievan (3 k) can then be extended analytically to k € D, via the expression

Vk €Dy, flevan(-3 %) = (Ap(B)Qu(k) — )" Qu(k) f(-;K).

Therefore, (43) can be rewritten as

Uevan (~+(p, 0)) Qu(k) — w?) ™" Qu(k) f(-;k) e  dk, (47)

- [ (4w

which we shall use to prove
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Lemma 4 There exist two functions wi, € HL (A, $2) such that

uevan( . +(p, 0)) = w:van( . _|_(p’ 0))
T+18
B / (Ap(R)Qu (k) =) " Quk) F(- k) e dk
—Tr71'+16

+
9= Bl
3 3

/ (Ap(R)Qu (k) =) " Quk) F(- k) e dk

—T

gvan( : +(pa O))

T

g

uevan( . +(pa 0)) =

’ \/% / (Ap(R)Qu (k) —w?) " Qu(k) f(-3 k) e* dk
T—10

_\/%Tr / (Ap(R)Qu (k) —&?) " Quk) J(-: k) e dik
L

where w, ., (resp. wiy.,) s exponentially decaying at +0o (resp. —o0).

Proof
Let us give the proof of the first formula in the lemma. To do so, let us

introduce a contour in the complex plane, included in D, :
- — [ B B B
I,p:=0Rg=[-mn]US” USZ USY

where

S8 =] —m,m[+18 horizontal segment
48
S? —+m+4]0,8] vertical segment (48)

and where I, g is oriented according to the Figure 7.

Using the analyticity of (A, (k)Q. (k) — w?) - Qu(k) f(-: k) e®* we can apply

Im(z)

N
S

Y M

v

5
>

-

Fig. 7 Oriented contour I, g
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Cauchy’s formula to transform the right hand side of (47) as

Ucvan( : +(pa 0)) = w;:/an( ’ +(p’ 0))

mz/ W) Quk) FCsk) e di
where, parametrizing S? by k + i3,k € [-7, 7,

Whan (- +(p,0) = €77 / RE™(k+18) (-5 b+ 1) e dk,

\/ﬂ

where we have set
RO (2) := (Ap(z)(@w(z) — w2)71 Qu(2), Vze€D,.

Setting Cevan — Sup ||Revan( )Hﬁ(LQ(C),Hl(A,C))’ we thus have
z€S

< Cevan —pB sup
z€SB

7:2)]

||w;2/aHHH1(A,C ) r2c)

The proof for the other formula is obtained by changing the contour I, g by
its symmetric with respect to the real axis. 0O

defined by (45).
€ HL (A, $2) such that

We are now going to focus on up,.,,

Lemma 5 There exist two functions wpmp

nEI (w) £ezp (w)

T+18
1 oy —1 oo wp
v (Ap(k) —w?) " Pu(k) f(-5 k) e?* dk
1 —m+18
- - w2 -1 £l . ezpk
+ Jon / (Ap(k) ) P, (k) f(-; k) dk
u* (7§ 1p£ w
PTOP( \/771621(:&)) £€~Z é—) + prop( +(p? 0))
- _ w2 -1 £l . ezpk
+ m _/,3 (A (k) — w?) ™ Bu(k) 71 k) P di
_ L [ —w? -1 F(. k) Pk
=/ =) R TR

where w,,., (resp. w,,,,) is exponentially decaying at +oo (resp. —oc).
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Proof By definition of the principal value, V(z1,zs) € C, Vp € Z

« T Pn(f)(,k) 1pk
el 00 =iy 3 [ -

where

) =[-ma \ |J 16-6¢+6]

§EE(w)

When k belongs to Z?

9 w? belongs to the resolvent set of A(k) and we can
write

vierd, Y SUH 40 -0 Bw) k. 9)

2
nel(w) [l,n(k') “

Looking at the left hand side of (49) and using the analyticity property of
k— pn(k) and k — 9, (-5 k), we see that the function

Py, (k) f( i k)

ks Eu(ik) = (Ap(k) —w?) ™

can be extended analytically in D,, \ Z'(w).

Now we want to prove the first formula of the lemma. For this, given 0 < § < (3,
let us introduce a contour in the complex plane,

Losp=I50 8" us? usiu |J
£EE(w)

where S” and Si are defined in (48) and v5(&) = {& + de*?, 6 €]0,7[} (semi
circle of centre £ and radius ¢) and I, s 3 is oriented according to Figure 8.

If we chooze 8 > 0, small enough, we know that I, 53 C D, and does not
contain the poles {¢{ € Z(w)}.

Therefore, we can use the Cauchy formula

Im(z)
< <
<€ 3 <€
Y A
o\ 1\ > £\ > > A > 7\ Re(z)
—T ™
5

Fig. 8 Oriented contour I, 53

/ Fw( ;2)eP*dz =0,
r

w,8,8
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to deduce that
Uprop (- + (2,0)) = wiop (- +(p,0))

mZ / ) Bu(k) (k) e dk

lim Z 3 / Pu(N)52) e g,
2m 6%Onel(w)§egn(w) v5(€) pn(2) — w?

(50)

+

where, proceeding as in the proof of Lemma 4
wihop (- +(p,0)) = e~ /Rpmpk—i-z F(-; k4 0B) eP* dke
p p( (p )) \/ﬁ B) f( B)

where we have set

REP(2) i= (Ap(2) —w?)

P,(z), VzeD, \ Z(w)

Setting C§™" := sup IREP () £(22(c), 11 (a0 c))» We thus have
z€S

CPTOP

f:2)]

sup

H PYOPHHl(AC y = Zesﬁ‘ L2(c)

For the last term (50), we use a well-known generalization of the Residue
Theorem: for any function g meromorphic in the neighborhood of &, which is
supposed to be a simple pole, we have

lim g9(2)dz = lim (2 — &) g(2) (51)
370 Joys () S

Since w ¢ oy, for all £ € =, (w), u,(£) # 0, so that £ is a simple pole of

Pu(f)(21,25:2) ip
fin(2) — w?

)

and we deduce that

- . Po(f)@1,262) ey _ Balf)@n,2:58)
Ve E(w), élg(lJ 75(5)W6p dz_mwepf

This completes the proof for the first formula. The proof for the second formula
is obtained by changing the contour I3, s by its symmetric with respect to
the real axis, which in particular changes 7 into —m in the formula (51). O

In addition to Lemmas 4 and 5, the third argument of the proof of our main
result will be the following lemma that essentially expresses a consequence of
the 27 periodicity of the operator A, (k). Without any loss of generality (see
Remark 2), we assume that

7w and — 7 do not belong to =(w). (52)
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Lemma 6 As soon as 3 is small enough, one has the identities

T+
/ (Ap(k) — w?) ™" Py (k) f(- 1K) e dk
" T+
+ [ (AR Qu(k) —w?) " Qulk) F(; k) e dis =
—mhp (53)

T—13
+ / (Ap(k)Qu (k) — w?) ™" Quik) (1K) e?* dk =
O (54)
/ (Ap(k) —w?) " Pu(k) (-5 k) e?* dk
T—13

+ / (Ap(F)Qu (k) — &?)”

T—1

Proof Since m and — do not belong to = (w), A,(£m) —w? is invertible. Thus,
by perturbation theory again, there exists p > 0 such that:

— the two balls BF = {k, |kF7| < p} are included in D,, and By N5 (w) = 0;

— Ap(k) — w? is invertible in |k — £ < p and the resolvent

ks (Ay(k) —w?) ™!

is bounded analytic in Bpi.
Moreover, from the 27 periodicity of A,(k), we deduce the 27 periodicity of
its resolvent. In particular
For A <p,  (Ap(m+id) —w?) ' = (Ap(—7+iN) —w?) ™" (55)

Next, we observe that, for real values of k such that k € [-7, 7] \ Z(w)

—1 —1

(A (k) — w?) TP (k) + (Ap(k)Qu (k) — w?) " Qu(k) = (Ay(k) —w?) ™" (56)
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It suffices to observe that, applied to any v,,(k), the operators at, respectively,
the left hand side and right hand side of (56) give the same value, namely

(i (k) — ) " ()

and use the fact that the ), (k)’s form an orthonormal basis of L?(C). The two
terms respectively at the right hand side and left hand side of (56) are bounded
analytic functions of k in each ball Bpi. As they coincide along the segments
[-7,—7 + p] and [7 — p, 7 ] according to (56), by analyticity they coincide
everywhere in the balls B , and in particular along the vertical segments
[-7m —iB,—m + if] and [7 fzﬂ,7r+i5] as soon as f3 < p.

As a consequence, the left and right hand sides of (53) are nothing but

T+8 —n+13
(Ap(k) —w?) ™" f(-;k) e dk  and / (Ap(k) —w?) ™" f(- k) e dk

which coincide thanks to the periodicity property (55). This proves (53). The
same holds for (54).

We can now state our main result.

Theorem 7 (Asymptotic behaviour of the solution at +o00)

(f( 75)7¢n( ag))[g

(C) . 1p€
PAG] Ynli8)e

(<7—WZZ

nel(w) ¢ezi ( )

+wE(-+ (p,0)) (57)

where wt (resp. w™) is exponentially decaying in H} (A, 2) at +oo (resp.
—OO)

Proof Collecting the results of Lemmas 4, 5 and 6, we deduce from (42), (43),
(44) and (45) that, setting w® := vk, +wi

evan prop

-; o Pu(£)(58) v
o +0) = 5 ( Z) e T gt

{exz ce=, (w)
+ wi(-+(p,0))

Then it suffices to remark that, by definition of ZF(w), with the + sign, the
sum over =, (w) is doubled and the sums over =, (w) cancel while the contrary
occurs with the - sign. O

Physically, this theorem means that the solution u behaves when z; tends to
+0o (resp. to —o0) as a linear combination of the Floquet modes ¢, (z,¢),
n € I(w), £ € EF(w) (resp. ¥, (2,€), n € I(w), £ € =, (w)) which propagate
to the right (resp. to the left) as p/,(€) > 0 (resp. pn(€) = w? and p/,(€) < 0).
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Similarly, the solution u behaves when z; tends to —oo as a linear combination
of the Floquet modes ¢, (z,§), n € I(w), £ € =, (w) which propagate to the
left as u},(¢§) < 0. In particular, when w? does not belong to A,, =(w) is
empty and the theorem expresses the fact that the solution is exponentially
decreasing at +oo.

Remark 9 We can deduce the asymptotic behaviour at +oo of the Green func-
tion G defined in Remark 8. Suppose that w ¢ oo, for all (x1,z5) € C, (y1,ys) €
C,pgel

Un (21,25 E)Pn (1,951 ) (o
Gl +pziy+a,u:) =1 > > (21 ﬂ’)(§)|( 1 ) slr—a)¢
nel(w) EGEi, (w) n

+w* (21 +p,25)  (58)
where w™ (resp. w™) is exponentially decaying at +oo (resp. —o0).

For the sequel, and in order to simplify the expression of our result, let us
introduce a renumbering of the set =1 (w) defined in (23)

Etw= U St =< << <ub
nel(w)

where N(w) = #Z71(w) is the number of Floquet modes propagating to the
right. Thanks to Proposition 4, we have

Ew= U Siw=A{-¢&2...2= > .. >}
nel(w)
We renumber accordingly the set { v, (;€), & € Zf(w),n € I(w)) } and
renormalize them for convenience of notation. More precisely, we introduce
@1, ON(w) Tespectively ¢_1,...,¢_n(,) defined as
Vn € I(w), VE € TEW), €= 45 = fam = “’((g' (59)
Ky,

Then the result of Theorem 7 becomes

N(w)

u(+ (3.0) =2 Y (F(260),00m)  am €5 0= (4 (p,0))
m=1

where w™ (resp. w™) is exponentially decaying in H (A, £2) at +oo (resp.
—00).

Remark 10 In the Appendix B, we compute the far field of the fundamental
solution in the special case of the straight homogeneous waveguide, that is
np = 11in 2 = S x R. In particular, we retrieve the expression obtained
by using directly the well-known fundamental solution for the homogeneous
waveguide.
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6 Radiation condition and uniqueness of the solution

Thanks to the main result of the last section (see Theorem 7), we can define a
radiation condition and establish the well-posedness of the Helmholtz equation
set in a periodic waveguide.

Definition 5 (The outgoing radiation condition) We say that u satis-
fies the outgoing radiation condition if and only if there exist N(w) complex
numbers (Uif)ne[u,N(w)]] such that

N (w)
u(-+ (P.0) = > ud dam e +wE (- + (p,0)) (60)
m=1

where w' (resp. w™) is exponentially decaying in H} (A, 2) at +oo (resp.
—00).

Theorem 8 (Well-posedness of the problem) Suppose w? ¢ oy. There
exists a unique solution of problem (1) which satisfies the outgoing radiation
condition.

Proof Thanks to Theorems 6 and 7, we have shown that the function given by
(37-38) is a solution to problem (1) satisfying the outgoing radiation condition.
It remains to show the uniqueness of such a solution. Let u be a solution of

—Au—n§w2u:0 in 2
(61)
Vu-n=0 on 012

which satisfies the outgoing radiation condition, that is there exists (uf)ne [1,N(w)]

N (w)
u( + (p7 O)) = Z u7:|r:L ¢im einE:;' + wi(' + (pa 0)) (Rci)

m=1

where wT (respectively w™) is exponentially decaying in H{ (A, 2) at o0
(respectively —oo). Let us show that u = 0.

We first notice that v € V(w) defined in (26). By using the property (29)
for z = —N and z = N for some NV € N*

q(—N,u,u) = q(N,u,u). (62)
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We now use the formula (RC*) on I'ty = {z, (£N,z,) € 2}

N(w)
q(iNa u, U) = Z urer:ﬂ?y:l Q(¢ina ¢im)
n,m=1
N(w)
+ 37 [ QN Gy ) + T GEN,0E, 60| + (N, w0, w)

n=1
Ne
=41 Z |u,il|
N(w)
+3 [ujf A(EN, n, wF) + T g(£N, w, ¢in)} ¥ g(£N, wF, wF)
n=1

thanks to Proposition 3 and Definition (59). Using the exponential decay prop-
erty of w®, we know, in particular, that

ow*

HwiHm(FiN) + H o < Ce N

L2(Ten)

for some « > 0 while by quasi-periodicity it is clear that

a¢in
W € MLNE@L [0l * | <c
P ] 0y g
We deduce that
N (w) )
: _ +
NLHEOO q(£N,u,u) = 41 En ’un ‘

Taking the limit when N tends to +oco in the equality (62), we conclude that
Vn € [I,Nw)], uf=0.

The function w is then a solution of (61) which is exponentially decaying and

thus belongs to the domain of the operator A. If u was not 0, this would mean

that u is an eigenvector of A, with eigenvalue w? but this is impossible since
2

w® ¢ op. O

Remark 11 The reader will note that the existence and uniqueness result of
Theorem 8 remains valid under the weaker notion of a radiation condition
where in the Definition 5 the exponential decay property of w¥ is simply
replaced by

. Aw*
m [”wi”m(am * Haxl

] o
LQ(FiN)

The exponential decay of w® appears then as an additional property of the
outgoing solution.
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A Proof of Theorem 6

Let us write ue = ut where

evan + uprop

— n
USyan = E u? and upmp E U -

n¢I(w) nel(w)

We show separately that u§
H'()) and that Uprop
are defined in (37-38).

tends to uprop in Hloc

Step 1: [[ugyan — Uevanll g1 (o) < C(W)eIfllp2(q)
We set

VhE [mml, d2(k) = (n () — (@2 + 1)) " — (k) — w?) 7!
that satisfies

€
Vke[-mn], |dZE)|I<———3
: |Hn(k)_w2|2

and by definition of the set I(w),

f n(k) —w?| >0
nelrll(w)ke[ 7r7'r]|pl ) w}

from which we deduce that
VEke[-mmn], [|dZ2(k)]<Co(w)e.

Using Proposition 1, we have
N 2
et — vevanlZ2 g = / 8 (+4) — fvan (3 R) 23 ¢ b,

where each k € [—7, 7], G5y, (-5 k) and 4§

; k) are given by

evan ( bl

~ ]Pn(f)('vk) ~ Pn(f)(vk)
U, k) = § —, Uevan(; k) = E — 5
evan( ) i H/n(k') _ (w2 + Z&) ( ) Tl H/n(k) — w2

From the orthogonality in L?(C, nf, dz) of the functions Py, (f)(+, k), we deduce that

2
lltcvan (s k) —tevan (; )Iln2c D ldr k) < Co(w)?e® |1£(5

n¢l(w)

(FC k) 50) 2

That is to say
[ucvan — Uevanllnz 2 < Co(@)e [1flln2,0-

In the same way,
2 i 2
IV an — Vttovanll?, = / VS an (5 ) — Vievan (5 5) 12 dk
—T

and

2
[Vigvan (5 k) = Vaevan (502 = D |un (R IdZ(R)1 | (F(50), ¥n (k) n2,c
n¢l(w)

One easily concludes, after having noticed that

Vke[-ma], |un(k)| |dZ(K)]* < C1(w)? .

€ van tends to uevan in H'(£2) (and implicitly that uevan is in
(£2) when € goes to 0 where Uevan and Uprop

)an e
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Step 2: For all n € I(w), for all p € Z and for all n € (0, 1)
5, — unlls 0,y < Cal) ™ 2o (63)

To prove the above equality, we shall use the following technical lemma, which is obtained
by combining the Sokhotski-Plemelj theorem [34,39] and the Sobolev continuous embedding
H™(] —a,b[) = CO"=1/2(] — a,b]) for r €]1/2,3/2[ [1].

Lemma 7 Leta,b> 0, r €]1/2,3/2[ and X a Banach space. For any ¢y € H"(|—a,b[, X),
we define for any € > 0

b b
Sep = %dteX and S = p.v. @dt—l—i/}(()) € X

then for € small enough, there exists a constant Cy such that
Vg€ H'(|—a, b, X), [Sev —S¥llx < Cre™ 2 [0l g —anf,x)

Since w? ¢ oo, pl, (€) # 0 for all € € =, (w). Therefore one can fix a § > 0 small enough such
that pp (k) is monotonous in each of the (disjoint) intervals {]¢ — 6, + 4|, £ € Zn(w)}. Let

us set
Ig),n :]_ﬂ—:ﬂ-[\ U }5_575—"_6[

£€En(w)
With this notation, we have uf, = uS?% + Z v50(&;) and up = ud, + Z v (&)
£€Tn(w) £eEn(w)

where
P (f)(z1, 255 k)
Vo uy? \@s) = / — S PR )
7w uy’ (1 + p, Ts) 23 (k) — (2 + 1) e

P sk
V2 u) (21 + pas) = / EnlD)@1,255K) g g,
75 pn (k) — w?

S0P (f)(21, 253 K)
Ve o2 (21 +py@s :/ e ek
G AT = [ k) — (@2 + wew)

w,n

¢+e Pr(f)(z1, 255 k) P (f) (1,255 8)
S (¢ _ 1pk
V2m oy (&1 +p,xs) = p.v/gits 771(]6) e PR dk + 741(5)|

Proceeding along the same lines as in Step 1, it can be proven immediately that

It remains to estimate vi’a(fg ) — v3(&;-) for each € € Z,(w). Thanks to our choice of
§ and since pn(€) = w?, the function k ~ p,(k) is invertible from ]¢ — 6,& + & onto
] — an(€) + w?, b, (&) + w2g with an(£), bn(§) > 0. We perform the change of variable k =
Un(t + w?) where v, = py, - and we obtain

6 _ 0
i by S C@ e oo -

bn (&) .
VomvEd(g) :/ Pnlit) 4

—an(g) t—re
where
V(z1,2s) €EC, VpEZ, ¢n(x1+Dp,2s;t) :]P’n(f)(an xs'un(t+w2)) M
) ee et o o )]

In the same way, we can write

b (€) .
Var sl () = p.v./ M dt 4 v (-5 0).
—an(§)
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To conclude, we wish to apply Lemma 7 with X = H'(C). Then it suffices to remark that
on € H™ (] — an(8),bn(8)[, Hl(C)) for any r > 0.

Indeed, since f is of compact support, we know that
15100y = [ 151,20 (14 23)" dorda < 400 for any r >0,
2 o

so using the property of the Floquet Bloch Transform [22,11], we show that
fe H" (| = m, 7, LQ(C)) for any r > 0.

More precisely, exploiting the C™° regularity of vy, (t + w?), pl, (t) and ¢n (- v (t + w?)), it
is not difficult (the details are left to the reader) to show that

EIC’("‘})7 H’LPTLHH’I‘ (]—an(ﬁ),bn(ﬁ)[,Hl(C)) S C(w) ”fHL%(.Q)

where
1llLz o) < IFllL2(0)

because f is of compact support.

Remark 12 Let us remark (this is classical in scattering theory) that the result of the the-
orem does not require that f has compact support but simply that f belongs to a L2 for
r > 1/2.If r > 3/2, then the result (63) holds and if 1/2 < r < 3/2, one has to replace 1 —n
in the estimation (63) by r — 1/2.

B The homogeneous waveguide as a particular instance of periodic
waveguides

The homogeneous waveguide is obviously a particular case of periodic waveguides for which
np =1in 2 =8 xR.

Firstly, let us see what the propagating Floquet modes in that case are. For this purpose we
introduce the so-called guided modes, which appear when we investigate the solutions of

—Au—w?u=0 in £
{ Vu-n=0 on Of2. (64)
Indeed, these solutions are the linear combinations of the guided modes given by
uk (21, 22) = O (2a)eF P m > 1, (65)
with
Bm = Vw? —am, Re(fm), Im(Bm) >0, (66)
where 0 = a1 < ... < am,m — +oo are the eigenvalues of the tranverse laplacian —Ag
with Neumann boundary conditions on 9S and 64,...,60.,,... are associated eigenvectors
(forming an orthonormal basis of L2(S)). For example, if S = (0, 1)
am = (m — 1)%x2 (67)
and
01(zs) =1 (68)
Om (zs) = V2cos((m — D)wxs)  (m > 2).

Among the guided modes, the propagating guided modes correspond to the purely real By, .
Because the sequence (am)m tends to +oo, there is only a finite number of propagative
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modes - for example for S = (0, 1), there are only 2P propagative modes with P := C(k/7),
where C' is the ceiling function. The other guided modes are either increasing or decreasing
exponentially with variable z1. Let us verify that the two notions, propagating Floquet
modes in the homogeneous case and propagating guided modes, do coincide. It is easy to
show that the eigenvalues and eigenfunctions of operator A, (k) for np = 1 are given, for all
m >1andl € Z, by

fim, 1 (k) = com + (k+270)2, by (25 Kk) = O (a5 )etFH2m0DoL (69)

Hence the Ay (k) coincide with the i, ;(k), up to a change of numbering. The propagating
Floquet modes are then given, for z € (2, by

Ui 1(236) = O (5) ' EF2TIL, (70)
for all £ € (—m,w], m > 1 and I € Z such that
am + (€ +2x1)? = W2 (71)

Let us consider a propagating Floquet mode w, (-, ). Since (71) is satisfied, then

&+ 27l = £vVw? — am = £Bm,

and therefore u,,; = uTin as given by (65), that is, u.,,; is a propagating guided mode.
Conversely, let us consider a propagating guided mode u?,:l There is a unique pair (&,1) with
¢ € (—m,n] and | € Z such that +8;, = £ + 27l (we denote £ = +8,, mod 2r). These ul;
coincides with the propagating Floquet mode uyy, ;(-,&) given by (70). This completes the
verification.

For some indices n € I(w) and ¢ € Z,(w), we associate the unique corresponding pair
(m, 1) such that the propagating Floquet mode wun (- ;&) = U, (-;§) coincides with a guided
mode u;}, or uy,. We have then, for n € I(w), Zn(w) = {£Bm mod 27} and by using the
expression of i, ; in (69) we obtain that for £ € Z,(w), A\, (§) = £28m.

Bfurthernore, the set oq is simply given by

o0 = {v/@m, m > 1}.

Remark 13 One particular property of periodic waveguides is that there may be band gaps
in the spectrum; that is intervals of w for which no propagating Floquet mode exists, in
other words I(w) = (. More generally, the number of propagating Floquet modes does not
necessarily increase with w. This is in contrast with the case of the homogeneous waveguide
with Neumann boundary conditions, for which at least two propagating modes uli exist
whatever w is, and the number of propagating modes increases with w.

Secondly, let us see what becomes of expression (58) of the far field of the fundamental
solution when the waveguide is homogeneous. By using the computations above we obtain
that such a far field is given by

oo

P + ES
. U (21, Ts ) Uk (Y1, Ys)
G : ~ E

(Il,l’s,yl,ys) AT 1 — 26m ,

m

where the guided modes u}; are given by (65) and the B, are given by (66), while P is
the number of propagating modes in each direction of propagation. Fortunately, we retrieve
such an expression by considering directly the far field of the fundamental solution of the
homogeneous waveguide, that is:

eiBmlz1—y1|

—+o0
G(Z,y) =1 70m(zs)9m(y9),
'rnZ:l 2Bm
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C Conclusion and Ongoing works

In this paper, we have given a somewhat complete theory for time harmonic wave propa-
gation in a periodic waveguide. Of course, this problem is quite academic but it opens the
gate to the analysis of more realistic (from the point of view of applications) situations. The
first and simplest extension is a case of a local perturbation of a periodic waveguide. Using
compact perturbation theory, it should be straightforward to show, using the same radiation
condition as in this paper, an existence and uniqueness result, except maybe for a countable
set of frequencies located in the resolvent set of the unperturbed periodic operator which can
accumulate only at the edges of the essential spectrum. Another extension, which is slightly
similar to the previous, is the junction between two different periodic waveguides. A more
intricate extension is the junction between an homogeneous and a periodic halfspace. This
last situation seems really interesting in terms of applications to photonics (see for instance
33,4,3]).

Acknowledgements This work was partially supported by ANR project METAMATH
ANR-11-MONU-0016.
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