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Probabilistic representation of a class of non-conservative

nonlinear Partial Differential Equations.
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Short title. About probabilistic representation of non-conservative PDEs.

Abstract

We introduce a new class of nonlinear Stochastic Differential Equations in the sense of McKean, related
to non-conservative nonlinear Partial Differential equations (PDEs). We discuss existence and uniqueness

pathwise and in law under various assumptions.
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ferential Equations; Probabilistic representation of PDEs; Wasserstein type distance.
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1 Introduction

Probabilistic representations of nonlinear Partial Differential Equations (PDEs) are interesting in several
aspects. From a theoretical point of view, such representations allow for probabilistic tools to study the
analytical properties of the equation (existence and/or uniqueness of a solution, regularity,...). They also
have their own interest, typically when they provide a microscopic interpretation of physical phenomena
macroscopically modeled by a nonlinear PDE. In addition, from a numerical point of view, such represen-
tations allow for new approximation schemes potentially less sensitive to the dimension of the state space
thanks to their probabilistic nature involving Monte Carlo based methods.

The paper focuses on a specific forward approach. The underlying idea of our paper consists in extend-
ing to fairly general PDEs the probabilistic representation of non-linear Fokker-Planck equations, which
are conservative. The probabilistic representation is based on a generalized nonlinear stochastic differen-
tial equation (SDE) in the sense of McKean [15], whose coefficients do not depend only on the position of
the solution Y, but also on the law of the process Y. In the companion paper [13], we will investigate the
associated interacting particle systems, the propagation of chaos with related numerical aspects.
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Let us consider d,p € N*. Let ® : [0, 7] xRIxR — R¥*P, g : [0, T] x RIxR — R%, A : [0,T] xRIXR — R,
be Borel bounded functions and ¢ be a probability on R?. When it is absolutely continuous vy will designate
its density so that {y(dz) = vo(z)dz. The target of the present paper is a non-linear PDE (in the sense of
distributions) of the form

O = 1 Z q>q> )ij(t, 2, v)v ) —div (g(t,z,v)v) + A(t,z,v)v, foranyte [0,T],
5,5=1
v(0,dx) = (o(dx),

(1.1)

where v :]0, 7] x R? — R is the unknown function and the second equation means that v(¢, z)dz converges
weakly to (y(dz) when ¢ — 0. In our spirit this should constitute the first step of investigation of a class of
PDEs where the coefficients ¢, g, A may also depend on some space derivatives of v.

When A = 0, PDEs of the type (L) are non-linear generalizations of the Fokker-Planck equation. In that
case, solutions v of (L) are in general conservative in the sense that [, v(t, z)dx is constant in ¢, so equal to 1
if the initial condition is a probability measure. In particular when ® and g do not depend on v, then previ-
ous equation is a classical (time-dependent) Fokker-Planck type equation. Under reasonnable conditions on ®
and g (for instance if they are Lipschitz with linear growth or bounded continuous), then according to The-
orem 5.1.1 and Corollary 6.4.4 of [17], there is a process Y which is a solution, at least in law (for any initial
condition) to a SDE with diffusion (resp. drift) coefficient equal to ® (resp. g). Indeed that solution does not
explode. So Itd’s formula applied to ¢(Y'), where ¢ is a test function, allows to show that the function v de-
fined on [0, T'] with values in the space of finite measures such that v, is the marginal law of Y3, is a solution
of (L.I). This shows in particular that v is conservative. Coming back to the non-linear case, i.e. when ®, g
may depend on v, once a solution v of (L) (in the sense of distributions) is known, using approximation
arguments it is not difficult to show that v is conservative, at least when (s, ) — g(s,z,v(s, z))v(s,z) and
(s,2) = (PP'); (s, x,v(s,x))v(s,z) are integrable functions. An important particular case of (L) is given
by the case when g = 0 and ®(t,z,v) = ®(v)I,, where I, is the identity matrix on R? and @ : R — R.
When ®(v) = [v]™ " form > 1 (resp. 0 < m < 1), (L) is called porous media (resp. fast diffusion)
equation. In that case explicit solutions exist, the so called Barenblatt solutions. If those solutions are all
conservative in the case of porous media, that property can be lost in the case of fast diffusion, see chapter
9 of or more in details [19], at least when m < %.

To summarize, if A = 0, in the conservative case, starting from a probability measure ¢y as initial condi-
tion, the solutions of (L) are probability measures dynamics which often describe the macroscopic distri-
bution law of a microscopic particle which behaves in a diffusive way. More precisely, often, the solution v of
(LI) is associated with a couple (Y, v), where Y is a stochastic process and v a real valued function defined
on [0, 7] x R such that

{ Yy = Yo+ [ ®(s, Ve, v(s, Ys))dWs + [ (s, Ve, v(s, Ys))ds ,  with Yo ~ ¢ a2

v(t, -) is the density of the law of Y; ,

and (W;)¢>0 is a p-dimensional Brownian motion on a filtered probability space (2, F, 7:,P). A major
technical difficulty arising when studying the existence and uniqueness for solutions of (I.2) is due to the
point dependence of the SDE coefficients w.r.t. the probability density v. In the literature, (1.2) was generally
faced by analytical methods. A lot of work was performed in the case of smooth Lipschitz coefficients with
regular initial condition, see for instance Proposition 1.3 of [11]. The authors also assumed to be in the
non-degenerate case, with ®®* being an invertible matrix with related parabolicity condition. In dimension

d = 1, an important earlier work concerns the case of porous media equation, see e.g. [6]. Still in dimension



d = 1, with ¢ = 0 and ® being bounded measurable, probabilistic representations of (L)) via solutions of
(T.2) were obtained in [8, []. [4] extends partially those results to the multidimensional case. Finally [5]
treated the case of fast diffusion. All those techniques were based on the resolution of the corresponding
non-linear Fokker-Planck equation.

In the present article, we are however especially interested in (L)), in the case where A does not vanish. In
that context, the natural generalization of (L.2) is given by

Yy = Yo+ [y ®(s, Ve, v(s,Ys))dWs + [ (s, Ys, 0(s,Ys))ds ,  with Yo ~ G

u(t, ) = % such that for any bounded continuous test function ¢ € C,(R) (1.3)

vi(p) :==E [gp(Yt) exp{ng(s,YS,v(s,Y;))dsH , foranyt e [0,7].

The aim of the paper is precisely to extend the McKean probabilistic representation to a large class of
nonconservative PDEs. The first step in that direction was done by [2] where the Fokker-Planck equation
is a stochastic PDE with multiplicative noise. Even though that equation is pathwise not conservative, the
expectation of the mass was constant and equal to 1. Here again, these developments relied on analytical
tools.

To avoid the technical difficulty due to the pointwise dependence of the SDE coefficients w.r.t. the function

v, this paper focuses on the following regularized version of ([L.3):

{n=n+£¢@nm@nmmawﬁ@nm@nmm,wﬁ.m~@, "

u(t,y) = E[K(y — Vi) exp {fJA(S, Yy, u(s, Y;))ds}] , foranyte[0,7],

where K : RY — R is a mollifier in R%. One historical contribution on the subject in the conservative case
A = 0, based on probabilistic methods, was performed by [18], which concentrated on non-linearities only
on the drift coefficients. When K = §, (1.4) reduces, at least formally to ([L.3).

An easy application of Itd’s formula (see e.g. Theorem[6.1) shows that if there is a solution (Y, u) of (T4),
then u is related to the solution (in the distributional sense) of the following partial integro-differential
equation (PIDE)

d
& =13 Z 075 ((@9"); (t, x, K + 0)v) — div (g(t, x, K % 0)v) + A(t, x, K * D)0
i,j=1
0(0,2) = vy ,

(1.5)

by the relation u = K 0 := [, K(- — y)v(y)dy. Setting K=(z) = & K" () the generalized sequence K¢ is
weakly convergent to the Dirac measure at zero. Now, consider the couple (Y, u) solving (L4) replacing
K with K¢. Ideally, u° should converge to a solution of the limit partial differential equation (LI). In the
case A = 0, with smooth ®, g and initial condition with other technical conditions, that convergence was
established in Lemma 2.6 of [11]]. In our extended setting (A # 0), again, no mathematical argument is for
the moment available but this limiting behavior is explored empirically by numerical simulations in Section
3. of [13]]. A convergence analysis has been however performed by the authors in [14], in the particular case
when ¢ and g do not depend on .

The main contribution of this paper comes from a refined analysis of existence and/or uniqueness of
a solution to (I4) under a variety of regularity assumptions on the coefficients ®, g and A. The system
(T4), whose unknown is a couple (Y,u) where Y is a process and u is a function, is composed by two
equations. The first one is a stochastic differential equation whose coefficients depend on u and the second

equation links u to the law of Y in a non-anticipating way. In the classical McKean type equations, u(t, -)



was explicitly provided by the density of the (marginal) law of Y;,¢ > 0. This situation can be recovered
formally here when the function A = 0 and the mollifier K = ;. The second equation of (I4), which
involves A as a weighting function, is indeed the central object of the analysis. u(¢, -) is now implicitly related
to the the law mY of the whole path of process Y. That equation associates to a probability law m on
¢4 = C([0,T],R?), a real-valued function u. A significant contribution of the paper consists in analyzing
the regularity properties of this relation.

In Section 3] one shows existence and uniqueness of strong solutions of (L4) when @, g, A are Lipschitz.
This result is stated in Theorem[3.9] The second equation of (L4) can be rewritten as

u(t,y) = K(y — wt) exp {/Ot A(s,ws, u(s, ws))ds} dm(w) , (1.6)

cd

where m = my is the law of Y on the canonical space C?. In particular, given a law m on C?, using an
original fixed point argument on stochastic processes Z of the type Z; = u(t, X;), where X is the canonical
process, in Theorem B.I] we first study the existence of u = u™ being solution of (L.6). Proposition 33| fo-
cuses on the analysis of the functional (¢, z, m) — v (¢, x): this associates to each Borel probability measure
m on C¢, the solution of of (L). In particular that proposition describes carefully the dependence on all
variables. The study of the first equation in (L4) is based on more standard arguments following Sznit-
man [18]. The rest of the paper is organized as follows. In Section] we show strong existence of (L.4) when
®, g are Lipschitz and A is only continuous, see Theorem {21 Indeed, uniqueness, however, does not hold
if A is only continuous, see Example[d.]]l In Section[5] Theorem[5.1] states existence in law in all cases when
®, g, A are only continuous. Section[festablishes the link between (L.4) and the integro-partial-differential

equation (L.5).

2 Notations and assumptions

For any Polish space E, B(E) will denote its Borel o-field. It is well-known that the space of Borel probability
measures on F, P(E) is also a Polish space with respect to the weak convergence topology, whose Borel
o-field will be denoted by B(P(E)). See Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [7]
and Theorem 8.3.2 and Theorem 8.9.4 in [9].

Let us consider C? := C([0,T], R?) metrized by the supremum norm || - ||. X will be the canonical
process on C?. For t > 0 we also denote B,(C?) := ¢(X,,0 < u < t). Given r > 0, P,.(C%) will denote the
set of Borel probability measures on C? admitting a moment of order 7. For r = 0, P(C%) := Py (C?). When
d = 1, we often omit it and we simply set C := C*.

We recall that the Wasserstein distance of order (resp. the modified Wasserstein distance of order) r for r > 1,
denoted by Wi.(m,m’) (resp. W}(m, m')), for any m and m’ in P,.(C?), (resp. P(C?)), are such that

Vi n,m))" = inf { [ s e - Xs(W’)ITdu(w,w’)} e, @)
peI(m,m’) Cixcd 0<s<t

VI (m,m'))" = _inf {/ sup | Xs(w) — Xs(w')|" A1 du(w,w’)} ,te0,T], (2.2
pEI(m,m’) Cdxcd 0<s<t

where II(m, m') (resp. II(m,m’)) denotes the set of Borel probability measures in P(C? x C?) with fixed
marginals m and m’ belonging to P,(C%) (resp. P(C?) ). In this paper we will use very frequently the
Wasserstein distances of order 2. For that reason, we will simply use the convention W; := W} (resp.
Wt = W? )



Given N € N*, [ € €%, [}, IV € C4, a significant role in this paper will be played by the Borel measures

N
. 1
on C¢ given by §; and v > o

j=1

Remark 2.1. Given [}, --- IV 11 ... IV ecf, by definition of the Wasserstein distance we have, for all t € [0,T],

( Z%,Nﬁ: ) Z sup | —I*.

— 0<s<t

In this paper C,(C%) denotes the space of bounded, continuous real-valued functions on C4. R? is
equipped with the scalar product - and |z| stands for the induced Euclidean norm for x € R?. Given
two reals a, b, in the sequel we will adopt the notations a A b := min(a, b) and a V b := max(a, b).

S(R?) is the space of Schwartz fast decreasing test functions and S’(R?) is its dual. C,(R?) is the space of
bounded, continuous real functions on R?. Cy(R?) (resp. C5°(R?)) represents the space of real continuous
(resp. smooth) functions with compact support in R?. Given a real (possibly signed) Borel measure y in
R, we will denote by ¢ — u(p) or by ¢ — (i, ¢) the duality mapping, where ¢ € C,(R%). W"P(R?) is the
Sobolev space of order r € N,1 < p < co. When r = 0 this equals (LP(R%), || - ||,,). || - ||, will also denote
the standard norm related to (L?(R?; E) where E is another finite dimensional space. (¢ ),,>o will denote
an usual sequence of mollifiers ¢2 (z) = o T ¢?(L) where, ¢ is a non-negative function, belonging to the
Schwartz space whose integral is 1 and (e, ), >0 is a sequence of strictly positive reals verifying €, ——0
When d = 1, we will simply write ¢,, := ¢, ¢ := ¢'.

F(): f € S(RY) — F(f) € S(RY) will be the Fourier transform on the classical Schwartz space S(R?) such

that for all £ € R,
1

V27 Jpa

We will indicate in the same manner the corresponding Fourier transform on S'(R?) .

F(HIE) = flx)e™* da .

A function F : [0,7] x RY x R — R will be said uniformly continuous with respect to (y, z) (the space
variables) in a subset B of R x R uniformly in ¢ € [0,7] if for every e > 0, there is § > 0, such that

V(y,2),(y',2") € B,
|y - y/| + |Z - Z/| < §= Vte [OvT]a |F(t,y,Z> - F(tay/az/” <e. (23)

A function G : [0, 7] x R? — R is said to have linear growth with rate L if

Vt e [0,T),z € R |G(t,z)| < La(1 + |x|).

We remark that if G is Lipschitz with respect to = with constant Lg and m¢ := sup¢jo 77 |G(t,0)| then G
has linear growth with rate max(L¢g, ma). Let (2, F) be a measured space and E a Polish space. A
map 7 : (2, F) — (P(E),B(P(E))) will be called random probability (or random probability kernel)
if it is measurable. We will indicate by P (E) the space of random probabilities. If P(E) is replaced by
the set M(E) of finite non-negative measures, we will use the term random measure instead of random
probability.

Remark 2.2. Let n : (Q,F) — (M(E),B(M(E))). nis a random measure if and only if the two following
conditions hold:

e foreachw € Q, ngy € M(E),

e for all Borel set A € B(M(E)), @ — ng(A) is F-measurable.



This was highlighted in Remark 3.20 in [10] (see also Proposition 7.25 in [[7]) for the case of random probabilities.
This argument can be easily adapted in the general case.

N
1
Remark 2.3. Given R%-valued continuous processes Y, - | Y™, the application N Z Oy is a random probability
j=1
on P(CY). In fact §ys,1 < j < N is a random probability by Remark 2.2}

In this article will intervene some assumptions, as described below.

Assumption1. 1. ®and gare Lipschitz functions defined on [0, T] x R? x R taking values respectively in R?*P
(space of d x p matrices) and R%: there exist finite positive reals Lg and Ly such that for any (t,y,y', z,2') €
[0,7] x R? x R? x R x R, we have

@ty 2') = @t y, 2)| < La(|z' =2+ 1y —yl) and |g(t,y',2') —g(t,y,2)] < Le(|2" = z[+ |y —y]) -

2. A is a Borel real valued function defined on [0,T] x R x R Lipschitz w.r.t. the space variables: there exists a
finite positive real, L such that for any (t,v,y',z,2') € [0,T] x R? x R? x R x R, we have

A(t,y,2) — Aty 2")| < La(ly —yl + 12" —2]) .

3. A is supposed to be uniformly bounded: there exist a finite positive real Ma such that, for any (t,y,z) €
[0,7] x R? x R,
|A(t7yuz)| < My .

4. K : R? — Ry will be a fixed regularization kernel such that [, K (x)dz = 1. Moreover we will suppose that
it is bounded and Lipschitz: in particular we designate by My and Ly two positive reals such that for any
(y,y') € R x RY

IK()l < Mk, |K()—- Kyl <Lrly -yl

5. (o is a fixed Borel probability measure on R admitting a second order moment.

6. The functions s € [0,T] — ®(s,0,0) and s € [0,T] — g¢(s,0,0) are bounded. mg (resp. my) will denote the
quantity sup¢(o 1) |9 (s, 0,0)| (resp. supyeo. 7y 19(s,0,0))).

Given a finite Borel measure v on R¢, K %  will denote the convolution function

2= Jpa K(z = y)y(dy).
To simplify we introduce the following notations.

e V :[0,T] x C? x C — R defined for any pair of functions y € C% and z € C, by
t
Vily,z) :=exp (/ A(s,ys,zs)ds> foranyt € [0,7]. (2.4)
0

e The real valued process Z such that Z, = u(s,Y;), for any s € [0, T, will often be denoted by u(Y").

With these new notations, the second equation in (L.4) can be rewritten as
vi(p) = E[(K  p)(Y)Vi(Y,u(Y))],  forany ¢ € Cy(R?) (2.5)

where u(t, ) = % and K(z) = K(-x).



Remark 2.4. Under Assumption[D} item 3 (b), A is bounded. Consequently
0 < Vi(y,2) <e™Ms | forany (t,y,2) €[0,T] x R x R . (2.6)

Under Assumption[l) item 2. A is Lipschitz. Then V inherits in some sense this property. Indeed, let y, y' € C? =
C([0,T],RY) and z, 2’ € C([0,T],R). Tuking a = fot A(s,ys, zs)ds and b = fot A(s,y., z.)ds in the equality

1
b —e? = (b- a)/ etT=aage < eswP@b)|h _q| VY(a,b) € R?, (2.7)
0
we obtain
t
Vi)~ Vi, )| < eMa / A (s, 50 21) — A(s, g, 26)] ds
0
t
< efMap, / (14, — wsl + 17, — zal) ds . 2.8)
0

In Section @] Assumption[Ilwill be replaced by what follows.
Assumption 2. 1. All the items of Assumption[Dlare in force excepted 2. which is replaced by the following.

2. A is a real valued function defined on [0, T] x R? x R uniformly continuous w.r.t. the space variables (on each

compact) uniformly in the time variable, see e.g. (2.3).

Remark 2.5. The second item in Assumption[2lis fulfilled if the function A is continuous with respect to (t,y, z) €
[0, 7] x RY x R.

In Section Bl we will treat the case when only weak solutions (in law) exist. In this case we will assume

the following.

Assumption 3. Items 3. and 4. of Assumption[lare still in force. Besides we assume that ® : [0,T] x RY x R —
RP . g:[0,T] xR x R — R and A : [0,T] x RY x R — R are uniformly continuous (on each compact) with
respect to the space variables uniformly in the time variable and ®, g are uniformly bounded.

Definition 2.6. 1. We say that (L4) admits strong existence if for any filtered probability space (0, F, F;,P)
equipped with an (Fy),>o-Brownian motion W, an Fo-random variable Yy distributed according to (o, there is
a couple (Y, w) where Y is an (F;)¢>o-adapted process and u : [0, T] x R? — R, verifies (L4).

2. We say that (L4) admits pathwise uniqueness if for any filtered probability space (Q, F, F,P) equipped
with an (F;),>o-Brownian motion W, an Fy-random variable Yy distributed according to (o, the following
holds. Given two pairs (Y, u') and (Y2, u?) as in item 1., verifying (L4) such that Y} = Y3 P-a.s. then

ul = u? and Y and Y? are indistinguishable.

Definition 2.7. 1. We say that (L4) admits existence in law (or weak existence) if there is a filtered probabil-
ity space (0, F, Fy,P) equipped with an (Fy)s>o-Brownian motion W, a pair (Y, u), verifying (L4), where Y
is an (JF;)>o-adapted process and w is a real valued function defined on [0, T] x R

2. We say that (L4) admits uniqueness in law (or weak uniqueness), if the following holds. Let (0, F, F;,P)

(resp. (O, F, F,P)) be a filtered probability space. Let (Y'',u') (resp. (Y2, ?)) be a solution of (LA). Then

ul = @2 and Y and Y2 have the same law.



3 Existence and uniqueness of the problem in the Lipschitz case

In this section we will fix a probability space (2, F, F;,P) equipped with an (F;)-Brownian motion ().
We will proceed in two steps. We first study in Section[3.] the second equation of (L4) defining u. Then, in
Section[3.2] we will address the equation defining the process Y.

Later in this section, Assumption [[lwill be in force, in particular ¢, will be supposed to have a second
order moment.

3.1 Existence/uniqueness and regularity of a solution to the linking equation

This subsection relies only on items 2., 3. and 4. of Assumption[I]
Here, we focus on equation (L&) which links a probability measure m on the canonical space C? into a
function u defined on [0,7] x R?. When A = 0, i.e. in the conservative case, (L6) gives u(t, ) = K x my,
where m; is the marginal law of X; under m. Informally speaking, when K is the Delta Dirac measure, then
u(t, ) = my.
More precisely, for a given probability measure m € P(C%), let us consider the equation

u(t,y) = foa K(y — Xo(w)) V(X (W), u(X (w)))dm(w) , forall te0,T],y cR?, with

(3.1)
Vi (X (w),u(X (w))) = exp (fotA(S,Xs(w),u(s,XS(w)))ds) ,

where we recall that X denotes the canonical process X : C¢ — C? defined by X;(w) = w(t), t > 0,w € C%.
Equation (3.I) will be called linking equation: it constitutes the second line of the solution of ([L.4).

The aim of this section consists in discussing existence/uniqueness and regularity of the solution of
(B1). This includes the study of the dependence with respect to m, towards two metrics on P2(C?).

We first state the result about well-posedness of (3.T).

Theorem 3.1. We assume the validity of items 2., 3. and 4. of Assumption 1}
For a given probability measure m € P(C?), equation B.1) admits a unique solution, u™.

Remark 3.2. 1. For (m,y) € P(C?) xR, t — u™(t,y) is continuous. This follows by an application of Lebesgue
dominated convergence theorem in (3.1)).

2. Since A is bounded, and K is Lipschitz, it is clear that if u := u™ is a solution of (B.1) then we have the
following.
e sup |u| < Mg exp(MAT).
e w is Lipschitz with respect to the second variable with Lipschitz constant Ly exp(MaT). Indeed, for

te 0,7

Joa |E(z = Xy(w)) = K(y — Xe(w)] exp ( [y Alr, X (), u(r, X, (w)))dr)]
Lg exp(MAT)|x — y|.

u(t, x) —u(t,y)| <
<

(3.2)

Proof of Theorem[Bl Let us introduce the linear space C; of real valued continuous processes Z on [0, 7]
(defined on the canonical space C?) such that

1Z]|c0,1 :=E™ [sup|Zt|] ::/ sup |Z(w)|ldm(w) < oo .
t<T cd 0<t<T



(C1,]*|loc,1) is a Banach space. For any M > 0, a well-known equivalent norm to || - || oc,1 is given by [ - |3 ,
where || Z||}] | = E™ [sup,<p e~ M| Zy|]. Let us define the operator T : C; — C([0, T] x R%,R) such that for
any Z € Cy,

T(2)(00) = [ K- X)X @) Z0)dm(e). (33)

Then we introduce the operator 7 : f € C([0,T] x R%,R) — 7(f) € C1, where 7(f)i(w) = f(t,w;). We
observe that 7 o 7" is a map C; — C;.

Notice that equation (B.I) is equivalent to
u=(T"oT)(u). (3.4)

We first admit the existence and uniqueness of a fixed point Z € C; for the map 7 o T"™. In particular we
have Z = (7 o T™)(Z). We can now deduce the existence/uniqueness for the function u for problem (3:4).
Concerning existence, we choose v™ := T (Z). Since Z is a fixed-point of the map 707", by the definition
of v™ we have

Z=71(T™(2)), (3.5)

so that v™ is a solution of (B.4).

Concerning uniqueness of (3.4), we consider two solutions of 3.4) v, v, i.e. such that v = (T™ o 7)(v),0 =
(T™ o 7)(v). We set Z := 7(v),Z := 7(?). Since v = T™(Z) we have Z = 7(v) = 7(T"(Z)). Similarly
7Z = 7(d) = 7(T™(Z)). Since Z and Z are fixed points of 7 o T, it follows that Z = Z dm a.e. Finally
o =T"(Z) = T™(Z) = v. It remains finally to prove that 7 o 7" admits a unique fixed point, Z.

The upper bound (2.8) implies that for any pair (Z, Z') € C; x Cy, for any (¢,y) € [0,T] x R,

) T @) = | [

Ky — Xo(w) (X (@), 2'(w)) — V(X (@), Z())] dm<w>]

t
< MKetMALA/ / |Z(w) — Zs(w)|ds dm(w)
caJo
t
< Mge™aL,\RE [/ eMseMS|2;—ZS|ds]
0
t
< Mge™ArLE [/ eMSsupeMT|Z;—ZT|dS]
0 r<t

eMt 1
< Mge™ar, E {supquZ; — ZT@
M r<t
Mt
< Myge™™ap, S !

12" = ZlI%e 1 -
Then considering (7 0o T™)(Z"), = T™((Z')(t, X;) and (1 0 T™)(Z), = T(Z)(t, X;), we obtain

supe M |(roT™(Z")y — (0 T™)(Z)] = supe M |T™(Z')(t, X;) —T™(2)(t, X})]
t<T t<T

1
< MKeTMALAMHZ’—ZHOI‘f)l.

Taking the expectation yields |(7 o T™)(Z"); — (T o T™)(Z)4||} } < Mge™Ly57112" — Z||) . Hence, as
soon as M is sufficiently large, M > Mge™2Ly, (7 o T™) is a contraction on (Cy, || - [|2/ ;) and the proof

ends by a simple application of the Banach fixed point theorem. O

In the sequel, we will need a stability result on u™ solution of (B.I), w.r.t. the probability measure m,
which will be treated in the fundamental proposition below. The proof will be postponed in the Appendix,
see Section[Z.1]



Proposition 3.3. We assume the validity of items 2., 3. and 4. of Assumption[I}
Let w be a solution of BI). The following assertions hold.

1. For any couple of probabilities (m,m') € P2(C?) x Po(CY), for all (t,y,y") € [0,T] x C¢ x C?, we have
u™ (t,y) —u™ (69 P < Creal®) [ly = y/* + Welm,m")|?] | (3.6)

where C A(t) := 205 A (t)(t +2)(1 + 2k with Cia(t) = 2 Ma (L3 4+ 2M7 L3t). In particular
the functions C'k a only depend on My, Ly, Mn, L and t and are increasing with t.

2. For any (m,m’) € P(C?%) x P(C), forall (t,y,y') € [0,T] x C x C?, we have
|um (ta y) - um/ (tu y/) |2 < €K7A(t) |y - y/|2 + |Wt(m7 m/)|2} ’ (37)
where Cxe A(t) := 2C A0 (E4+2) (1421 Tk a®) with Cl (1) := 2e*"Mr (max(L, 2Mpc)*+2 M max(Ly, 2My)?t).

3. Themap (m,t,x) — u™(t, ) is continuous on P(C?) x [0, T] x R where P(C?) is endowed with the topology
of weak convergence.

4. Suppose that K € W2(R%). Then for any (m,m’) € Po(C?) x Po(C%), t € [0,T]
™ (¢, ) = u™ (£, )13 < Crea()(1 + 26Cc A () [ We(m,m) 2, (3.8)

where C a(t) := 2C7 5 (t)(t+2)(1+ 2t with Cle () = 2e*Ma(L3 + 2MZ L3 t) and Ce a(t) :=
2e2Ma (Mg LAt(t + 1) + ||V K||3), recalling that || - ||2 denotes the standard L?(R?) or L*(R%, RY)-norms.
Moreover t — C‘K A, Ok A are increasing in t.

5. Suppose that F(K) € L*(R?). Then there exists a constant Crc 5 (t) > 0 (depending onlyont, Ma, Ly, || F(K)|1)
such that for any random probability n : (Q, F) — (P(C%), B(P(C))), for all (t,m) € [0,T] x P(C%)
Eflu"(t,) —u™(t 3] < Cralt) sup E[[(n—m, ). (3.9)

pECH(CY)
lelloo <1

We remark that the expectation in both sides of (3.9) is taken w.r.t. the randomness of the random probability .

Remark 3.4. a) By Corollary 6.13, Chapter 6 in [21]], Wr is a metric compatible with the weak convergence on
P(C).

b) Themap dy : (v, ) — sup  E[|(v — i, ¢)|?] defines a (homogeneous) distance on P*(C?). That distance is
peC,(CY)
lellco<1

used in [13] in order to control the error induced by the interacting particle approximation scheme.

¢) The Lipschitz continuity stated in item 2. of Proposition [3.3limplies the one of item 1. For expository reasons, we
have decided to start with the less general case.

To conclude this part, we want to highlight some properties of the function «™, which will is used in
Section 3 of [13]. In fact, the map (m, t,z) € P(C%) x [0, T] xR% — u™(t, x) has an important non-anticipating
property. We begin by defining the notion of induced measure. For the rest of this section, we fix t € [0, 7.

Definition 3.5. Given a non-negative Borel measure m on (C%, B(C?)). From now on, m; will denote the (unique)

induced measure on (C{, B(C{)) (with C¢ = C([0,t],R%)) defined by

Floymi(ad) = [ Py, ,m(as),

cf

where F : C{ — R is bounded and continuous.
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Remark 3.6. Let t € [0,T],m = &¢ , & € C%. The induced measure, my, on C is 8¢, jo<r<t)-

The same construction as the one carried on in Theorem[3.T]allows us to define the unique solution to
W (s,y) = fog K(y — Xu(w)) exp (5 Alr, X (@), ™ (r, X, ())dr) mi(de) Vs [0,  (3.10)
Proposition 3.7. Under the assumption of Theorem (3.1} we have
V(s,y) € [0,] x RY, u™(s,y) = u™ (s,7).

Proof. By definition of my, it follows that (s,y) — u"(s,y)|[0,qxra is a solution of B.I0Q). Invoking the
uniqueness of (3.10) ends the proof. O

Corollary 3.8. Let N € N, &4, &1 &N be (Gy)-adapted continuous processes, where G is a filtration (defined
on some probability space) fulfilling the usual conditions. Let m(dw) = + ZZ\L 1 0gi(dw). Then, (u™(t,y)) is a
(Gi)-adapted random field, i.e. for any (t,y) € [0,T] x R?, the process is (G;)-adapted.

3.2 Existence and uniqueness of the solution to the McKean stochastic differential
equations

For a given m € P2(C%), u™ is well-defined according to TheoremB.1] Let Y; ~ (o. The well-posedness of
(T4 is equivalent to the one related to the following McKean type SDE:

{ }/t = }/0 + fot ¢(57 YS7 um(85 }g))dWS + fg 9(85 }/55 um(s7 YS))dS (3'11)

m=L(Y).

The aim of the present section is to prove, following Sznitman [18], by a fixed point argument the following

result.

Theorem 3.9. Under Assumption[l} the McKean type SDE (L4) admits the following properties.
1. Strong existence and pathwise uniqueness;
2. existence and uniqueness in law.

Proof of Theorem[3.9 We fix m € P2(C%). Thanks to Assumption [[land Proposition B3 implying the Lips-
chitz property of v w.r.t. the space variable (uniformly in time), the first line of (3.I1) admits a unique
strong solution Y, for which by classical arguments as Burkholder-Davies-Gundy (BDG) and Jensen’s in-
equality, there exists a positive real Co = Co(La, Ly, ma, mg) > 0such that E[sup,< |Y;[*] < Co (1 + E[|Yo]?]) .
Consequently the law ©(m) := L(Y™) belongs to P2(C?). We consider now the application © : P2(C%) —
Po(CY).

Let now m and m' in P2(C%). We are interested in proving that © is a contraction for the Wasserstein
metric. Let u := u™,u’ := u™ be solutions of B.I) related to m and m/. Let Y (resp. Y') be the solution of
the first line of (3.11) related to m (resp. m/).

By definition of the Wasserstein metric (2.T)

(Wr(6(m),0(m))* < ]E[fgg Y/ - Y[*. (3.12)

Hence, we control |Y, — Y;| with the help of Lemma[Zlin the Appendix.
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Using the overmentioned Lemma [l and Proposition 3.3] by applying successively inequalities (Z.33)
and (B.6), gives

Efsup [Y{ — Y[ < C [ / Elsup [Y/ — Y[2Jde + / |wt<m,m'>|2dt} , (3.13)
t<a 0 s<t 0

for any a € [0,T], where C = Cg 4(T)Cx,a(T).

Applying Gronwall’s lemma to (3.13) yields

E[sup |Y; — Y/ *] < C'eCT/ Ws(m, m')|?ds . (3.14)
0

t<a

Then recalling (3.12), this finally gives
Wa(©(m), 0(m/))|* < C'eCT/ Wy (m,m')|?ds, a € [0,T]. (3.15)
0

We end the proof of item 1. by classical fixed point argument, similarly to the one of Chapter 1, section 1 of
Sznitman [18].

Concerning item 2. it remains to show uniqueness in law for (L4). Let (Y, m!), (Y2, m?) be two solutions
of B.I1) on different probability spaces, Brownian motions and initial conditions distributed according to
Co- Given m € P5(C?), we indicate by ©(m) the law of Y, where Y is the (strong) solution of

2 _

¢ ¢
Y, = Yy —|—/ @(S,K,umz (5,Y5))dW, +/ g(s, Y, u™ (5,Ys))ds , (3.16)
0 0

on the same probability space and same Brownian motion on which Y! lives. Since u™ s fixed, Y is
solution of a classical SDE with Lipschitz coefficients for which pathwise uniqueness holds. By Yamada-
Watanabe theorem, Y2 and Y have the same distribution. Consequently, ©(m?) = L(Y) = L(Y?) = m?. It

1

remains to show that Y! = Y in law, i.e. m! = m?2. By the same arguments as for the proof of 1., we get

(B.I9), i.e. foralla € [0,77],
Wa(L(YH), LY)? = Wa(O(m"), 0(m*))|? < CeT /Oa [Wa(m',m?)[*ds.

Since ©(m') = m' and ©(m?) = m?, by Gronwall’s lemma m' = m? and finally Y! = Y (in law). This
concludes the proof of Proposition B.9] O

4 Strong Existence under weaker assumptions

Let us fix a filtered probability space (2, F, (F¢):>0,P) equipped with a p dimensional (F;):>o-Brownian
motion (Wy)¢>o.
In this section Assumption2will be in force. In particular, we suppose that ¢, is a Borel probability measure
having a second order moment.

Before proving the main result of this part, we remark that in this case, uniqueness fails for (L4). To

illustrate this, we consider the following counterexample, which is even valid for d = 1.

Example 4.1. Consider the case ® = g = 0, Y, = 0 so that (o = d¢. This implies that Y; = 0 is a strong solution of
the first line of [L.4). Since u(0,.) = (K * (o)(-), we have u(0,-) = K.
A solution u of the second line equation of ([L.4), will be of the form

u(t,y) = K(y)exp </Ot A(r, 0, u(r, O))dr) ; (4.1)

12



for some suitable A fulfilling Assumption 2] item 2. We will in fact consider A independent of the time and (u) :=
A(0,0,u). Without restriction of generality we can suppose K (0) = 1. We will show that the second line equation
of [LA) is not well-posed for some particular choice of 3. Now @) becomes

u(t,y) = K(y) exp (/Otﬁ(u(r, O))dr) . 4.2)

By setting y = 0, we get ¢(t) := u(t,0) and in particular, necessarily we have

o) = e ( [ t ot ) 43)

A solution u given in (@&2) is determined by setting u(t,y) = K (y)¢(t). Now, we choose the function 3 such that for
given constants o € (0,1) and C > 1,

[r—11* ,ifrel0,C]
B(r) = IC—1|* ,ifr>C (4.4)
1 ,ifr <0.

B is clearly a bounded, uniformly continuous function verifying (1) = 0 and 5(r) # 0, for all r # 1.

We define F : R — R, by F(u) = [, ;55ydr. F is strictly positive on (1,+00), and it is a homeomorphism
from [1,+00) to Ry, since f1+°° Tﬁl(r)dr = 0.

On one hand, by setting ¢(t) := F~1(t), for t > 0, we observe that ¢ verifies ¢'(t) = ¢(t)B(¢(t)),t > 0 and so
¢ is a solution of @.3). On the other hand, the function ¢ = 1 also satisfies (&.3), with the same choice of A, related

to B. This shows the non-uniqueness for the second equation of (L4).

The main theorem of this section states existence (even though non-uniqueness) for (L4), when only the
coefficients ® and g of the SDE are Lipschitz in (z, u). The idea of this section is to regularize the coefficient
Ainto A, := A x ¢2*1, to make use of results of Section[Bland then to control the limit.

Theorem 4.2. Under Assumption2) (L4) admits strong existence.
The proof uses three main ingredients.

1. The tightness of processes (Y"),en corresponding to the solutions (Y;,, u)nen related to A, see
Lemma[Z.I0/in the Appendix.

2. Given a sequence (Y;,),en of processes converging in law to some Borel probability measure m on C¢,
we show the convergence of (u,,)nen to some function u verifying the linking equation (3.J)) related to
m, see Proposition 4.3

3. The strong convergence of (Y},),cn to some process Y, whose law is m, see Lemma in the Ap-
pendix.

Before proving the main result, we first establish proposition below, permitting us to prove the statement
2. above.

Proposition 4.3. Let (A,,)nen be a sequence of Borel uniformly bounded functions defined on [0, T] x R% x R such

that for every n € N, A,,(t,-, ) is continuous. Assume the existence of a Borel function A : [0,T] x R x R — R

such that for almost all t € [0, T, [An(t,-,-) — A(t, -, )] P 0 uniformly on each compact of R? x R. Let (Y™)
n—r+00
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be a sequence of R¥-valued continuous processes, whose law is denoted by m™.
We set Z™ := u,,(.,Y™), where for any (t,x) € [0,T] x RY,

up(t,z) = fcd K(x — Xi(w)) exp {fot A, (7’, X (w), un(r, Xr(w)))dr} dm™(w). (4.5)

We suppose that (Y™, Z™) converges in law.
Then (uy,) converges uniformly on each compact to some continuous u : [0, T] x R? — R which fulfills

u(t,x) = K(x — Xi(w)) exp (/ A(r, X (w), u(r, Xp(w)))dr)dm(w), (4.6)
cd 0

where m is the limit of (m™),>0.

Proof. We draw the reader’s attention on the fact that all the technical results invoked in this proof are stated
and proved in Subsection[Z.3]of the Appendix.

Let v denote the Borel probability measure on C? x C to which the law of (Y, Z") converge. Without loss
of generality, the proof below is written with d = 1. By Proposition[7.6] the left-hand side of @5) converges

uniformly on each compact to the continuous function u defined by
t
u(t,z) = K(x — Xy(w)) exp {/ A(r, Xr(w),X;(w'))dr} dv(w,w), (t,z) €[0,T] xR. 4.7)
CixC 0

It remains to show that u fulfills (€.6). For this we will take the limit of the right-hand side (r.h.s.) of {.5)
and we will show that it gives the rh.s. of £6). Forn € N, (r,z) € [0,T] x R, we set

Ap(ryz) = Ap(r,z,un(r,x)) (4.8)
A(r, ) A(r, z,u(r, x)). 4.9)

We fix (¢t,z) € [0,T] x R. In view of applying Lemmal[Z2] we define f,,, f : C — R such that
t
nly) = K@-%N@QAAMMMW)

K(x — y:) exp (/0 A(r, yT)dr) )

~

<

N~—
I

We also set P := m”. Since (Y, Z") converges in law to v, m" converges weakly to m. Since the
sequence of functions |A,| is uniformly bounded then the sequence of functions (f,) is also uniformly
bounded. We denote by M, the common upper bound of the each A,,.

The maps (f,,) are continuous by Lemmal[7.5] and also the function f since, u is continuous on [0, 7] x R.
Taking into account Remark[7.3] we will show that f,, — f uniformly on each ball of C.

Let us fix M > 0 and set B1(0, M) := {y € C,||yllec := supyco, 77 lys| < M}. For any locally bounded
function £: [0, 7] x R — R, we set |[€[|oo, v 1= SUD,e(o 17.c(— 0 €(5,§)]. Lete > 0.
Since u,, — u uniformly on [0, T] x [—}M, M], there exists ng € N such that,

n>mng = ||un — ul|leos < €. (4.10)

The sequence [0, 7)x [, is uniformly bounded. Let I; be a compact interval including the subset
{un(s, 2) | (s,2) € [0,T] x [=M, M]}.
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Forall (s,z) € [0,T] x [-M, M],

|An(s,2) —A(s,2)] = [An(s,z,un(s, ) — A(s, z,u(s, )]
< |An(s,xyun(s, ) — A(s, @y un (s, 2))| + [A(s, 2, un(s,2)) — A(s, z,u(s, z))]
= ILi(n,s,x) + Ix(n,s,x) .
4.11)
Concerning I, since for almost all s € [0,T], A,(s,-,-) — A(s,-,-) uniformly on [—M, M] x In, we
have for z € [-M, M],

0 < hi(n,s,z) < sup An(s,2,€) — A(s,z,6)| —— 0 ds-a.e. ,
z€[—M,M],E€1n n — 0o

from which we deduce

sup  I1(n,s,x) —— 0 ds-a.e. (4.12)
z€[—M,M] n =00

Now, we treat the term I,. Taking into account @.I0), we get for n > ng (no depending on ¢),
0< s Dinsa)<Se) (4.13)

s€[0,T],z€[—M,M]

where

S(E) = sup |A(87$7§1) _A(87$7§2)|'
s€[0,T),z€[—M,M],|&1—&2|<e

We take the lim sup on both sides of #13), which gives,

lim sup sup Ir(n,s,z) < S(e). (4.14)
n—roo se[0,T],x€[—M,M]

Summing up @12), @I4) and taking into account (@.I1), we get,

0 <limsup sup |An(s,z) — A(s,z)| < S(e) ds-a.e. (4.15)
n—oo xe&[—M,M]

Since A satisfies Assumption [} the uniform continuity on each compact of (z,£) € R x R — A(s,z,§)
(uniformly with respect to s) holds and lim._, S(¢) = 0. Finally,

sup  |An(s,z) — A(s, z)] —— 0 ds-a.e. (4.16)
x€[—M,M)] n = o

Now, for n > ny, using (Z.7), we obtain

SUPyeB; (0,M) |fn(y) - f(y)l < Mg exp(MAT) fOT SUPge[—M, M| |An(r7 ,T) - A(Tv CL‘)|dT‘. (4.17)

Since (A,,), A are uniformly bounded, taking into account .16) and Lebesgue’s dominated convergence
theorem, the right-hand side of (I7) goes to 0 when n — 0. This shows that f,, — f uniformly on
B1(0, M).
We can now apply Lemma[Z.2 (with P, and f,, defined above) to obtain, for n — oo,
t
/K(:z: — Xi(w)) exp (/ Ay (1, X (w), wp (r, Xr(w)))dr) dm” (w)
c 0
converges to
t
/K(:z: — Xi(w)) exp (/ Alr, X (w), u(r, Xr(w)))dr) dm(w),
c 0
which finally proves (4.6) and concludes the proof of Proposition 4.3l O
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Now, we are able to prove the main result of this section.

Proof of Theoremd.2l Let Y, be a r.v. distributed according to ¢y. We define

AnJuxf)Emﬂﬂdeka+AMuL@r:/‘ % (2 — 1) (€ — E)A(t, 21, & )day dEy (4.18)

R4 xR

where (¢,,),>0 is a usual mollifier sequence converging (weakly) to the Dirac measure. Thanks to the
classical properties of the convolution, we know that A being bounded implies that

vn € N |[Anlloo < |62 211|¢nllz1]|A]lloe = ||Al|co- For fixed n € N, ¢,, are Lipschitz so that A,, defined in
(@I8) is also Lipschitz (and uniformly bounded). Then, for fixed n € N, ®, g are Lipschitz and they have
linear growth by item 6. of Assumption[ll So we can apply the results of Section 3] (see Theorem B.9) to

obtain the existence of a pair (Y™, u,) such that

dY[r = (L, V" un(t,Y"))dW: + g(4, V)" un (L, Yy"))dt
Yo =Y, (4.19)
un(t,z) = E[K (z — V") exp ([ An(r, Y2, wn (r, Y,))dr) ]

We recall that A,, are uniformly bounded and we remark that ®, g have linear growth, taking into ac-
count the fact that they are Lipschitz and fulfill item 6. of Assumption[I} moreover {Y{'},cn are obviously
tight. Consequently Lemma in the Appendix gives the existence of a subsequence (n;) such that
(Y™ up,, (-, Y"*)) converges in law to some Borel probability measure v on C? x C. By Assumption 2 for
allt € [0,T], An(t,-,-) converges to A(t, -, -), uniformly on every compact subset of R? x R.

In view of applying Proposition .3 we set Z;"* := uy,, (¢,Y;"") and m"™ := L(Y"*). We know that
(An,), A satisfy the hypotheses of Proposition On the other hand (Y™*, Z™*) converges in law to v.
Now Proposition 3] says that (u,, ) converges uniformly on each compact to some u which verifies (£.6),
where m is the first marginal of v. In particular we emphasize that the sequence (Y"*) converges in law to
m.

We continue the proof of Theorem 4.2 concentrating on the first line of (.4).

We set, for all (t,2) € [0,T] x R%, k € N,

ap(t,z) = @(t,x,un,(t,x))
br(t,z) = g(t, 2, un, (t,2)) (4.20)
alt,z) = Otz ult,z))
b(t,z) = g(t,z,ult,z)).

Here, the functions u,, being fixed, the first equation of (4.19) is a classical SDE, whose coefficients depend
on the (deterministic) continuous function u,. By item 2. of Remark the functions u,, appearing in
(4.19) are Lipschitz with respect to the second argument with constant not depending on n and uniformly
bounded. This implies that the coefficients ay, b, are Lipschitz (with constant not depending on k) and have
linear growth with uniform rate.

Since (uy, ) converges pointwise to u, then (ay), (by) converges pointwise respectively to a,b where
a(t,x) = ®(t,x,u(t,x)),b(t,z) = g(t, z,u(t, z)).

Consequently, we can apply Lemma[Z.8 with the sequence of classical SDEs

(4.21)

AY™ = ag(t, Y™ )dW, + be(t, Y™ )dt
Yy = Yo,
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to obtain
n L*(Q)
sup|Yt k —Yt| —0,
t<T k — +oo

where Y is the (strong) solution to the classical SDE

dZ, = a(t, Z,)dW, + b(t, Z;)dt
Zo =Y

a(t,z) = O(t, z,u(t,x))

b(t,x) = g(t,xz,u(t,x)) .

(4.22)

We remark that Y verifies the first equation of (1.4) and the corresponding u fulfills (.6). To conclude the
proof of Theorem [£.2]it remains to identify the law of Y with m. Since Y™ converges strongly, then the
laws m™ of Y™ converge to the law of Y, which by Proposition 1.3} coincides necessarily to m.

O

5 Weak Existence when the coefficients are continuous
In this section we consider again (I.4) i.e. problem

Y, = Yo+ [y ®(r, Yo, u(r, Y;)dW, + [7 g(r, Yr,u(r,Y,))dr . with Yo ~ (o,
u(t,z) = [, dm(w) [K(x — X¢(w)) exp {fOtA(r, X, (w), u(r, Xr(w)))drH , for (t,x)€0,T] x R4
m=L(Y),

(5.23)
but without the Lipschitz conditions on the coefficients @, g, A and the condition (j is allowed to be any
probability measure. In that case the existence or the well-posedness will only be possible in the weak
sense, i.e., not on a fixed (a priori) probability space.

The aim of this section is to show weak existence for problem (5.23), in the sense of Definition ZZlunder As-
sumption[3l The idea consists here in regularizing the functions ® and g and truncating the initial condition
(o to use existence result stated in Sectiond) i.e. Theorem 4.2

Theorem 5.1. Under Assumption[3] the problem (IL4) admits existence in law, i.e. there is a solution (Y, u) of (5.23)
on a suitable probability space equipped with some Brownian motion.

Proof. We consider the following mollifications (resp. truncations) of the coefficients (resp. the initial con-
dition).

Py, (t,2,8) € [0, T x R X R [ou g 0 (x — 1) (& — r)(t, 7, r)dr’dr

gt (6,2,8) € [0,T] x RT X R [ou p 0% (x — 1) (€ —r)g(t, v, r)dr' dr (5.24)

Y € Co(RY), [ Gdx)p(x) = fya Colda)p(—n V@ An).
We fix a filtered probability space (€2, F,P) equipped with an (F;);>o-Brownian motion W. First of all, we
point out the fact that the function A satisfies the same assumptions as in Section@ On one hand, by (5.24),
since ¢¢ belongs to S(R?), ®,, and g,, are uniformly bounded and Lipschitz with respect to (z, ¢) uniformly
w.r.t. ¢t for each n € N. Also (' admits a second moment and (£;) weakly converges to &,. For each n, let
Y;" be a (square integrable) r.v. distributed according to (/. On the other hand, by Theorem [£.2] there is a
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pair (Y™, u") fulfilling (1.4) with ®, g, {, replaced by ®@,,, g, (. In particular we have

Yt = Yo + fo (r, Y, up (r, Y,)dW, + fo gn(r, Y, un (r, Y, ))dr, with Y ~ (',
= [ dm™(w) [K(:v ~ X)) exp {fo (r, X ()t (7, X (w )))drH . for (t,z)e[0,T] x R?,
m" = ﬁ(Y").
(5.25)

Since (¢ )neny weakly converges to (o, it is tight. Being ®,, and g¢,, uniformly bounded, the hypotheses of
Lemmal[ZI0lare fulfilled. So, setting Z" := u,(-, Y™), that lemma implies that there is a sequence (Y "+, Z"*)
converging in law. For simplicity we replace in the sequel the subsequence (nx) by (n). Let (Y") be the
sequence of processes solving (5.25). We recall that (m™) denotes the sequence of their law. The final result
will be established once we will have proved the following statements.

a) u™ converges to some (continuous) function u : [0, 7] x R? — R, uniformly on each compact of [0, 7] x R¢,

which verifies

V(t,z) €[0,T] x R, u(t,z) = K(x — X¢(w)) exp {/0 A(r, X, (w), u(r, XT(w))))dr} dm(w),

cd

where m is the limit of the laws of m™.

b) The processes Y" converge in law to Y, where Y is a solution, in law, of

{ Y, =Y, + fot O(r, Yy, u(r,Y,.)dW, + fot g(r, Y, u(r,Y,))dr (5.26)

Yo~ o

Step a) is a consequence of Proposition .3 with foralln € N, A,, = A.

To prove the second step b), we will pass to the limit in the first equation of (525). To this end, let us
designate by C2(R?), the space of C%(R?) functions with compact support. Without loss of generality, we
suppose d = 1. We will prove that m is a solution to the martingale problem (in the sense of Stroock and
Varadhan, see chapter 6 in [17]) associated with the first equation of (5.23). In fact we will show that

Vi € C3(R),t € [0,T], My := p(X;) — fo »)dr, is a F{*-martingale, where (527)
(F{X,t €[0,T]) is the canonical flltratlon generated by X , ‘
where we set (A,¢)(z) = £®%(r, z,u(r, z)))¢" (x) + g(r, z, u(r, )¢’ (z), r € [0,T],z € R.
Let0 < s <t <T fixed, F : C([0, s], R) — R continuous and bounded. Indeed, we will show
Vo € C2(R), E [( (X,) — — [hA ) F(X,,r < s)] ~0 (5.28)

We recall that, for n € N, by definition, m" is the law of the strong solution Y of

t

t
}/tn = }/On + / (I)n(T, }/rna un(r, }/rn))dWT + / gn(’l’, }/rna Un(’l’, }/rn))dr ’
0 0

on a fixed underlying probability space (2, F,P) with related expectation E.
Then, by Itd’s formula, we easily deduce that ¥n € N,

] (o070 = 02— [ (FO20 Y D 07+ 001 N 070 ) ) F7r < 5)] =0
(5.29)
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Transferring this to the canonical space C and to the probability m™ gives

t
B (060 = 000 = [ (5B Xt X0 (30) 4.0 X1 X)) (60) ) ) F(X0 < w0 9)] =0,
’ (5.30)
From now on, we are going to pass to the limit when n — +oc0 in (530) to obtain (5.27). Thanks to the
weak convergence of the sequence m", for ¢ € C3(R), we have immediately

E™ [(o(Xt) = 9(X5)) F(Xu, 0 < u < )] = E™[(p(X:) — ¢(X5)) F(Xu, 0 Su <)) ——— 0. (5.31)

n —r o0

It remains to show,

limy, oo E™ [H™ (X)F(X,,0 < u < )] = EM[H(X)F(X,,0 < u < s)],
with H™(«a) := f;(%@i(r, oy Un (1 ) )" () + Gn (1) Qg (1, ) )@ (i) dr, (5.32)
H(a) = f;(%@z(r, ar, u(ry )@ (o) + g(r, ap, u(r, ) (. )dr .
In order to show that E™~[H™(X)F(X)] — E™[H(X)F(X)] goes to zero, we will apply again Lemma [7.2]
As we have mentioned above, F' is continuous and bounded. Similarly as for Lemma the proof of the
continuity of H (resp. H,,) makes use of the continuity of ®, g, ¢”, ¢’ (resp. ®,, gn,¢”, ¢’) and Lebesgue
dominated convergence theorem.
Taking into account Remark [Z.3] it is enough to prove the uniform convergence of H" : C — R to
H : C — R on each ball of C. This relies on the uniform convergence of ®,(t,-,-) (resp. gn(t,-,-) ) to
O(t,-,-) (resp. g(t,-,-) ) on every compact subset R x R, for fixed ¢t € [0,7]. Since the sequence (m")
converges weakly, finally Lemma[Z2]allows to conclude (5.32).
O

6 Link with nonlinear Partial Differential Equation

From now on, in all the sequel, to simplify notations, we will often use the notation f,(-) = f(¢,-) for
functions f : [0,7] x E — R, E being some metric space.

In the following, we suppose again the validity of Assumption[3
In this section, we want to link the nonlinear SDE (L.4) to a partial integro-differential equation (PIDE) that
we have to determine. We start by considering problem (L.4) written under the form

Yi = Yo+ [ B(s, Yo, ul(Ya))dW, + [ g(s, Y, u(Yy))ds, Yo ~ o
ul(z) = fcd K(z — X;(w)) exp {fot A(r, X, (w), u;”(Xr(w))))dr} dm(w) 6.1)
L(Y)=m.

Suppose that K is formally the Dirac measure at zero and consider a solution (Y, v) of (6.I). We can easily
show that v is a solution of (L.3) in the sense of distributions. Indeed let ¢ € S(R?). Applying Itd formula
to p(Y;) we can easily show that the function v, which is the density of the measure v defined in (L.3), is
a solution in the sense of distributions of (LI). For K being a mollifier of the Dirac measure, applying the
same strategy, we cannot easily identify the deterministic problem (e.g. PDE or PIDE) solved by u™.

For that reason we begin by establishing a correspondence between (6.I) and another McKean type
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stochastic differential equation, i.e.

Yo = Yo+ [y ®(s, Ya, (K % 7™)(5,Yo)dWs + [y g(s, Ve, (K %™)(5,Ys))ds, Yo ~ Go
4™ is the measure defined by, for all ¢ € C,(R?)

YH(p) = (1" ) = Joa p(Xie(w)) Vi (X, (K % 4™)(X))dm(w)

LY)=m,

(6.2)

where we recall the notations (K *)(s, ) := (K % vs)(-) and 7{" () := [pa p(2)7{"(dx) .

Theorem 6.1. We suppose the validity of Assumption 3l The existence of the McKean type stochastic differential

equation (1) is equivalent to the one of (€.2). More precisely, given a solution (Y,~™) of (©2), (Y,u™), with
= K x~™, is a solution of (€1) and if (Y,u™) is a solution of (6.1)), there exists a measure valued function 4™

such that (Y,~™) is solution of (6.2).

In addition, if the measurable set {¢ € RY|F(K)(&) = 0} is Lebesgue negligible, 1) and (6.2) are equivalent, i.e.,

the solution measure ™ (of (6.2)) is uniquely determined by the solution function u™ (1)) and conversely. We

recall that the map F denotes Fourier transform.

Proof. Let (Y,u™) be a solution of (6.1). Let us fix t € [0, 7.
Since K € L*(R?), the Fourier transform applied to the function u™(t, -) gives

Fum(t.6) = FEE) [ e exp ([ A X ) (6 0) ) () ©3)

By Lebesgue dominated convergence theorem, one can show that the function

frigeRIn g = [ N W e ( / Al Xr<w>,u;”<xr<w>>>) dm(w)

cd

is continuous. Since A is bounded, f™ is also bounded. Let (aj)x=1.... .4 be a sequence of complex numbers
and (zg)k=1... a € (R?)%. Remarking that for all £ € R?

d d d 2
Z Z axdpe —i&(zh—2p) _ Z akeflﬁ-zk Z ape—zf»mp _ Z akefzgmk
k=1 p=1 k=1 p=1 k=1

which shows that f™ is non-negative definite. Then, by Bochner’s theorem (see Theorem 24.9 Chapter 1.24

3

in [16]), there exists a finite non-negative Borel measure y; on R? such that for all ¢ € R?

™ = 7 /R ) e %0 (de) . (6.4)

We wish to show that ;™ := p7™ fulfills the third line equation of (6.2).
Since p}" is a finite (non-negative) Borel measure, it is a Schwartz (tempered) distribution such that

M) = and VY e SRY), )y (dz) | < [lloopsi™(RY) < 00
On one hand, equalities (6.3) and (6.4) give
Fu™)(t,) = F(K)F(ui") = u™(t,-) = K * pi" . (6.5)
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On the other hand, for all v € S(R9),

W = (FE
(L F (W)
-1 e Xt (W) oy 7, Xo(w), u( X, (w m(w
)(©) </ p</0 A(r, X, (@) (X, (w))))dim( >> e

L
L(

) exp [ MG, (6 £ (X)) )

o
§)eif'Xt<“>d§> exp ( /O t Alr, X, (w), ul”(Xr(w)))) dm(w)
€)

F
F O e exp ([ A X ) (6 i) )] d)

where the fourth equality is justified by Fubini theorem and the fifth equality follows by (6.5). This allows
to conclude the necessary part of the first lemma statement.

Regarding the converse, let (Y,~™) be a solution of (6.2). We set u}"*(z) := (K * v;")(x), so that the
first equation in (6.1) is satisfied for (Y, u™). Since p" is finite, the second equation follows directly setting

v =Kz —")in 2.

To establish the second statement of the theorem, it is enough to observe that from the r.h.s. of (6.5) we have

Leb({¢ € RYF(K)(€) =0}) =0 = F(u") = % ae. ,tel0,T],

where Leb denotes the Lebesgue measure on R?. This shows effectively that v™ (resp. u™) is uniquely
determined by u™ (resp. ™) and ends the proof. O

Now, by applying Itd’s formula , we can show that the associated measure 4™ (second equation in (6.2))
satisfies a PIDE.

Theorem 6.2. The measure ", defined in the second equation of (6.2), satisfies the PIDE

oy = Z (@), ;(t,x, (K * ™)) — div (g(t, 2, K + 77 )N7) + 4 At @, (K #97))
7,j=1
'7(7)71(dx) = <0(d$),
6.6)

in the sense of distributions, i.e. for every t € [0,T], ¢ € S(R?) we have

| eenran = [ o)

//R (K ™) (s, 2)) 7y (dar)ds

/ / V() g, (K 9™ (5,20 (d) s 6.7)

+ 5 Z / /Rd 512790 o) (DY), i (s, 2, (K *4™)(s,2))y" (dw)dsdx .

z_]l

Proof. It is enough to use the definition of 4] and, as mentioned above, apply 1td’s formula to the process
oY) Vi(Y, (K * y™)(Y)), for ¢ € C°(RY) and Y (defined in the first equation of (6.2)). Indeed, for ¢ €
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Cs°(RY), 1to’s formula gives
Elp(Y)Vi(Y, (K x7™)(Y))] = Elp(Yo)]

+ / E [p(Y2)A(s, Yy (K % 7™)(s, Ya)Va(Y, (K % 7™)(¥)] ds
t d
+ / SR [Bip(Ya)gi(5, Yoy (5 #7™) (5, Vo)) Va (Y, (K #7™)(Y))] ds
=1
1t &
5 [ D0 BB @B ) (Ve (K 0™ (5 YWY, (K 55™) (V).

i,j=1

By the definition of the measure ~;", for each ¢ € [0, T}, in (6.2), we have
/ ooy (dr) = / o (@)Co(de)
R4 Rd
t
4 / / o(@)A(s, 7, (I % 4™)(s, 7))y (d)ds
0 Rd
t
[ eta) - glom, (€ ™) s ) (do)ds

1 n ! ) - -
£330 [ el @), (K £ s

5,J=1

This concludes the proof of Theorem[6.2] O

7 Appendix

In this appendix, we present the proof of some technical results used in previous sections.

7.1 Proofs of the technicalities related to Section[3.1]

In this section, we prove the fundamental properties of the map (m, t, ) — ™ (¢, z) announced in Proposi-
tion

Proof of Proposition[3.3] We will prove successively the inequalities (3.6), 3.7), (3.8) and (3.9).
Let us consider (¢,y,y') € [0,7] x R? x R%.

e Proof of (B.6) . Let (m,m’) € P2(C?) x Po(C).
We have

™ (t,y) — u™ ()P < 2™ (ty) — ()P A+ 2t y) — ™ ()P (7.1)

The first term on the rh.s. of the above equality is bounded using the Lipschitz property of u™
that derives straightforwardly from the Lipschitz property of the mollifier X and the boundedness

property of V; (2.6):

™ (ty") —u™ ()| = /Cd [K(y — Xi(w)) = K(y' = X3 (w))] Vi(X (w), u™ (X (w)))dm(w)

Lice™rly —y/]. 7.2)

IN
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Now let us consider the second term on the r.h.s. of (ZI). By Jensen’s inequality we get

[ KW~ Xe@)Vi(X (@), (X (@) dm(w)

|um(t7 y/) - um,(tv yl)l2 =

2

’

— | Ky - X(w)Ve (X (W), u™ (X (w)))dm/ ()

cd
< [ KO - XV (@) (X @)
Ccdxcd
- K@ = X@V(X @)™ (X)) dulw,w) . (7.9)

for any p € TI(m,m’). Let us consider four continuous functions z, 2/ € C([0,T],R?) and z, 2’ €
C([0,T],R). We have

K@y —z)Vi(z,2) — K(y —ap)Vi(, 2] < 2|K(y —2) — Ky —a})]” [Vi(a, 2)|?
12 Vi, 2) = Vi, 2) [P | K (y —a)? .

Then, using the Lipschitz property of K and the upper bound (2.8) gives
K (y' = w)Vilw,2) = K(y = aVala!, 2)° < 2L3e® Moy — o

t
+ 4M§Lie2tMAt/ [lzs — 2> + |25 — 2[*] ds (7.4)
0

IN

t
Clen () [<1+t> suple, o+ [ Iz —z;|2ds] ,
0

s<t

where Cj , (t) = 2e*"M2 (L3 4+ 2M} L3 t). Injecting the latter inequality in (Z.3) yields

W) - )P < Cald) |

[(1 ) sup | X (@) — X))
cdxcd

' m m’ Y (2 /
+/0 [u™(s, Xs(w)) —u™ (s, Xs(w))] ds] dp(w,w') .

Injecting the above inequality in (ZI)) and using (Z.2) yields

u™ (8 y) —u™ ()P < 205 A () {Iy —yP+a+ t)/c sup [ X, (w) — X (@) Pdp(w, o)

dxCd s<t
t
+/ / [ (s, Xo(w)) — u™ (s, Xs(w'))|? ds du(w,w’)} ,
Cidxcd Jo
Replacing y (resp. y') with X;(w) (resp. X;(w")) in (7.5), we get for all w € C? (resp. w’ € C%),
[0 (0, Xe(w)) — ™ (1 K@D < 2% n ()| Xu(w) — Xelw)P

+(1+ t)/c sup| Xs(w) — Xs(w)|?dp(w, w)

dxCd s<t

- /CC /Ot U™ (5, X () = u™ (3, X)) 2 ds dp(w, ) .

Let us introduce the notation

v(s) = /cdxcd [u™ (s, Xs(w)) — u™ (s, Xs(w)|? du(w, '), forany s € [0,T].
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Integrating each side of inequality (7.5) w.r.t. the variables (w,w’) according to y, implies
t
10 <2050 [ As)ds +20+2Ck a0 [ sup X(w) - X))
0 caxcd s<t

forall ¢ € [0,T]. In particular, observing that C' , (a) is increasing in a, we have for fixed ¢ €]0, 7| and
alla € [0,1]

(@) £ 2650 [ A6+ 20+ DCkA®) [ sup () = Xl P )

Using Gronwall’s lemma yields
W0 = [ X)) - (X @) daow)
cixcd

<2t +2)Cf o (1) i) / sup [ X, (w) — Xo(o) Pdp(w, o)

CdxCd s<t

Injecting the above inequality in (7.5) implies

[u™ (8, y) =™ (1,5 ) < 205 A (8) (142) (14> Ca () {Iy —y'? +/ sup | X, (w) = Xo(w')Pdp(w, w')
CdxCd s<t
(7.5)
The above inequality holds for any p € II(m,m’), hence taking the infimum over p € II(m,m’) con-
cludes the proof of (3.6).

Proof of (37). Let (m,m’) € P(C?) x P(C%). The proof of (B.7) follows at the beginning the same lines
as the one of (3.6), but the inequality (Z.4) is replaced by

K (Y —a)Vi(w,2) = K(y' —a)Vi@', 2)]° < 2|K(y' — @) = K(y' — a)|” Vi(w, )|

2 |Vi(z, 2) = Vi@, 2) P |K (y — )2

< 2e*Mamax(Lg, 2Mg ) (|2 — 24 A 1)
+AME M8 max (L, 2My )2t /t (|9c'S —z,* A1
0
+ |zs — z;|2)ds
<

t
Cal) |1+ 6o =2l A )+ [ - 1P ds]
0

s<t

where € ) (t) 1= 2e*M* (max(Lg, 2Mk ) + 2M} max(La, 2Ma)?t). Following the same lines as for

the proof of item 1. leads to
W) —u" (L) S 20+ 2)(1+ RO [y — P

[ sl - )P AL du(ow)]
C

dxcd s<t
which constitutes the analogue of (Z5) and we conclude in the same way as for the previous item.
Proof of the continuity of (m,t,z) — u™(t, x).

P(C%) x [0, T] x R? being a separable metric space, we characterize the continuity through converging
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sequences. We also recall that Wr is a distance compatible with the weak convergence on P(C%), see
Remark[3.4a).

By (3.7), the application is continuous with respect to (m, z) uniformly with respect to time. Conse-
quently it remains to show that the map ¢ — u™(t,z) is continuous for fixed (m, r) € P(C?) x R%.
Let us fix (m, to, z) € P(C?) x [0,T] x R%. Let (t,)nen be a sequence in [0, T] converging to to.

We define F,, as the real-valued sequence of measurable functions on C 4 such that for all w € C¢,

Fo(w) = K(x - X, (w)) exp ( / " A X (), Xr<w>>dr) . 7.6)

Each w € C? being continuous, F, converges pointwise to F : C¢ — R defined by

to

F(w) = K(x — X, (w)) exp ( Alr, X (w), u™ (7, Xr(w))dr) . (7.7)

0

Since K and A are uniformly bounded, My e is a uniform upper bound of the functions F,,. By

Lebesgue dominated convergence theorem, we conclude that

[, Bewyimie) = [ Plejam(e)

Proof of (3.8). Let (m,m’) € Po(C%) x P2(C?).
Since K € L?(R%), by Jensen’s inequality, it follows easily that the functions = + u™(r,z) and x
u™ (r, z) belong to L(R?), for every r € [0, T]. Then, for any x € II(m,m’),

——F 0.
n—-+oo

[u™ (tn, ) — u™(to, )| =

This ends the proof.

[u™(t,-) —u™ (¢, )3 = 5 [u™ (t,y) —u™ (t,y)*dy

J.

K(y = Xa() (X (@), u™ (X (@))] dpw, )
/ / X)) VX (@), u" (X (@) -

R4 JcCdxcd
Xe(w) V(X (w >um’<X<w'>>>\ dp(w, o) dy

- / K= X)) Vi ) w) -
Cdxcd JRd
, 2
K(y = X)) V(X (@), ™ (X@))| dyduw,w’),  (78)

/ Ky = Xu(w) (X (@), u™ (X ()~
Ccdxcd

2
dy

IN

where the third inequality follows by Jensen’s and the latter equality is justified by Fubini theorem.
We integrate now both sides of (7.4), with respect to the state variable y over R?, for all (z,2) €
ClxC(z,7)eCxC,

» K (y — 2)Vi(z, 2) = K(y — ap)Va(a', 2')* dy < 2/Rd K (y = 2e) = K(y — 23) *[Vi(, 2)]* dy

42 [ Whlm) - Vil PR - o Py (79)
RA
We remark now that, by classical properties of Fourier transform, since K € L?(R?), we have

¥ (2,6) € R x RY, F(K,)(€) = e " F(K)(€) ,
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where in this case, the Fourier transform operator F acts from L*(R?) to L?(R%) and K, : j € R?
K(y — z). Since K € L?(R?), Plancherel’s theorem gives, for all (3, z,2') € R? x C? x C¢,

K (§ — 1) — K (5 — 2})dg / Ko, (5) — Koy (9)2d7
R4 Rd

= e T F(K)(E) — e ST F(K)(€)|de

R4
P e - e g

IN

| RO ¢ (@ - oy

IN

e — 22 / F()(©)[? |¢[2de
Rd
— oo [ PR €6
Rd

— foe— o [ IFVE)©Pde
Rd
o = 3 PIVKIE 7.0

Injecting this bound into (Z.9), taking into account (2.8), yields

Rd|K(y—wt)Vt(iv=Z)—K(y—ﬁi)‘/t(w’az')ﬁdy < 2| VK3 oe — 23| exp(2tMa)

+ 2Mg |Vi(z, 2) — Vi(2', z/)|2

< 2P| VK|3|lze — xff?
t
+4MKLf\e2tMAt/ [lzs — 2> + |25 — 2L|?] ds
0
< 262tMA(2MKLit2 +[|VK|3) sup |z, — 2.
0<r<t
t
+4MKLithMAt/ |zs — 2%|% ds
0
~ t
< Cgra(t) { sup |x, —x’r|2 —I—/ |25 —z;|2ds} ,
0<r<t 0

(7.11)

forall (z,2") € C% x C% and (z,2’) € C x C, with Cg A (t) == 2> MA (2 M L3t(t + 1) + | VK)3).
Inserting (ZI1) into (Z.8), after substituting X (w) with z, X (w’) with 2/, z with «™(X (w)) and 2" with
u™ (X (w')), for any p € TI(m, m’), we obtain the inequality

lu™ () = w™ ()5 < Cralt) {/C sup X, (w) — Xp(w')[? dp(w, o)

dxCd 0<r<t
t
[ [ X)) — s X ds di w'>} 712)
Cdxcd Jo
Since inequality (3.6) is verified for ally € R?, s € [0, T, we obtain for all w,w’ € C¢

[u™ (s, Xs(w)) —u™ (s, Xs(w/)) |2

IN

Cra(s) [[Xs(w) = Xo(@)? + Wa(m,m)|?]

< Cg.(s) [ sup | X, (w) — X, (W)|* + |Ws(m,m’)|2} )

o 0<r<s
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Integrating each side of the above inequality with respect to the time variable s and the measure
p € II(m, m’) and observing that C'x 4 (s) is increasing in s, yields

t
I = / /|um(s,XS(w))—um/(s,Xs(w'))Fdsdu(w,w')
cixcd Jo
< Cralr| [ s 606) = X WP duln) + DVman | (713)
CixCd 0<r<t

By injecting inequality (ZI3) in the right-hand side of inequality (Z12), we obtain

™t ) = u™ (t)]5 < C"K,A(t)(lthCK,A(t))/ sup X (w) — Xr (') Pdp(w, w’)
Cixcd 0<r<t

+tCk A (E)Crc a (8)We (mym)|? . (7.14)
By taking the infimum over x € II(m,m’) on the right-hand side, we obtain

[u™(t,) —u™ ()E < Cralt)(1+2tCra () We(m,m')|? . (7.15)

Proof of (3.9).

By the hypothesis 4. in Assumption[l] K € L'(R?). Given a function g : [0,7] x R — C, (s,z)
g(s,x) , its Fourier transform in the space variable z will be denoted by (s, &) — F(g)(s, &) instead of
Fq(s,-)(€). Then for (@, s,£) € Q x [0,T] x R?, the Fourier transform of the functions u" and u™ are

given by
Fu")(s,6) = F(K)(€) /cd e X (@) oxp (/OSA(T, X, (w), u (r, XT(w)))dr) dnz(w) (7.16)
Fu™)(s, &) = F(K)(€) /cd e Xs (W) exp (/OSA(T, X, (w),u™(r, Xr(w)))dr) dm(w) . (7.17)

To simplify notations in the sequel, we will often use the convention

K‘V(y) = ‘/T(yv U’U(y)) = exXp </ A(ea Yo, ul/(ea yg))d9> s
0
where u” is defined in (B1), with m = v.
In this way, relations (Z.16) and (ZI7) can be re-written as

)60 = FRNQ) [ eI )

(7.18)

Fam)(s6) = FONQ) [ eV e)ine) .

for (@, s,£) € Q x [0,T] x R%
For a function f € L!(RY) such that 7 (f) € L*(R?), the inversion formula of the Fourier transform is

valid and implies

1
N V21 JRrd

f is obviously bounded and continuous taking into account Lebesgue dominated convergence theo-

f(z) F(f)(€)esede, x e R, (7.19)

rem. Moreover .
I flloo < —=IF(F)l1, (7.20)
27
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where we recall that || - |; denotes the L (R%)-norm. As F(K) belongs to L (R?), from (Z20) applied
to the function f = u"=(s,-) — u™(s,-) with fixed @ € Q, s € [0,T], we get

BlJu(s,) = (s, )I] S = EIF6.) — Fam) sl
! M) (s, &) — F(u™)(s 2
< —=n|( [ IFu)eo - )(,é)ldé)], 721)

where we recall that E is taken w.r.t. to dP(®).

The terms intervening in the expression above are measurable. This can be justified by Fubini-Tonelli
theorem and the fact that (@, s, z) ~ u" (s, x) is measurable from (2 x [0,T] x R, F @ B([0,T]) ®
B(R%)) to (R, B(R)). We prove the latter point. By item 3. of this Lemma, we recall that the function
(m,t,z) = u™(t,x) is continuous on P(C%) x [0,T] x R? and so measurable from (P(C%) x [0,T] x
R B(P(CY) @ B([0,T]) ® B(RY)) to (R, B(R)). The application (@,t,x) — (1, t, z) being measurable
from (Q x [0,7] x RY, F @ B([0,T] @ B(R))) to (P(C?) @ B([0,T]) @ B(R?)), by composition the map
(@, 8,x) — u"(s,z) is measurable. By Fubini-Tonelli theorem (@, s, &) — F(u">)(s, §)) is measurable
from (2 x [0,7] x RY, F @ B([0,T]) ® B(R?) to (C,B(C)) and (s,&) +— u™(s,£) is measurable from
([0, 7] x R4, B([0, T] ® R?) to (R, B(R)).

We are now ready to bound the right-hand side of (Z.21). For all (@, s) € Q x [0, 7], by (Z18)

|F™)(s,€) = F(u™)(s,6)] < |F(E)(E)]

cad

+IF(E) ()

which implies

IN

(/ FUOOAns e + [ IFEREBuole )|d§)2

20, +12,) (7.23)

([, 17)06.0 ~ Famis. lie)

IN

where

2 (7.24)

{ 1Ly = (fpa IF )N As 0 (6)]dE)?
2, = ( fpa | F(K)(©)|| B (€)Id6)

and forallw € Q, s € [0, 7]

{ Asial€) 3= Jou e XV X @))iaf) = fou o™X OV (X @) () (7.25)

By (€)= fea e X VI (X (w)dns (w) = Jea e &N V(X (w))dna (w) -

We observe that (@, s,&) — A 5(§) and (@, 5,&) — B, »(§) are measurable. Indeed, the map
(w,@,5,8) > e € Xs(@WVne (X (w)) is Borel. By Remark 2.2 we can easily show that for all N € N*,
(@,5,6) = 1ay(&)ns(w) is (still) a random (finite) measure when () is replaced by Q x [0,7] x R?
and Ay is the centered ball of R? with radius N. Proposition 3.3, Chapter 3. of tells us that
(@,5,6) = o e X @ VE (X (W) 1A, (€)dne (w) is measurable, and letting N — +00, we observe
that (@, 5,£) = [pu e %@V (X (w))dne (w) is also measurable.

The measurability of A, B follows again by use of Fubini-Tonelli theorem.
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/ e XA DY (X (w))dm(w) — / e XDV (X (w))dn (w)‘
cd

eSOV K@) = [ eSOV (X))
ce cd

)

(7.22)



Regarding A; ¢, let ¢ ¢ denotes the function defined by y € C? + e~%¥=V™(y). Then, one can write
Aso = Nz — m, ps.¢), where (-, -) denotes the pairing between measures and bounded, continuous
functionals. ¢ ¢ is clearly bounded by e*; inequalities 2.8) and (3:6) imply the continuity of ¢, ¢
on (C4, || - [|oo), for fixed (s, &) € x[0,T] x R%. By Cauchy-Schwarz inequality we obtain for all @ € (2,

s€[0,7T]

1
I&w

IN

170l ( [ FE) @10

IN

17 ( [ 1FEO 0~ g ) 7.26)

Since the right-hand side of (Z.26) is measurable, taking expectation w.r.t. dP(@) in both sides yields

Bl < WFE) ([ P01 B0 - mo. ) de)
< EMYFE) | [ FEN©] s Bl —m.) Plde
“ sy
< MFET sup E[|(n—m, )] (7.27)
oSy

Concerning the second term B g, for all (s, &) € [0,T] x R?, we have

2

Bus(@F = | [ e (1 (X ) — V(X @) dnole)
< [V ) - VX @) P dns(e)
: | X)) = X )| dnateo) by €

< seQSMAL?\
d

6251%\ L?\
cd
C

0
U™ (r, X, (w)) — u™ (r, X, (W) dr die (w)
0
< se%MALi/O [ (r,-) — u™(r, )2, dr (7.28)

where we recall that 7;, is a probability measure on C? for all @ and that functions (r,z,©) € [0,7] x
R? x Q — u" (r,z) and (r,z) € [0,T] x R — u™(r, x) are uniformly bounded.

Taking into account (Z.28), the measurability of the function (w,r) € Qx [0, T] + [Ju™ (r,)—u™(r,-)||%
and Fubini’s theorem imply

2
B < E [( L IFe©! s |Bs,.<5>|d§> ]
< E[sup | B, (&)1 [|F(K)]7]
£eR?
< se%MALin(K)H%/O Ell[u(r, ) — u™(r, )| % )dr (7.29)

Taking the expectation of both sides in (Z.23), we inject (Z27) and (Z.29) in the expectation of the
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right-hand side of (Z.23) so that (Z.21)) gives for all s € [0, 7]
Efflu"(s,) —u™(s,)[I%] < Ca(s) | E[|u"(r, ) — u™(r,-)||2)dr
+Ci(s) sup  E[|/(n—m, )], (7.30)
pEC,(CT)
lollco<1

where C;(s) = \/%eSMAH]-'(K)Hf and Cy(s) := \/% e Ma L2 | F(K)||2. On one hand, since the
functions u” and «™ are uniformly bounded, E[||u"(s, ) — u™ (s, )ls’] is finite. On the other hand,
observing that a — C4(a) and a — C3(a) are increasing, we have for all s €]0,77,a € [0, s]

E[[u"(a,) — u™(a,)]%] < 02(8)/0 Elllu"(r,-) = u™(r,-)|I23)dr + C1(s)  sup  E[[(n —m, o)|*] .

pECH(CY)
llelloo <1

By Gronwall’s lemma, we finally obtain

Vs e0,T] Bfllu"(s,) —u™(s,)|%] < Ci(s)e"™® sup E[(n—m, )], (7.31)
pEC,(CY)
lelloo <1

O

7.2 Technicalities about Section 3.2

Lemma 7.1. We suppose the validity of Assumption[d] Let r : [0,T] ~ [0, T'| be a non-decreasing function such that
r(s) < sforany s € [0,T). LetU : (t,y) € [0,T] x C* — R (respectivelyU’ : (t,y) € [0,T] x C* — R), be a given
Borel function such that for all t € [0,T), there is a Borel map U, : C([0,1],RY) — R (resp. U, : C([0,1],RY) — R)
such that U(t, ) = Uy(-) (resp. U'(t,-) = U](-)). Setting Cop 4(T) = 12(4L2 + TLg)elzT(‘lLé*TLﬁ), the following
two assertions hold.

1. Consider'Y (resp. Y') a solution of the following SDE for v =U (resp. v =U'):

Y; =Y+ fot D(r(s), Yr(s), v(r(s), Yar(s)))dWs + fot 9(1(8), Yr(s), v(r(8), Yoar(s)))ds ,  foranyt € [0,T7,

(7.32)

where, we emphasize that for all 0 € [0,T], Z.no := {Z.,0 < u < 0} € C([0,6],RY) for any continuous
process Z. For any a € [0, T, we have

i ¥/~ Yif"| < Co (D | [ U000,V 0) ~ W60 V)Pt . 039

t<a

2. Suppose moreover that ® and g are 3-Holder continuous w.r.t. the time variable and Lipschitz w.r.t. the space
variables i.e. there exist some positive constants Lo and Ly such that for any (t,t',y,/y', z,2") € [0,T)?
R24 % R2

{ [@(t,9,2) — @, of,#)] < Lallt — ]} +ly — /| + ]2 =) 738
l9(ty,2) = 9(¢', ', 2) < Ly(lt = ¢'12 + |y —y/| + |2 = ') '

Let 1,72 : [0,T] — [0,T] being two non-decreasing functions verifying ri(s) < s and ro(s) < s for any

s €10,T). Let Y (resp. Y') be a solution of (Z32) for v =U and r = ry (resp. v =U' and r = r3). Then for

any a € (0, T, the following inequality holds:

Bup vy - 1] < Cay(0) (I = ol + [ BV = Vi Pl

t<a

+E { /0 ' U (E), Yorr ) — U (r2(1), Y, m)PdtD : (7.35)
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where || - ||2 is the L?([0, T)-norm.

1. Let us consider the first assertion of Lemma [Z1] Let Y (resp. Y’) be a solution of (Z.32) with
associated function U (resp. U’). Let us fix a €]0,T]. We have

Yb—YG/ZOze-i-Be, 0 c [O,a], (7.36)
where
6
00 = [ (B0 i Ulr(9). Vo) = B (6). ¥ U (1(5). Vi) W,
6
Bo = [ (09 Vi U6 Vo) = 90(5). Vg U (5. Vo))

By BDG inequality, we obtain

<)
6<a 0

Esup o)
B[00, Yot Ul (61 V) = RV U (60, V)] |

A

(I)(T(S)a }/T(s)vu(T(S)a Y/\’I‘(S))) - (b(T(S)? }/r/(s) ’ ul(T(S), }///\7‘(5)))’2 d8:|

a

a 2
8L?p/0 E UU(T(S),Yms)) —U (), V)| }d”SL%/O E [[¥,0 = Yiol?] ds
(7.37)

IN

Concerning 3 in (Z.36), by Cauchy-Schwarz inequality, we get

Eswp i < a| [ |g<r<s>,ms),mr(s),m(s)))—g<r<s>,Yx<s>,Lf’<r<s>,Y’Ms)))ﬁds]

IN

2aL2E [ / UG (). Vo) — u’(r(s),Y’ms))I?ds]+2aL§ /O E [I¥oo = Y] ds
(7.38)

Gathering (Z.38) together with (Z.37) and using the fact that r(s) < s, implies

Efsup|¥{ — YoY) < 4(4L% +TL2) ( / U((3), Vo)) — U ((5), Yy )]

6<a
+/ [lY;“(S - rs)| )
0

JAL + TI2) ( / U(S), Vonrn) = U (1(5), Vg (o)) 28]

+/ Efsup Y5 — Y|’ )
0 0<s

IN

for any a € [0, t].
We conclude the proof by applying Gronwall’s lemma.

. Consider now the second assertion of Lemma[Z.1l Following the same lines as the proof of assertion
1. and using the Lipschitz property of ® and g w.r.t. to both the time and space variables (7.34), we
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obtain the inequality

Elsup |Y{ — Y;[?] s1%ué+ﬂ@(/|n@—m@wvﬁ/ﬁmx@—wmﬁw
0 0

t<a

+HA|Wﬁ®ﬂ%mm—uﬁmehmmWﬂfAEW%@—WNWMO

IN

12(4L3 + TLY) <|7‘1 — 121 +/O E[|Y, ) = Yy 2)dt

+]E[/ U1 (1), Yorra) = U (r2(8), Y )] +/ Efsup Yy — Y. dt) :
0 0

s<t

Applying again Gronwall’s lemma concludes the proof.
O

7.3 Some technical proofs of the convergence of approximating sequences related to
Sectiond and Section[5

The results stated and established in this section are the main tools that will be used in Section@and Section
to prove the main theorems, i.e. Theoremd.2land Theorem 5.1}

Lemma 7.2. Let (B,,),>0 be a sequence of probability measures on C* converging weakly to some probability P. Let
(fn)n>0 be a uniformly bounded sequence of real-valued, continuous functions defined on C%, converging uniformly

on every compact subset to some continuous f. Then /c , frn(w)dP, (w) e /c , f(w)dP(w) .

Remark 7.3. We apply several times Lemma We will verify its assumptions showing that the sequence (f,)
converges uniformly on each bounded ball of C?. This will be enough since every compact of C% is bounded.

We emphasize that the hypothesis of uniform convergence in Lemmal[Z2lis crucial, see remark below,

Remark 7.4. Let define Q2 = [0, 1] equipped with the Borel o-field, (Z,,)n>0 a sequence of continuous, real-valued
functions s.th.
0 , T >
nT , T E
-nr+2 , x€

S

(7.39)

)

= o

spo 3l

[

We consider a sequence of probability measures (my)n>o s.th. my, (dx

!
-

)

~

(dz) and mo(dx) = dp(dx).

1
n

On one hand, we can observe the following.
o 7, —— 0, pointwise.
n — +oo
e forallmn >0, |Z,| <1, surely.
® m, ——— m, weakly.
n — +oo
Omn the other hand,fo1 Zndmy, = Zn(L) =1 0.

The proof of Proposition .3 goes through several steps.

We first formulate below an useful elementary result, which follows by a simple application of Lebesgue
dominated convergence theorem. It will be often used in the sequel.
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Lemma 7.5. Let A : [0,T] x RY x R — R be a Borel bounded function such that for almost all t € [0,T)
A(t,-,-) is continuous. The function F : [0,T] x C¢ x C — R, 29 € R, defined by F(t,y,2) = K(zo —
Yt) €Xp (fot A(r, yr, zT)dr) is continuous.

The proposition below establishes an important result about the convergence of the sequence (uy, )nen.
Proposition 7.6. Let (A,,)nen be a sequence of Borel uniformly bounded functions defined on [0, T] x R? x R, such
that for every n, A, (t,-,-) is continuous. Assume the existence of a Borel function A : [0,T] x R? x R — R such
that, for almost all t € [0,T], [An(t,.,.) — A(t, ., .)] — 0 uniformly on each compact of R* x R.

n — oo

Let (Y™),en be a sequence of continuous processes. We consider a sequence (u,,) such that, for all (t,z) € [0,T] x R¢

{ Un(t, ) = [ou K(z — X;(w)) exp {fot Ay (7, X (w), un (r, XT(w)))dr} dm™(w) (7.40)
m" = L(Y").

We set Z" := u"(-,Y") for all n € N. Suppose moreover that v" := L(Y™, Z"™) converges weakly to some Borel
probability measures v on C% x C.
Then, (u.,) converges uniformly on each compact of [0, T] x RY to a function u : [0,T] x R* — R such that

u(t,r) = - K(z — X;(w)) exp {/0 A(r, XT(w),X;(w'))dr} dv(w,w’), (7.41)

forall (t,x) € [0,T] x R% In particular u is continuous.
The proof of Proposition[7.6is based on a technical lemma.

Lemma 7.7. Let (A,,), A be as stated in Proposition[Z.8l Let zo € R, we designate by F,,, F : [0,T] x C* xC — R,
the maps

t t
Falton2)i= Koo =) esp [ Aurazn)) and Fp.2) o= Koo = e ([ ).
0 0
Then for every M > 0, F,, converges to F' when n goes to infinity uniformly with respect to (t,y,z) € [0,T] x
Ba(0, M) x B1(0, M), with Bx(O, M) := {y € C*, [|yl|oc := sup,e(o.1 [yu| < M} for k € N*.
Proof of Lemma[ZZ] We want to evaluate ||F,, — F||oo,n = sup |Fo(t,y,2) — F(t,y, 2)|

(t,y,2)€[0,T]x Bq(O,M)x B (0,M)
Since (A, ), >0 are uniformly bounded, there is a constant M such that

vre 0,7), up At 20) — Al )] < 20
(y',2")€Ba(O,M)x B1(0,M)

By use of (2.7), we obtain for all (¢, y, z) € [0,T] x B4(O, M) x B1(0, M),
t

|Fu(t,y, 2) = F(t,y,2)| < Mk eXP(MA)/ sup [An(r,yp, 27) = A(r gy, 20)ldr, - (7.42)
0 (y',2')EB4(O,M)x B1(0,M)

which implies

T
||Fn - F||OO,M S MK exp(MA)/ sup |An(T7 y;7 Z;) - A(’f‘, y:‘v Z;)|d’f’ (743)
0 (y/,z/)EBd(O,M)XBl(O,M)

By Lebesgue’s dominated convergence theorem, we have

T
/ sup |An(r,yl, zL) — A(ryyl, 2L)| dr — 0,
0 (y',2')EB4(O,M)x By (0,M)

which concludes the proof of Lemma [Z.7] O
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Now, we proceed with the proof of Proposition [Z.6]

Proof of Proposition[7.6] The first step consists in proving the pointwise convergence of (u,,)nen.

Observe that un(t, ) = [oa, 0 K(z — Xi(w)) exp{fé5 Ay (r, Xr(w),X;(w’))dr} dv™(w,w’). Let us fix t €
[0,T],z € RY. Let us introduce the sequence of real valued functions (f,)nen and f defined on C¢ x C
such that

t

Fuly,2) = Kz — y2) exp { /O Al Zr)dr} and  f(y,2) = K(z — ) exp { /O Ay, Zr)dr} .

By Lemmal[Z.5 f,, and f are continuous.
By Lemma [Z7] it follows that f, = f uniformly on each closed ball (and therefore also for each
compact subset) of C? x C. Then applying Lemma [Z2and Remark[7.3] with C? x C, P = v, P" = v" allows

to conclude that (u,,),en converges pointwise to u when n goes to oo, with u defined by (Z41).
We go on proving the uniform convergence of (u"),en on each compact of [0,77] x R9.

We fix a compact C of R?. The restrictions of u,, to [0, 7] x C are uniformly bounded. Provided we prove
that the sequence (uy,|[p, 1)< ¢) is equicontinuous, Ascoli-Arzela theorem would imply that the set of restric-
tions of u,, to [0, 7] x C is relatively compact with respect to uniform convergence norm topology.

To conclude, given a subsequence (u,, ) it is enough to extract a subsubsequence converging to u. Since
the set of restrictions of u,, to C is relatively compact, there is a function v : [0,7] x C' — R to which u,,
converges uniformly on [0,7] x C. Since (u,) converges pointwise to u, obviously v coincides with u on
[0,T] x C.

It remains to show the equicontinuity of the sequence (u,,) on [0, 7] x C. We do this below.

Lete’ > 0. We need to prove that 39,7 > 0,Y(¢,z), (t',2") € [0,T] x C,

[t—t'| <6, [x—2'|<n=VYneN, |uy(t,z) —u,(t',2")| <& (7.44)
We start decomposing as follows:

|un(t7 .’L‘) - un(tlv xl)l < |(un(t7 ,T) - un(t7 .’L'/))| + |(un(t7 xl) - un(tlv xl))l (7‘45)

As far as the first term in the right-hand side of (Z.45) is concerned, we have

un(t, ) —un(t,2")| < fou|[K(z = Xi(w)) = K(2" — Xo(w))| exp(MAT)dm" (w), (7.46)
< exp(MyT)Lklo — '], '
where the constant M, is an uniform upper bound of (|A,|,n > 0). We choose = m to obtain
E/
|(un(t, @) = un(t,2)) < (7.47)
for z, 2’ € C such that |z — 2| <nand ¢ € [0,T].
Regarding the second one we have

|un(t,2") — u,(t',2")| < By + Ba, (7.48)
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where

Bi = |fou [K(@' = Xu(w)) = K’ = X (@))] exp { [y An(r, Xo (@), (r, X, (@) dr | dm™ ()
By, = fcd K2 — Xp(w)) [exp {fot A, (r, X (w), un(r, Xr(w)))dr} -
exp {fot A, (r, X, (w), un(r, Xr(w)))dr}}dm"(w)‘ )

(7.49)

We first estimate B;. We fix ¢ > 0. Since (m,,) are tight, by Proposition[Z.9 there is §. > 0 such that
VneN, P(Qr; ) <e, (7.50)

where Q75 = JweQ ’ sup V" (w0) = Y (@) > e p.
(t,t’)E[O,T]z,‘t—t"Sée

In the sequel of the proof, for simplicity we will simply write Q' := Q 5 . Suppose that [t — ¢'| < 4.
Then, forall 2’ € C

t
B = [B[(x6 -y - K@ - v e { [ amyraney}]|
0
< exp(MATIE[|K (' =) - K@@ = V),
where
L(e,n) = E[|K(w’ Y - K(2 - Y 192} (7.51)
Le,n) = E[|K(x’ Y — K(2 - Y 1(93)6} . (7.52)
We have
I(g,n) < 2MgP(Q") < 2Mpce (7.53)
and
IQ(E,H) S LKIE thn — }/tﬂ I(QQ)C S ELK. (754)

At this point, we have shown that for |t — ¢/| < J., 2’ € C,
By < e(2Mx + Lic) exp(MAT) . (7.55)

We can now choose ¢ := m exp(—MyT) so that By < .

Concerning the term By, using (Z.7), we have

Bg < fcd |K(£L'/ . Xt’ ((U))|‘ e{fot A, (T,Xr(w),un(r,Xr(w)))dr} _ e{fg A, (T,Xr(w),un(r,XT(w)))dr} dm"(w)
< Mg exp(MAT) fcd dm™(w) ftt, A, (r, X (w), un(r, Xr(w)))dr‘
< Mg eXp(MAT)MA|t—t/| .
(7.56)
We choose § = min(de, m) For |t — t'| < §, we have By < % By additivity B, + By < %"J

and finally, taking into account (Z47) and (Z48), (Z44) is verified. This concludes the proof of Proposition
7.6} O

We end this section by recalling the following classical result on strong convergence of solutions of SDEs.

Lemma 7.8. Let Ry be a square integrable random variable on some filtered probability space, equipped with a p
dimensional Brownian motion W. Let a,, : [0,T] x R* — R¥>? and b,, : [0,T] x R? — R? Borel functions

verifying the following.
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e IL > 0, forall (z,y) € RY x RY, SUp,, >0 |an(t, ) — an(t, y)| +sup,>q [ba(t, 2) — bu(t,y)| < Llz — yl;
e 3¢ >0, forall x € RY, sup,,~(|an(t, )| + |ba(t, 2)]) < (1 + |2|);
e (a,), (b,) converge pointwise respectively to Borel functions a : [0, T] x R — R¥P and b : [0, T] x RY — R%.

Then there exists a unique strong solution of

dY; = a(t,Y,)dW; + b(t, Yy)dt
{ t CL( ’ t) t+ ( ’ t) (757)
Yo = Ro.
Moreover, let for each n, let the strong solution X™ (which of course exists) of
AY = a, (8, Y,")dW, + b, (¢, Y,")dt
t a ( t ) t + ( t ) (758)
Y = Ro.

Then
7 L2
sup |Y* = V:| ———— 0.
t<T n — 400

Proof. The existence and uniqueness of Y follows because a, b are Lipschitz with linear growth.
The proof of the convergence is classical: it relies on BDG and Jensen’s inequalities together with Gronwall’s
lemma. O

7.4 Tightness of the approximating sequences of processes related to Sections 4 and

Gl

Before stating a tightness criterion for our family of approximating sequences we need to express the classi-
cal Theorem of Kolmogorov-Centsov, stated in Theorem 4.10, Chapter 2 in [12], taking into account Remark
4.13.

Proposition 7.9. Let r € N*. A sequence (P,),,>0 of Borel probability measures on C" is tight if and only if

lim sup P, {weC"||wo| >A}) =0, (7.59)

A—+00 peN

o V(e,s,t) e RY x [0,T] x[0,T],

151118 ilelg P,({wel"| (s,tr)ré?ngP |we —ws| >€})=0. (7.60)
li—s|<s

The following tightness result will be used in the proofs of Theorems@.2land 5.1

Lemma 7.10. Let K : R? — R be bounded and Lipschitz. For n € N, let A,, : [0,T] x R? x R — R be uniformly
bounded in n. We consider Borel functions ®,, : [0,T] x R x R — R¥?, g, : [0,T] x R? x R — RY, which
have linear growth with respect to (y, z) (uniformly with respect to time t), with rates uniformly bounded in n. We
also consider a tight sequence ((l) of probability measures on R%. Let (Y™, u,,) be solutions of

AYy" = @p (8, Y] un (8, Y)W + gn (V)" un (8, Y/"))dt
Un(t, ) == [o0 K(z — X (w)) exp {fg A (r, X (w), wn (1, Xr(w)))dr} dm™(w) (7.61)
my, = L(Ys),

where for all n € N, Y is a r.v. distributed according to ¢

Then, the family (v = L(Y.", un(-,Y™)), n > 0) is tight.
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Remark 7.11. In the proof below we will make use of the following classical statement, which can be established easily
with the help BDG and Cauchy-Schwarz inequalities.

Let ® : [0,T] x R — R¥? and § : [0, T] x R — R? be Borel functions with linear growth in the second variable
(uniformly with respect to the time variable). Let Y be solution of the SDE

t

t
V=Yoo [ bl v)dv+ [ (s,
0 0

where W is a p-dimensional Brownian motion. Then, for every k > 1, there is a constant C only depending on the
linear growth rate and constant of ® and § such that

E ((Y; - Ys)?*) <Clt — s]",Vs,t € [0, 7).
Proof. If we indicate by P, the law of (Y,,,u™(-,Y™)) we bound the Lh.s. of (Z39) as follows:

P, ({w € C| |wo| > A})

]P’({KYO", un(ov Yon))l > )‘})

< PHYG 4 [u™(0,Y5)] > A})
< B> 2) + B 0.5 > 3D
< GloeRll> %}) +B({u"(0,Y5")] > %}). (7.62)

Let us fix ¢ > 0. On one hand, ((}') being tight there exists a compact set & of R such that sup ¢/ (&) < e.
neN

Then, there exists A. > 0 such that {z € R?| |z| > 4=} C & which implies
n )\ n (&
sup (g ({z € RY| |2] > °}) < sup (' () <.
neN neN

On the other hand, by item 2. of Remark[3.2] [u"| is uniformly bounded by My exp(MaT). Consequently,
forall A > 2My exp(MAT),

A
P({u"(0,Y3)] > 5)) =0. 7.63)
Consequently for A > max(A., Mk exp(MaT)), we get
sup P, ({w € C| Jwo| > A\}) <e. (7.64)
neN

Taking the limit when A goes to infinity, we finally get inequality (Z59) since ¢ > 0 is arbitrary.

It remains to prove (Z.60).
We will make use of Garsia-Rodemich-Rumsey Theorem, see e.g. Theorem 2.1.3, Chapter 2 in or [3].
We will show that, forall 0 < s < t < T, there exists a positive real constant C' > 0

E[Y = Y|+ [un (8, Y]") = un(s, Y] < Ol = 52, (7.65)

where C' does not depend on n. Suppose for a moment that (Z.65) holds true.
Lete > 0 fixed. Let § > 0. If P,, denotes again the law of (Y, u"(-,Y™)), the quantity

P,({fweC™ | sup |wi—ws|>e}) (7.66)
(s,t)€[0,T]?
|{—sl<s

intervening in (Z.60) is bounded, up to a constant, by

P Yy -Y" (LY —u(s, Y . 7.67
(o gy T = Y4 00T =0, Y00 > 7D
[t—s|<6
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Let us fix v €]0, 1[. By Garsia-Rodemich-Rumsey theorem, there is a sequence of non-negative r.v. I'" such
that, a.s.
sup E[(T™)*] < oo

neN
V(s 1) € [0, TP, [¥* — Y| + ™ (6, ") — u (s, Y7 < Tt — o (7.68)
If |t — s| <& (Z.68) gives
(V= Y (Y~  Y)) <10 (7.69)
f—sl<s

By (Z69) and Chebyshev’s inequality, for any n € N, the quantity (Z66) is bounded by

P(I"6Y >¢) = PI™>eb ")
5

< 5_4 )
for any n € N. Since 6 > 0 is arbitrary, (Z.60) follows. To conclude the proof of the lemma, it remains to

show (Z.65). For this, let 0 < s < t < T. We have first to bound E[|Y," — Y*|1].

We set @, (t,y) = P (t, Y, un(t,y)), Gn(t,y) = gn(t,y, un(t,y)). Let Ly (resp. L,) denote the uniform
linear growth rate of ®,, (resp. g,,), by item 2. in Remark[3.2] we see that <I~>n (resp. g») have uniform linear
growth with rate Lg (1 +max(Ly, Mg )e™AT) (resp. Ly(1+max(Lx, M )eMaT)). Consequently by Remark
[Z11] forevery k > 1,

E[Y;" =Y < Ot — s, (7.70)

where the constant C’ does not depend on n and only depends on Lo, f;g, mae, Mg, Ma, L, k,T.
Regarding the second expectation in (Z.65), we get

Bl (1Y) = YD = [ (0t X000 — s, X)) @)
7.71)
< 8(L +1a),
where
I :z/ (un(t,Xt(w)) - un(s,Xt(w)))4dm"(w)
a \ (7.72)
I := fcd (un(s, X¢(w)) — un(s, Xs(w))) dm"(w) .
On one hand, for all z € R,
|un(t,x) _ un(s,x)| _ ‘E[K(CE _ Y'tn)efo A (7Y, st (7Y :| E[K Yn er An (T,an,un(r,YT"))dr}
< |K(x — X¢(w)) — K(x — )| exp ( A (ry Xyt (r, X ))dr) dm"(w)
cd 0

+ [ K= x [exp (/ An(r, X un(r,Xr(w))) dr
= o ([ Al X )1 X)) ) | )
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By @.7) and (Z.Z0) (with k£ = 1) together with Cauchy-Schwarz inequality, this is lower than

Ly exp(MAT) /cd | X (w) — Xs(w)|dm™(w)

i /StAn(r,Xr(w),un(r,XT(W)))dr‘dmn(w)

< (Lr exp(MAT)VC' + My exp(MAT)MAVT)/|t — s,

+ MKexp(MAT)/

where M is an upper bound of K. This implies

I = fcd [t (t, X¢(w)) — un(s, X¢(w))[fdm™(w) < (Lg exp(MAT)\/a + Mg exp(MAT)MA\/T)4|t —s/?.

(7.73)
(3.2) in item 2. of Remark[B.2limplies
I, = fcd [tn (5, Xi(w)) — un (s, Xs(w))|*dm™(w) < L exp(MAT) fcd | X (w) — Xg(w)|*dm™(w) 7.78)
< Liexp(MAT)C'|t — s]?, ‘

where the second inequality comes from (Z.70) with k = 2.
Coming back to (ZZ1), we have |I; + I| < C”|t — s|*> with C” a constant value depending only on
T, Ly, Ly, ma, mg, Mo, M, Ly, T. This enable us to conclude the proof of (Z.65) and finally the one of
Lemmal[7.10)

O
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