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Abstract

This paper is concerned with the time-dependent Maxwell’s equations for a plane interface between
a negative material described by the Drude model and the vacuum, which fill, respectively, two
complementary half-spaces. In a first paper, we have constructed a generalized Fourier transform
which diagonalizes the Hamiltonian that represents the propagation of transverse electric waves.
In this second paper, we use this transform to prove the limiting absorption and limiting amplitude
principles, which concern, respectively, the behavior of the resolvent near the continuous spectrum and
the long time response of the medium to a time-harmonic source of prescribed frequency. This paper
also underlines the existence of an interface resonance which occurs when there exists a particular
frequency characterized by a ratio of permittivities and permeabilities equal to —1 across the interface.
At this frequency, the response of the system to a harmonic forcing term blows up linearly in time.
Such a resonance is unusual for wave problem in unbounded domains and corresponds to a non-zero
embedded eigenvalue of infinite multiplicity of the underlying operator. This is the time counterpart
of the ill-posdness of the corresponding harmonic problem.

Keywords: Negative Index Materials, Drude model, Dispersive Maxwell’s equations, Spectral the-
ory, Limiting Amplitude principle, Limiting absorption principle, Interface resonance.

2020 AMS subject classification: 35P10, 35Q60, 47A70, 78A25.

1 Introduction

This paper is second of a series of two articles devoted to the mathematical analysis of the transmission
of electromagnetic waves through a plane interface separating a standard material (here the vacuum)
and a metamaterial. These two papers are an improved version of the preliminary study presented in
the PhD thesis [6]. Metamaterials are manufactured materials whose effective behaviour is dispersive
(in other words frequency dependent). In particular, the effective permittivity and permeability can be
both negative in a certain range of frequencies [7, 8, 17, 36]. As a consequence such materials support
so-called back propagating waves whose phase and group velocities have opposite directions [44]. This
is the reason of apparition of new phenomena at the interface with a dielectric medium such as nega-
tive refraction or plasmonic surface waves [25]. Therefore, these materials have raised a lot interest in
the physical literature during the two last decades due to applications in electromagnetism [30, 35], in
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acoustic [10, 24] and also for seismic waves [4]. Accordingly the study of the corresponding models raised
new mathematical questions for transmission problems, to begin with the long time behaviour of the
response of such medium to a time-harmonic source of prescribed frequency. More precisely, after a tran-
sient regime, does the solution of the time-dependent equation “converge” for large times to a stationary
regime? In scattering theory, this property is referred to as the limiting amplitude principle. 1t is closely
related to another property called the limiting absorption principle which defines the stationary regime
via the limit of the resolvent of the propagative operator at the frequency of excitation. The question
of the validity of both limiting amplitude and limiting absorption principles is precisely the objective of
this paper for the particular case where the metamaterial is a Drude material, which can be seen as the
simplest metamaterial.

Limiting absorption and limiting amplitude principles have a long history in scattering theory and
more generally in mathematical physics. In the context of wave phenomena, these principles were first
proved to our knowledge by C. Morawetz [27] for sound soft obstacles in a homogeneous medium via
energy techniques. Then D. Eidus [14, 15] constructed an abstract proof which involved the spectral
decomposition of the propagative operator and applied it to a class of acoustic media that are locally
inhomogeneous. Eidus’ approach was then developed by C. Wilcox [43], Y. Dermanjian, and J-C. Guillot
[11, 12] and R. Weder [39] for acoustic and electromagnetic stratified media. Finally, it was extended
to other structures such as waveguides [28], periodic media [31] ...and to other waves equations: elastic
waves [13, 33], water waves [37, 19], .... The method we use is inspired from Eidus’ spectral approach
and its extension to stratified media. It is applied for the first time in the context of dispersive Maxwell’s
equations and metamaterials. Compared to previous studies, the difficulty and novelty of the analysis
relies in the fact that for the Drude material, the permittivity and permittivity depend on the frequency
and become negative for low frequencies. This complicates significantly the establishment of both prin-
ciples. Finally, we want to mention that other techniques such as Mourre’s commutators [22, 40] can
be used to prove the limiting absorption and limiting amplitude principles. These techniques have the
advantage to work on non separable geometries but they are based on a more abstract limit process.
Thus, unlike the spectral decomposition approach, they don’t provide an explicit modal decomposition
of the solution and its limiting stationary regime. Therefore, they are not as precise for applications.

In the first paper [9], we begin by writing the governing equations as a conservative Schédinger equa-
tion. We point out that such a reformulation of the time-dependent Maxwell’s equation which takes
a very explicit expression in [9] for the Drude material, can be applied in the more general setting of
linear passive electromagnetic media (including dissipative ones), see [8, 16, 17, 36]. Then, we perform
the complete spectral analysis of the corresponding Hamiltonian. In particular, we provide the diagonal-
ization of this operator through the construction of an appropriate generalized Fourier transform. This
furnishes the material needed for addressing the question of the limiting amplitude principle which relies
on the existence of a limiting absorption principle. As we shall see, our analysis emphasizes the role
of a so-called resonant frequency corresponding to the case where the ratios between the permittivities
and permeabilities across the interface are simultaneously equal to —1. At this particular frequency, the
limiting principle fails and the solution grows linearly in time. This result in the time-domain is the coun-
terpart of the results concerning the ill-posedness of the transmission problem in the frequency domain
[1, 2, 5, 29]. This interface resonance phenomenon has been enlighten in the physical literature in [18].
We prove here that it is based on the existence of a non-zero embedded eigenvalue of infinite multiplicity
that does not exist in a stratified media composed of non-dispersive dielectrics [39] media. It is is due to
the presence of a negative dispersive material: the Drude material. Let us mention than other resonance
phenomena which are not linked to eigenvalues are observed in unbounded domains such as waveguides
(see e. g. [38, 41, 42]) excited at a cut-off frequencies. In this case, the growth rate is non-linear with
the time and depends on the geometry shape: C' logt for planar waveguides and C t'/2 for cylindrical ones.

The outline of the paper is as follows. Section 2 is devoted to a recap of [9] and the statement of
the main results of the present paper. In §2.1, we recall the formulation of the evolution problem as a
generalized Schrodinger equation. We then present in §2.2 the main theorems of this paper: the limiting
absorption principle (Theorem 2) and the limiting amplitude principle (Theorem 4). Their proofs are



based on the diagonalization of the Hamiltonian involved in the Schrodinger equation, using appropriate
generalized eigenfunctions, which is recalled in §2.3.

In §3, we introduce the fundamental notion of spectral density of the Hamiltonian, as a function of
the real (spectral) variable with values in the set of bounded linear operators between two appropriate
weighted function spaces on R?. We give an explicit expression of this spectral density with the help of
the generalized eigenfunctions and establish the technical results which are the basic ingredients for the
proofs of our main theorems: bounds of the spectral density and corresponding (local) Hélder continuity
estimates, that themselves rely on similar properties about generalized eigenfunctions. The proofs of the
two main theorems are the subject of section 4. Finally, section 5 is devoted to a very specific situation
excluded in Theorems 2 and 4 and which necessitates technical adjustments: this corresponds to the case
where the frequency of the source coincides with the so-called plasmonic frequency.

2 Mathematical model and main results

2.1 Mathematical model

We recall here the mathematical formulation of the problem studied in [9]. In this previous paper, we
have considered the Transverse Electric (TE) transmission problem between a Drude material and the
vacuum separated by a planar interface, which reduces to a two-dimensional model where the vacuum
and the Drude material fill respectively the half-planes

R? :={z = (2,y) eR* |z <0} and R%:={z=(v,y) € R?|z>0}.

The physical unknowns are the transverse component of the electric field E(x,t), the magnetic field
H(x,t) = (Hx(m,t),Hy(m,t))T, the induced transverse electric current in the Drude material J(x,t)
and finally the induced magnetic current in the Drude material K(z,t) = (Km(ac,t),Ky(m,t))T. Our
problem, which couples these unknowns, can be formulated in a concise form as

coOE —curlH +11J = —J, in R?,

po O,H +curl E4+TIK =0 in R?,

8J =eo2RE in R?,

8,5K = M()Q?n RH in R%r

(1)

The first two equations derive from Maxwell’s equations, whereas the last two are the constitutive laws
of the Drude material. In these equations, €9 and o stand for the permittivity and the permeability
of the vacuum, whereas . and 2, are positive constants which characterize the Drude material. The
operators curl and curl are respectively defined by

curlu := (Jyu, —0,u)" and curlwu := dyu, — yu, for u = (ug,u,) ' . (2)

The operator II (respectively, IT) denotes the extension by 0 of a scalar function (respectively, a 2D vector
field) defined on Ri to the whole plane R?, whereas R (respectively, R) stands for the restriction to Ri of
a scalar function (respectively, a 2D vector field) defined on R2. Finally, in the right-hand side of the first
equation, Js(,t) represents the excitation (current density) which generates an electromagnetic wave.
We emphasize that all quantities involved in (1) will be assumed square-integrable (the equations being
understood in the sense of distributions). Thus (1) contains implicitly the continuity of the tangential
fields across the interface x = 0, that is,

[Elz=0 =0 and [Hy]z=0 =0,

where [f].—o denotes the gap of f across the line = 0.
When looking for time-harmonic solutions to (1) at a given (circular) frequency A € R, i.e.,

(E(IB,t),H(x,t), J(m,t),K(m,t)) = (Ek(x)’Hk(m)’ Jk(m)’Kk(x)) e—iAt



for Js(x,t) = Jsa(x) e, one can eliminate Jy and K and obtain the following time-harmonic Maxwell
equations:

idex(x) Ex +curl Hy = J;»n and —idux(z)Hy+curlEy, =0 in R?,
where

€y == ¢€o ifx <0, My = Mo ifx <0,

= 0?2 d = 02 3
ex(@) 6}_ = gg (1 - )\§> if x >0, and (@) M;\" = lo (1 — )\?) if x > 0. 3)

The rational functions A +— 53\*‘, pj\' characterize the frequency dispersion of the Drude material. Both
take negative values for low frequencies (respectively, when |A| < Q. and |A| < Q). Note that

* Q + Q
X A =2 and A= rifpa =22
€0 \@ Ho \/5

We see in particular that both ratios can be simultaneously equal to —1 at the same frequency if and
only if Q. = Q,, which will be referred to as the critical case in the following.

Our study of the Maxwell’s equations (1) is based on their reformulation as a conservative Schrédinger
equation (see [9])

dU
— 4+iAU =G 4
T : (4)
in the Hilbert space
H = L*(R?) x L*(R?)* x L*(R%) x L*(R%)? (5)

whose inner product is defined for all U := (E, H,J,K)" and U’ := (E',H',J',K')" € H by

U Uy = /

(EoEﬁ“rMOH'F) dac-i—/
R2 R

(6519;2 JT 4+ g 'O K - K’) de.
2
2

The Hamiltonian A is the unbounded selfadjoint operator on ‘H defined by

D(A) := H'(R?) x Hpy(R?) x L*(R%) x L*(R%)? C A,

0 eotcurl —gy Tl 0
A i —pg " curl 0 0 —up ' I
' 022 R 0 0 0 ’
0 w2 R 0 0

where Hey1(R?) := {u € L*(R?*)? | curlu € L*(R?)}. Finally the source term G in (4) is given by
G(t) == (—ey ' Jo(-,1),0,0,0)" € H.

Considering for simplicity zero initial conditions (i.e., U(0) = 0), we know from the Hille-Yosida theo-
rem [3] that the Schrodinger equation (4) has a unique solution U € C* ([0, +00), H) NC?([0, +00), D(A))
which is given by Duhamel’s formula

t
Ut) = / A9 G(t)ds, Vit > 0. (6)
0

Let us finally notice that Maxwell’s equation (1) contain implicitly some conditions about the diver-
gence of the magnetic field H and of the induced magnetic current K. Indeed taking the divergence of
the second equation of (1) restricted to R% shows that pod; div H = 0 in R?. Hence, as our system
starts from rest, we have div H = 0 at t = 0 and the latter equation shows that div. H = 0 in R? for all
t > 0. Similarly, taking the divergence of the second and fourth equations of (1) restricted to R% yields

(7)

po Oy div H + div K =0 in R%,
Oy divK = /1,091211 divH in R%r.



Then by differentiating the second equation with respect to ¢, we can eliminate div H and obtain
O divK + Q2 div K =0 in R?.

Hence, as div K = 0 and 9; div K = 0 at ¢t = 0, this equation shows that div K = 0 for all ¢t > 0 and we
deduce from (7) that div H = 0 in Rﬁ_ for all £ > 0. This explains why in the following, the solution to
(1) will be searched for in the subspace of # defined by

Haivo = {(E,H,J,K)* € H|divH =0 in R} and divK =0 in R%}. (8)

Note that the conditions div H = 0 in RZ does not mean that the divergence of H vanishes in the whole
plane R?: there may be a gap of the normal component of H across the line 2 = 0.

2.2 Statement of the main results

In this paper, we are interested in the long-time behavior of U (t) given in (6) when the excitation starts
at t = 0 and becomes time-harmonic at a given (circular) frequency w > 0, that is,

Git)=G, H(t) e ! for some given G,, € H,

where H denotes the Heaviside function (i.e., H(t) = 0 if t < 0 and H(¢t) = 1 if ¢ > 0). In this case,
formula (6) can be rewritten equivalently as

U(t) = dui(A) Gy
where A — ¢, (A is, for all ¢ > 0, the bounded continuous function defined by

efiAt _ efiwt
ot R W
(bw,t()\) — e—l)\t‘/0 el()\—w)s ds = A —w # (9)

te it if A =w.

We intuitively expect that after some transient regime due to the fact that U (¢) starts from rest at ¢t = 0,
the solution U () behaves like a time-harmonic wave U] = (EX, H}, J+, K1), that is,

U(t) ~—iUN()e ™" ast— +oo. (10)

Such a property is usually called the limiting amplitude principle in mathematical physics. It is closely
related to another property, called the limiting absorption principle, which provides the time-harmonic
behavior U}, by the formula

U =1lim (A — (w+in)D) G,.
. nli%( (w+in) )

Our aim is to define a mathematical framework for a rigorous statement of these principles and to make
precise the various situations where these principles hold true or not. Our main results are summarized
below.

2.2.1 The limiting absorption principle

We first have to recall some results about the spectrum of A (which is necessarily real since A is a
selfadjoint) and introduce some notations, in particular the following particular frequencies Q, (“p” for
“plasmonic”) and Q. (“c” for “cross point”, see §2.3) defined by

O 1o el

Note that in the critical case, that is, when €, = €, we have Q, = Q.. It is also useful to introduce the
following set of “exceptional frequencies” (whose role will be made clear later):

{0, +£0Q,, £Qn}  if Q¢ # O,
-
e {0,£Q,} if Qo = Q.

Q= (11)

(12)

The proposition below gathers various results given in [9, §4].



Proposition 1. The spectrum of A is the whole real line: o(A) = R. The point spectrum opi(A) is
composed of eigenvalues of infinite multiplicity:

Qm ] Qc Qm7
oA :{ {0,400} if Qo #

13
{0, £, £} if Qe = Q. (13)

The eigenspaces Ker(A) and Ker(A £+ Q) are respectively given by:
Ker(A) = {(0,11V$,0,0)" | ¢ € Wg (R?)},
Ker(A F Q) = {(o, IV, 0, +ipeQm Vo) | ¢ € W&(Ri)} :

where II is the extension by 0 of a 2D vector field defined on R? to the whole plane R? and W (R2.) stands
for the Beppo-Levi space W (R%) := {¢ € L (R2) | V¢ € L?(R2)? and ¢|,—o = 0}. Furthermore, the

loc
orthogonal complement of the direct sum of the eigenspaces associated to 0 and £y, is the space Hqivo

defined in (8):
1
Haivo = (KerA @ Ker(A + Q) @ Ker(A — Qm)) .

In the following, we denote by Paivo the orthogonal projection on the subspace Haivo of H, by Py the
orthogonal projection on the point subspace of A, that is, the direct sum of the eigenspaces associated
to the eigenvalues of A, and by P.q  is the orthogonal projection on the eigenspace associated to (2.
Finally we introduce

Pasy it O, £ O,
Poc :=1—Ppy = e 7 (14)
Paivo —P_q, —Pro, if Q¢ = Qm,

where the last equality follows from Proposition 1. We will see in §3 that P, is actually the orthogonal
projection on the absolutely continuous subspace associated to A, which explains the index “ac”.
The limiting absorption principle explores the behavior of the resolvent of A, i.e.,

R():=(A—-¢D)~! for(eC\R

near the spectrum of A. More precisely, we investigate the existence of the one-sided limits of the absolutely
continuous part of the resolvent near some w € R, that is,

RE (w) = h\mo Rac(w£in) where Rae(¢) := R(C) Pae = Pac R(¢) for ¢ € C\ R. (15)
n

The resolvent R(¢) is an analytic function of ¢ in C \ R with values in B(H), the Banach algebra of
bounded linear operators in H. Of course, the above one-sided limits, if they exist, are not defined in
B(H) (otherwise, w would belong to the resolvent set of A), but for a weaker topology. To this aim, we
introduce a weighted version of our Hilbert space H (see (5)) defined for any s € R by

H, = TA(R?) x I2(R2) x I2(RE) x L2(RL)?,
where L2(0) := {u € L} (O) | nsu € L*(0)} for O =R? or O = R, and the weight 7, is given by

s(z,y) = (14 22)%2 (1 +y*)*/2.

The space L2(0O) is naturally endowed with the norm

i) = Il = [ Ineul da.
Similarly, the Hilbert space Hs is equipped with the norm

U3¢, = [Ins Ul



It is readily seen that for positive s, the spaces Hs and H_, are dual to each other if H is identified
with its own dual space, which yields the continuous embeddings H, C H C H_s. The notation (-, )
represents the duality product between them. This duality product extends the inner product of H in
the sense that

(U, UNs=(U,U")y ifU€HsandU' € H. (16)

As a topology for the limits (15), we choose the operator norm || - |2, 2¢_, of B(#s,H_s), the Banach
algebra of bounded linear operators from H, to H_s. The limiting amplitude principle stated in the
next subsection requires the Holder regularity of the limits. The following theorem, which is proved in
84.1, aims at providing an optimal result in this direction.

Theorem 2 (Limiting absorption principle). Let s > 1/2. For all w € R\ 0exc, the absolutely continuous
part of the resolvent R..(C) has one-sided limits RE (w) = lim,~ o Rac(w £ in) for the operator norm of
B(Hs,H_s). Moreover, by denoting

RE(Q) = Rac(¢) if( € CH:={( € C|+Im( >0}, (17)

the function ¢ — RE.(C) € B(Hs, H_s) is locally Holder continuous in CE\ oeye. More precisely, for any
compact set K C CE \ Oexe, there exists a set T C (0,1) of Hélder exponents such that for any v € Tk,
there exists C'g > 0 such that

VG e KX K, [BLCO) - RLQ)|, < Oxq I I

The set T' is defined as follows:

{ (0,min(s — 1/2,1)) if KN {+Q, £Q.} = @,
FK =

(0,min(s — 1/2,1/2)) if K N{£Q, £0} # 2. (18)
This abstract theorem provides us the existence of the one-sided limits R (w), but not an explicit
expression of these operators. Section 4.1 will show their respective spectral representations (see Propo-
sition 27). To understand the physical significance of these limits, first note that U = Rac(¢) G means
equivalently that (A — ¢T) Us = P,.G. Hence one can expect that the limits UX = R (w) G satisfy the
time-harmonic equation (A — w1) Uf = P,.G. This can be verified rigorously provided A is interpreted
in a suitable distributional sense (since Uf does not belong to ‘H in general). This means that U f both
represent time-harmonic solutions of our Maxwell equations (1). Their difference can be understood pre-
cisely by the limiting amplitude principle will actually tells us that U is outgoing, in the sense of (10).
It could be seen similarly that U is incoming, by considering the behavior as ¢t — —oo of anti-causal
solutions.
Note that Theorem 2 excludes the values of gexe defined in (12). In the case where Qo # Qp, it may
seem surprising to exclude the values w = ££), which are not in the point spectrum of A. As a matter of
fact, these values require a special study, which is the subject of §5.

Remark 3. The above formulation of Theorem 2 is not entirely optimal in the sense that our definition
of 'k excludes a particular case which could be included. Indeed, when K contains +Qe or —§ but
not £8, the value v = 1/2 is allowed, provided that s > 1 (note that this situation cannot occur in the
critical case Qo = Qu since in this case, the values Q¢ = £Q € Texe cannot belong to K ). The reason
why we excluded this particular case is that its proof is slighly more involved than for all the other cases.
As the proof of the general situation is already very technical (see §3), we decided to spare the reader and
postpone the proof of this particular case to Appendiz A.2.

2.2.2 The limiting amplitude principle

We are now able to state our main result concerning the asymptotic behavior of the solution U (t) to our
Schrédinger equation (4) with a time-harmonic excitation G(t) = G, H(t)e ! starting at t = 0 (recall
that H(t) denotes the Heaviside function). Instead of our particular excitation introduced in §2.1, we
consider the more general case where G, € Haivo N Hs. For simplicity, we assume that U(0) = 0 which
corresponds to zero initial conditions on the fields (F, H, J, K).



Theorem 4. Let s > 1/2 and w € R\ 0exc (see (12)). On the one hand, for any G,, € Hs which belongs
to the range of P,., the limiting amplitude principle holds true in the sense that the solution U (t) to (4)
with zero initial conditions has the following asymptotic behavior for large time:

lim HU(t) viute || =, (19)

t——+oo

H_s

where U], == Rt.(w) Gy, € H_ is given by the limiting absorption principle.
On the other hand, in the critical case Qe = Qu, for any G, € Hs N Haivo, the asymptotic behavior
for large time of U(t) is given by

lim HU(t) - ( —iUf e ™™ +) "Pig, G, d)wﬂf(iﬂp))
T

t—+o0

H%S —0, (20)

where Prq, is the orthogonal projection on the infinite dimensional eigenspace associated to 82, ¢u ¢

is defined in (9) and U}, .= R, (w) G, as above.

This theorem, which is proved in §4.2, tells us that in the non-critical case, that is Q. # Q,, the
limiting amplitude principle holds true for any G, € Haivo N Hs (since Haivo is exactly the range of
P, in this case, see (14)). The assumption G, € Haivo forces the solution to remain orthogonal to
the eigenspaces associated to the point spectrum {0, £, }, which is a natural physical assumption (see
§2.1). The frequencies which are excluded here are 0, £, and ££,. Let us mention that the limiting
amplitude principle holds also for w = +€,. This case, which is not covered by Theorem 4, requires a
special treatment that is detailed in §5.

On the other hand, in the critical case €, = ,, the validity of the limiting amplitude principle
depends on the spectral content of the excitation G, € Haivo N H s which can be decomposed as

G, =P,.G, + P,Qpr + ]P)JerGw.

IfP_o G, =P,q G, =0 (which means that G, belongs to the range of P,.), the principle holds true
for any w € R\ {0, £, }, which includes in particular the frequencies w = £€Q,. But if P_q G, # 0 or
P,q,G. # 0, the behavior of U(t) is no longer time-harmonic at the frequency w. Two situations may
occur. Firstly, if w € R\ {0, £Q,, £0,,}, the solution U (¢) remains bounded in time but oscillates at the
two frequencies w and €2, (see the expression (9) of @, +(£,) for w # £0,): it is a beat phenomenon.
Secondly, if w = £, there is no stationary regime at all, since U blows up linearly in time (since
by (9): ¢ut(£Qp) = teT! for w = £0Q,). This conclusion confirms the strong ill-posedness of the
time-harmonic problem described in [1, 2, 29]. This linear growth in time corresponds to a resonance
phenomena. Such a phenomenon is classical for vibration problems in bounded domains but quite unusual
for unbounded domains. In our case, the fields Pro, G, are trapped waves which belongs to ‘H and are
defined as (continuous) superpositions of functions which are exponentially decaying with the distance
to the interface (i.e., plasmonic waves): they give birth to an interface resonance phenomenon. The
linear behavior in time is characteristic to a resonance due to an eigenvalue of the operator. Here, the
eigenvalues £, are of infinite multiplicities and embedded in the continuous spectrum of A. This is a
very interesting and new resonance phenomenon for transmission problem in a electromagnetic stratified
media which does not occur with standard dielectric materials (see [39]) since such non-zero eigenvalue
of the Maxwell operator does not exist.

2.3 Recap on the diagonalization of the Hamiltonian A

The proofs of both limiting absorption and limiting amplitude principles rely on the spectral analysis
of the Schrédinger equation (4) performed in [9]. The final result of this previous paper is the explicit
construction of a generalized Fourier transform F which diagonalizes the Hamiltonian operator A, in
the sense that F is a unitary transformation from the physical space H (defined in (5)) into a second
Hilbert space H, named the spectral space, in which the Hamiltonian A takes a diagonal form. The
introduction of this transformation yields in particular modal representations of both the resolvent of A
and the solution U of the evolution equation (4). Thus, it appears as a key tool for proving Theorems
2 and 4. Therefore, the goal of this subsection is to recall all the results and notations from [9] that are
necessary to use this spectral tool.



2.3.1 Spectral zones and generalized eigenfunctions

The generalized Fourier transform F is based on the knowledge of a family of time-harmonic solutions of
our Schrodinger equation, which are referred to as generalized eigenfunctions or generalized eigenmodes.
These modes are non-zero bounded solutions for real A’s of the equation AW = AW, which has to be
understood in distributional sense since these solutions do not belong to H. Thanks to the stratified
geometry, they are expressed here as separable functions of the variables x and y. They appear as
superpositions of planes waves on each side of the interface z = 0.

In the family defined below, the generalized eigenfunctions functions are denoted by Wy, » ;. They are
indexed by three variables k, A and j. The two first ones are real parameters: k represents a wavenumber
in the y-direction, that is, the direction of the interface, whereas \ is a spectral parameter. The last one
j is an integer that indicates a multiplicity: its possible values depend on the pair (k, A). To make this
precise, we first have to introduce various subsets of the (k, \)-plane, called here spectral zones, which
correspond to various propagation regimes. In each of them, the set of possible values for j will be
constant.

The definition of the spectral zones is linked to the sign of the piecewise-constant function

Ora(z) == k% — ex(z) pa () A2 (21)
From (3), we have more explicitly
@,;)\ ::k2—50u0)\2 if x <0,
Opa(z) = . cotto M — (k% + eopo(Q2 + Q2)) A2 + oo 202,
Op i =— 2 if z > 0.

Physically |®f ,| represents the square of the wavenumber in the z-direction inside R%, for a plane wave of
frequency A whose wavenumber in the y-direction is k. Notice first that @ ko = @l w1 for all (k,\) € R?,
so that we can restrict ourselves to the quadrant £ > 0 and A > 0. In this quadrant there are three curves
through which the sign of © , or o 1. changes. These curves, which are referred to as spectral cuts, have
been defined in [9] as the graphs of three functions Ao(k), )\D(k) and (k). In the present paper, we use
instead their respective inverses kq(\), kp(A) and k() defined as follows:

@];)\:O <~ |]€|:]€0()\) = 1/€0ﬂ0|>\|,

ko(A) := /el ud [\ if [A| > max(Qe, Q) (22)

0i,=0 < |k= or
k(A == /el ui A if 0 < [A] < min(Qe, Q).

Note that ky(\) and k;(\) are given by the same formula but define two different curves since they differ by
their domain of definition. The spectral cuts are represented in Figure 1 in the cases Q¢ < Qp, Qe = Oy
and Q. > Qp,. The grey area represents the part of the quadrant where @,; y < 0, which corresponds to the
propagative regime along the z-direction in the vacuum, whereas the white remaining sector corresponds
to the evanescent regime (that is, non propagative). Similarly, the hatched areas represent the parts of
the quadrant where @k y < 0, that is, the propagative regime in the Drude material (again along the
z-direction). In the area with vertical hatches, direct propagation occurs, which means that the group
and phase velocities of a plane wave have the same direction, as in vacuum. On the other hand, in the
area with horizontal hatches, the propagation is called inverse, since these velocities point in opposite
directions (which is related to the fact that both e and u) are negative in this area, see [23] or [9, §3.3.2]
for more complete explanations). This justifies the use of the indices D, 1 and E, meaning respectively
direct, inverse and evanescent, to name the various spectral zones. Each of them is actually indexed by
a pair of indices: the first one indicates the behavior in the vacuum (D or E) and the second one, in the



Drude material (D, I or E). We thus define

Moo = {(k,\) €R?| |A| > max(Qe, Q) and [k| < kp(A) },

Ay = {(k,A) € R?| 0 < |A] < min(Qe, Q) and [k < min (ko(A), k(M) },
A = {(k,A) €R?| 0< |A] <min(Qe, Qn), ko(A) < |k| < k() },

Ape = {(k,A) € R? | |A] # O and [k] < ko(X) } \ App U Apy.

In the following, the above sets will be referred as surfacic spectral zones. The parts of these spectral
zones located in the quadrant RT x RT are represented in Figure 1.

The expression of the generalized eigenfunctions given below involves an appropriate square root 92[’ A\
of @f’ ,, that has the property to be either purely imaginary or positive real (the choice of the square root
is justified by a limiting absorption process [9, §3.3.1]). We thus define

Opa(z) = 0., if £2>0 where (23)
P —i sgn(A) [0 412 if (K, A) € Ap U Apg U App, (24
A |@,;/\|1/2 otherwise,
+isgn(A) O] [/ if (k, ) € A U Ay,
HIJCF,A = —i sgn(\) |@;:,)\|1/2 if (K, A) € App, (25)
\ @;;/\ |1/2 otherwise.

We have to introduce a last spectral zone Agg, which is associated to plasmonic waves, i.e., guided
modes that are localized and propagates alongside the interface between both media [25]. Unlike the
four other spectral zones which are surface areas, Ap; is composed of one-dimensional curves which
originate at the intersection points of the spectral cuts, called here the cross points. These are the
points where ©, , = O}, = 0, that is, the four points (k,\) such that |k| = k. and |A\| = Qc, where
ke = ko(Qe) = ki(€), which yields the definition (11) of ), that is,

Q0 O

QC = \/ﬁ and kC = VEolo QC.

The spectral zone Ay is composed of the solutions (k, A) of the following dispersion equation:

_ O O
Wia =0 where Wiy = —2=+ = 0. (26)
Fox Hx

We know from [9, Lemma 13| that for a given k, this equation admits no solution if |k| < k., and two
opposite solutions +Ag(k) if |k| > k., where

1 k2 1k
As(k) i={ Om ST R sgn(K) 1T if O # Qe, (27)
Qm/V2 if O = Qe
with K := gopo (22, — Q2). The function k — Ap(k) is strictly decreasing on [k, +00) if Q, < Qe and
strictly increasing if Qy, > Q.. Moreover \g(k) = Qun/v2 + O(k™2) as |k| — +oo. In the case where

Qum # Q, we denote by kg the inverse of Ay, originally defined for positive A and k and extended to
negative A\ by setting kg(—\) = kg(A), that is,

Al =Xs(k) <= |k| =ko(X) if [k] € [k, +00) and |A| € Ag([ke, +00)), (28)
where )\E((k‘c, —|—oo)) = (min(Qp, Qc), max(,, QC)) We finally define

A = {(k,\) € R? | |k| > ke and |A| = Au(k)} .

10
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ke kK

Figure 1: Parts of the spectral zones located in the quadrant Rt x RT for Q, < Qy, (top left), Q > Oy
(top right) and . = £, (bottom).
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Since, it is a curve, Agz will be referred as the lineic spectral zone. Note that, for technical reasons which
will appear later, we have excluded the cross points from this definition, although they are also solutions
o0 (26). In other words, Ay yields all the solutions to (26). Figure 1 shows the location of Ay in the
three cases Qe < O, Qe = Oy and Qe > Q.
We can now introduce the family of generalized eigenfunctions Wj, » ; related to the various spectral
zones A, for
z € Z := {DD, DE, DI, EI, EE}.

Before giving their mathematical expression, let us discuss their physical interpretation, which make
clear our choice of possible values for the index j. Consider first the case of the surface zones, that is,
z € Z\ {EE}. In this case, each W, » ; represents an incident plane wave which scatters on the interface
between both media and produces a reflected plane wave and a transmitted wave. In the half-plane where
both incident and reflected waves coexist, the regime of vibration is necessarily propagative (direct or
inverse) in the a-direction. On the other hand, in the half-plane where the transmitted wave occurs, the
regime can be propagative or evanescent. This explains that for a given pair (k, A) in the spectral zones
App and Ap; where both half-planes are propagative, two generalized eigenfunctions Wy, » ; are considered:
they are indexed by j = +1 which indicates the half-plane R2 where the transmitted wave takes place.
Following the same interpretation, for a given pair (k,\) in the spectral zones Ag and Apg, only one
Wi.a,; is considered, with j = —1 in Ag; and j = +1 in Apg. On the other hand, for the one-dimensional
spectral zone Agg, the regime is evanescent in both media. For a given pair (k,\) € Agg, only one Wy » ;
which represents now a guided wave that propagates along the interface is considered. Since there is no
longer transmitted wave, we use the index j = 0 in this case. Summing up, the set J, of possible values
of j when (k, \) € A, with z € {DD, DE, DI, E1} is given by

{-1,41} if z=DD or DI,

) {+1} if Z = DE,
= {-1} if z = E1, (29)
{0} if z = EE.
The generalized eigenfunctions are then defined by
Vz € Z, V(k,/\) S AZ, Vj S JZ, Wlﬁ)\,j = V)\ Wk, \,j5 (30)

where V) is a “vectorizator” in the sense that it expresses each Wy, » ; in term of its first scalar component
Wk, »,; (the component associated with the electrical field), via the formula

. . QQ Q2 T
Vyw := (w,—l curlw, 150 CRw, M0+ churlw) ) (31)
LA A oy A2

The scalar function wy  ; is given by

Wi (T,Y) = Aprj Yrj(x) e (32)

where the expressions of Ay, » ;j and 1y x j(z) depend on the spectral zones. Note that, thanks to (2) and
because of (32), (30) can be rewritten as

kwga,; . Opwya,; iggQ2 po po 22 U
W 4:< DWWk GetkAG 1500 g g B0 g B0 g g ) 33
kg = (Whag s — T N ks Ry Rk, = s Romwia (33)

On the one hand, in the surface spectral zones App, Apg, Ap and Ay, we have

1 \ 1/2
— | pF g, TF
Ap a1 AN ‘2 9167)\//1,\ and (34)
Y x+1(x) := cosh (Gk Alx) :E) F 703’)‘/”% sinh (Hk a(x) x) (35)
” ’ Ok, (2)/pa () ’ ’
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where Wy, » and 0y x(x) are defined respectively in (26) and (23). Note that the latter expression of
Yk, a,+1 can be rewritten equivalently

cosh (67, z) F =2—2 sinh (67, 2) if +2 <0,
( kA ) 9227)\/'”1: ( kA ) (36)

exp($9$)\x) if £2>0,

Ya+1(T) =

which justifies the above-mentioned physical interpretation of the Wy, » ;.
On the other hand, in the plasmonic spectral zone Agg, we have

2| 4ot |12
A ’“/\ ak,A’
Ak7,\)0 = 1/1 and (37)
V2 Qm (4]€4 + (Eouo)g(Qg — Q?n)2)
Yrao(x) == exp ( — Ok () |m|), (38)

which shows clearly that Wy, » ¢ is a guided wave localized near the interface.

Remark 5. Let us mention that the notations introduced here are slightly different from [9], which
results from the fact that the scalar function wg x; defined in (32) includes the contribution ey, As
a consequence, the normalizing coefficient Ay » ; differs from [9] by a factor V2m. But of course, the
Wi a,; s remain unchanged.

2.3.2 Generalized Fourier transform and diagonalization theorem

We introduce now the spectral space

o= ) L2 (M) ) = L2 (Aup)? @ L2 (Aoe) © L2 (M) & L3 (Awr) @ L2 (M),
Z€Z

in which the action of the Hamiltonian A will be reduced to a simple multiplication by the spectral
variable A. This space is a direct sum of L? spaces of each spectral zone. More precisely, each L?(A;)
for z € Z is repeated card(J,) times, that is, the number of generalized eigenfunctions associated to the
spectral zone A;. As we did for the Wy, 5 ;’s, we denote somewhat abusively by ﬁ(k, A, j) the fields of H,
where it is understood that the set J, of possible values for j depends on the spectral zone A, to which
the pair (k, \) belongs. Using these notations, the Hilbert space H is endowed with the following norm:

1015 = > Z/Az|ﬁ(k,)\,j)|2d)\dk+zij/l |U (k, £Xg (), 0)[? dE.

zeZ\{EE} jEJ, kl>ke

Theorem 6 below gathers the results of Theorem 20 and Proposition 21 in [9]. It provides us the
expression of the generalized Fourier transform F and its adjoint F*. The former appears as a “de-
composition” operator on the family of generalized eigenfunctions (Wy, » ;), whereas the latter can be
interpreted as a “recomposition” operator in the sense that its “recomposes” a function U € H from its
spectral components Tj(k, AJ) € H which appear as “coordinates” on the “generalized spectral basis”
(Wg,a,;)- Both of these operators are (partial) isometries and thus bounded. So it is sufficient to know
their expression on a dense subspace, exactly as for the usual Fourier transform or its inverse. For F, the
dense subspace of H is ‘H, (with s > 1/2) whereas for F*, we introduce below ’}Atcomp.

Theorem 6 (Diagonalization Theorem, cf. [9]). Let s > 1/2.
(i) The generalized Fourier transform F : H — H is a partial isometry, defined for all U in Hs by

Vze Z, Y(k,A) ey, Vie T, FUKNG) = U, Wgx;j)s, (39)

where the Wy, » ;s are defined in (30).
(ii) Let Heomp denote the dense subspace of H composed of compactly supported functions whose
supports do not intersect the boundaries of the spectral zones A, for z € {DD, DE, DI, El} (i.e., the spectral
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cuts and the three lines R x {0,£Qm}). The adjoint F* : H — H of F is an isometry defined for all
Ue€Heomp b

U = Z Z Uk)\] W“JdAdkjLZ/ U (k, £6(k),0) Wy 15, 1),0 d, (40)

ze2\{BE} jEJ, k] >ke

where the integrals are understood as Bochner integrals with values in H_s.

(iii) Furthermore, we have FF* = Idg, while F*F = Pgivo where we recall that Pyivo is the orthogonal
projector in H onto Haivo (see (8)). In particular, the restriction of F to Haivo s a unitary operator.
Furthermore F diagonalizes A in the sense that for any measurable function f: R — C,

f(A)Paivo = Paivo f(A) = F* f(N)F in D(f(A)). (41)

Remark 7. (i) First notice that we use of duality product (-,-)s (which extends the inner product of
H, see (16)) in the definition (39) of F. The reason is that the Wy, » ;’s do not belong to H since their
modulus does not decay at infinity (this is why they are called generalized eigenfunctions). But the fact
that they are bounded shows that they belong to H_g for any s > 1/2 (indeed L>°(R?) C L? ,(R?) if and
only if s >1/2).

(ii) Let us now explain why we restrict ourselves to functions of ﬁcomp in (40). First one can easily
check that the H_g-norm of Wy, » ; remains uniformly bounded if (k, \) is restricted to vary in a compact
set of R? that does not intersect the boundaries of the spectral zones. Hence, for U € ’Hcomp, the integrals
considered in (40), whose integrands are valued in H_s, are Bochner integrals [20] in H_s. However,
as F* is bounded from H to H, the values of these integrals belongs to H. The same holds true for all
U € H such that the integrands are integrable functions valued in H_s.

(iii) In the general case, the integrands are not always integrable functions valued in H_g, which may
happen for instance sz does not vanish near some part of the boundaries of the spectral zones, because of
the singular behavior of some Wy, 5 ;. For such a U, the integrals in (40) are no longer Bochner integrals
in H_g, but limits of Bochner integrals. Indeed, thanks to the density Ochomp inH, we can apprommate
U by its restrictions to an increasing sequence of compact subsets of U,c z A, as in the definition of ’Hcomp,
which yields an approzimation of F*U. Of course, the limit we obtain belongs to H and does not depend
on the sequence. We will indicate this limiting process before each integral as follows:

F*U = lim [ Uk, )Wy, dAdk+ Y lim Uk, +\s(k),0) W dk, (42
Z Z N 2 7) Wi Z 5 o ( r(k),0) k,+X:(k),0 (42)
z€ Z\{EE} JEJ; + c

for allU € .

3 The spectral density

3.1 Motivation and main results

This quite technical section is somehow the keystone of the present paper. It provides us the basic
ingredients for the proofs of Theorem 2 and 4, which both mainly consist in using Theorem 6 to investigate
the asymptotic behavior of a family of functions of A. On the one hand, for the limiting absorption
principle at a given frequency w € R, we have to consider the families of functions 7,+i, : R — C for
1 > 0 defined by

1
Twtin(A) == N wE) (43)
and we study the limits of the resolvent R(w £ in) = r,+in(A) as n N\, 0. On the other hand, for the
limiting amplitude principle, we have to examine the behavior of ¢, (A) as t — +o0o0, where ¢, +(-) is
defined in (9). As we will see in §4.2, both limiting processes are intimately connected. We focus here on
the former to explain the motivation of this section.

Roughly speaking, the basic idea is to rewrite the diagonal expression (41) of f(A) as

F(A) Pae = /R F(N) My dA, (44)
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where A — M, is a family of bounded operators from H; to H_, and P, is defined in (14). This formula
can be interpreted as a continuous block diagonalization of f(A)P,. where the diagonal blocks are the
operators M. Using this formula for the functions defined in (43), the absolutely continuous part of the
resolvent of A (see (15)) appears as a Cauchy integral

) e NP = [ M
Raoc(w £in) := R(w £ in) Py = /]R P dx,

whose limits as 7 \, 0 will be given by a suitable version of the well-known Sokhotski—Plemelj formula
[21], provided that A — M), is locally Holder continuous. This gives actually the main objectives of the
present section which consists first in establishing (44), then proving the local Holder continuity of M.
These are the respective subjects of Theorems 8 and 9 below.

Formula (44) provides us a fundamental property of the spectral measure E (see [9, §2.3] for a brief
reminder about this notion) of A, namely the fact that in the orthogonal complement of the point sub-
space, it is absolutely continuous, which means that it is “proportional” to the Lebesgue measure (see
Corollary 12). This explains the terminology spectral density for M, as well as the notation P,..

Formal construction of M, in the non-critical case. Let us first consider the case €, # 1y, for
which the orthogonal projection Py := I — Py coincides with Pg;vo (see (14)). In order to prove (44), we
start from the diagonalization Theorem 6 applied to the spectral measure of A : for any Borel set S C R,
we have E(S) = 15(A) where 1g denotes the indicator function of S. We assume here that

S is a bounded set such that SN gexe = @, (45)

where we recall that oexc := {0, £Qp, £ } in the non-critical case (see (12)). In other words, we exclude
not only the eigenvalues 0 and +£2,,,, which shows in particular that

E(S) Paivo = B(S) = E(S) Pac (46)

(since E(S) Paivo = E(S)E(R\ {0,£Q}) = E(SN (R\ {0,£Q})) = E(S)), but also the plasmonic
frequencies £Q,. Applying (41) to 15(A) then yields

E(S) Paivo = F* 15()\) F.

Using the expressions (39) and (42) of F and F*, this formula writes more explicitly as

E(S)PaoU = > th/ 1s(A\) (U, Wi i)s Wi dAdE

7€ Z\{EBE} jEJ;

+ th/l S(EXe(R) (U, Wi 42,0),00s W +a,(k),0 Ak, (47)
k|>kc

for all U € H,, where we recall that the limit (in ) is obtained by considering an increasing sequence of
compact subsets of each A, whose union covers A,. We are going to see that thanks to assumption (45),
on the one hand such a limiting process is useless here, and on the other hand, we can apply Fubini’s
theorem for the surface integrals on the A, for z € Z\ {EE}, as well as the change of variable k = £kg())
in the last integral. Admitting this provisionally and using (46), we finally obtain that for all U € H.s,

E(S)Poc U = E(S)U = / 1s(A)My\U A with (48)
R
MU = ) / (U, Wipi)s Wenjdk+ > Te(N) (U, Wiao)s Wero,  (49)
ze2\{wn} je, ’ AN kE€Aw(N)

for almost every A € R, where Ji(A) is the Jacobian of the change of variable k = +kg()) defined by

d)\p -1

dk (kﬁw)‘

Te(A\) i= |k (V)] =
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and Az () denotes the set of k € R corresponding to the horizontal section of A, at the “height” A, i.e.,
AN ={keR| (k) €A} (50)

A glance at Figure 1 clearly shows that if z € Z \ {EE}, then A;(\) is either empty (in this case the
corresponding integral vanishes) or a bounded set composed of one or two intervals. For instance, if A >
max(Qe, Qm), then App(A) = (—kp(A), +kp(A)) whereas Apg(A) = (—ko(A), —kp(A)) U (+Eo(N), +ko(N)).
Moreover, we have
A — { {£ke(N)} if [A] € Ag((ke, +00)) = (min(€yp, Qc), max(Qp, Qc)),
EE -

1% otherwise,
which shows that the last term in (49) appears only if [A| € Ag((ke, +00)).

The critical case. What about the case Qe = Q0,7 We keep the assumption (45) for S, but now
Oexc = {0,£0m} (see (12)), so that (46) is no longer true. From (14), it has to be replaced by

E(S) Paivo = E(S) = E(S) Poe + E(S) P_g, + E(S) Pyq,. (51)

Formula (47) is still valid. The difference with the non-critical case lies in the last integrals for which
it is no longer possible to make the change of variable k = £ky()) since Ay(k) = Q,, for all |k| > k..
These integrals represent exactly the quantities IE(S) P, U related to the eigenvalues (), of infinite
multiplicity. We have actually

Pio, U = lim (U, Wi +0,.0)s Wi +a,0dk,
H S k> ke

for all U € H,. Formula (51) then shows that the last integrals in (47) have to be removed to express
E(S) Pac. Using the same arguments as above for the surface integrals on A, for z € Z'\ {EE}, we obtain
instead of (48)-(49)

E(S) Pac U = B(S\ {£0,}) U = / 1s(A)MyU ) with (52)
R

MU := ) Z/ (U, Wiri)s W dE. (53)

7€ Z\{EE} jEJ,

Main results. The properties of the spectral density are stated in the two following theorems, which
are proved in the remainder of this section.

Theorem 8. Let s > 1/2. For every bounded function f : R — C with a compact support that does not
contain any point of oexc (see (12)), the operator f(A) P, is given by

f%széﬂMMm&

where the spectral density My is defined for all A € R\ oexc as a bounded operator from Hs to H_s
by (49) if Qe # Qm and by (53) if Qe = Q. The above integral is understood as a Bochner integral in
B(Hs, H-_s).

Note that if f is a bounded function whose support S is no longer compact and/or contains points
of Oexc, the expression of f(A)P,. follows from Theorem 8 by considering an increasing sequence (.S,,) of
compacts subsets of S\ 0ex. whose union covers this set. Setting f,, := f1g, , Theorem 6 shows that

(50 = £a)

|(rx 1R\{m}—fn FUH if 0 = O,

if Qo # O,

() - o | =
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which tends to 0 by the Lebesgue dominated convergence theorem. Hence, using the same notation as in
(42), we have

YU € Hy,  f(A)PLU = 1131/ FO)MLU d),
R

that we rewrite in the condensed form

F(8) Poc = sl /R FO) ML A, (54)

where “s-lim” means that the limit is taken for the strong operator topology of B(H,, H).

Theorem 9. Let s > 1/2. The spectral density A — My € B(Hs, H_s) is locally Holder-continuous
on R\ goxe. More precisely, let [a,b] be an interval of R\ oexe and I'jqp C (0,1) be the set of Hélder
exponents defined by (18) for K = [a,b]. Then for any v € I'[qy), there exists a constant C’;b > 0 such
that

v>\l, A E [qu}, ||M)\/ — M)‘H’H, H < C;b |>\/ — )\"Y (55)

Remark 10. Let us mention that the formulation of Theorem 9 is not entirely optimal in the sense that
it holds true for two particular values of v which are not contained in the definition (18) of I'jq ).

On the one hand, in the case where [a,b]N{£Qe, £} = @, the value v =1 can be included in T, ),
provided that s > 3/2. The proof of Theorem 9 presented in the following actually includes this particular
case. However, as the proof of the limiting absorption principle (Theorem 2) is no longer valid for this
particular value (see §4.1), we keep the same definition of I'iq ) here.

On the other hand, in the case where [a,b] contains +Qe or —Qe but not £8), the value v = 1/2 is
allowed, provided that s > 1. As mentioned in Remark 3, this particular value has been excluded for the
sake of clarity, but we show in Appendix A.2 how to deal with this case.

The above theorems are based on properties of the generalized eigenfunctions which are studied in
the next subsections. These properties will be established in bounded “slices” of the spectral zones A,
defined for any closed interval [a,b] C R by

Ay([a,0]) == A0 (Rx [a, b)) = [ {(k,A) | k€ A (N}, (56)

A€EJa,b]

where A, () is defined in (50). In particular, we are able to show now that Theorem 8 follows from the
following Proposition which is proved in §3.2.3.

Proposition 11. Let s > 1/2 and [a,b] C R\ oexc-

1. If z € Z\ {EE} and A,([a,b]) # @, then for j € J,, the map (k,\) — [[Wy x lla_. is square
integrable in Ay([a,b]).

2. In the non-critical case Qe # Qm, if Ass([a, b]) # @, then the map (k, A) — ||Wy xoll2¢_, is bounded
on Agx([a, b]).

Proof of Theorem 8. The properties of Proposition 11 allow us to justify the path from (47) to (48)-(49)
if Qe # Qp, and to (52)-(53) if Q. = Q. Indeed, thanks to assumption (45), this lemma tells us that the
functions involved in the surface integrals in (47) are integrable functions valued in H_s. More precisely,
for all z € Z\ {EE} and U € H,, the map (k,\) — 1g(A) (U, Wy, j)s Wy a,; belongs to L' (A, H_y)

since

[ 1) 0 W x|

<1Uls [ 1500 Wi B, Ak
z H_s Ay

On the one hand, this shows that the limiting process in H is useless (by the Lebesgue’s dominated
convergence theorem for Bochner integrals [20, Theorem 3.7.9]). On the other hand, this justifies the use
of Fubini’s theorem [20, Theorem 3.7.13], which tells us in particular that the integrals on A,(\) in (49)
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or (53) are defined for almost every \. Noticing that Proposition 11 holds true for a = b, we see that
these integrals are actually defined for all A ¢ gexc.

In the non-critical case, it remains to deal with the last integrals in (47), related to the 1D spectral
zone Agg. This is where we use the fact that SN {£Q,} = & (contained in assumption (45)), which
implies that the support of k — 1g(+A;(k)) is bounded. In other words, the integrals actually cover
a bounded part of Agz. Hence Proposition 11 tells us that the functions involved in these integrals are
integrable functions valued in H_g, which shows again that the limit process is useless and allows the
change of variable which yields (49).

To conclude, we simply have to notice that all the above arguments remain valid if, instead of the
spectral measure E(.S), one considers the spectral representation of f(A)P,. where f is a bounded function
with compact support S that satisfies (45). O

The following corollary of Theorem 8 shows that outside the eigenvalues of A, the spectrum of A is
absolutely continuous.

Corollary 12. The spectral measure of A satisfies
YU,V € H,, d(E(/\)IP’aCU,IF’aCV)ﬂ = d(E(/\)]P’aCU, V)H = (MU, V), dA. (57)

Moreover, for any Borel set S C R (bounded or not), we have
YU € Hey [E(S)Puc Ul = [ 150) (.U, U). dA (58)
R

where A — (ML\U,U), is non-negative and integrable on R.

Proof. By virtue of (48) and (52), for any bounded Borel set S C R such that S N oe. = &, we have

YU,V eH,, (E(S)P.U, V), = </ IS(A)MAUd/\,V>
R

S

As the above integral is Bochner, we can permute it with the duality product [20, Theorem 3.7.12], which
yields

VUV eHs  (E(S)PucU,V),, = / 150\ (MAU, V), dA. (59)
R

Besides, we have E(0exc) Pac = 0. Indeed, from (14), we see that E(0exc) Pac = E(0exc \ 0pt(A)), where
(12) and (13) show that oexc \ opt(A) is equal to {£Q,} for Qe # Qy,, whereas it is empty for Qe = Qp,
(which implies that E(0exc \ 0pt(A)) = 0). For Q¢ # O, {£Q,} has zero Lebesgue’s measure and does
not contain eigenvalues, thus we have also E({£Q,}) = 0 and the conclusion follows. This shows by
sigma-additivity that (59) actually holds true if SN oexe # @, thus for any bounded Borel set S, which
amounts to the second equality of (57).

The first equality simply follows from the fact that P,. is an orthogonal projection which commutes
with E(S).

Finally, if we choose V' = U in (59), we obtain (58) for S bounded. The fact that it holds true
for unbounded S follows from the spectral theorem which ensures that for all U € H, the map S —
(E(S)U,U)4 defines a non-negative finite measure. O

In what follows, in order to avoid the appearance of non meaningful constants in inequalities in the
proofs of the estimates involved in this paper, we use the symbols < and Z. More precisely, this will be
employed for non-negative functions f, and g, of the real variable A, that may depend on a parameter
v € (0,1]. By definition, one has:

f+(A) £ 9y(N) on [a,b] <= 3 C;/,b >0, VA€ [a,b], fy(A) < C,lb gy (A); -

However, for clarity purposes, we decide to keep these constants explicit in the statements of the results.
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3.2 Pointwise estimates of generalized eigenfunctions

In this section, we establish pointwise (in (k,\) € A;)) estimates of Wy, » ; for j € J, and z € Z, in the
space H_, for s > 1/2, essentially based on the continuous embedding L°>°(R?) C L? (R?) which relies
on the following inequality:

3 1
I6llz2 (mzy < Cs 19l @2), V¢ € L¥(R?)  with C = (/ n—s(x,y)zdxdy) * < oo for s > 5+ (60)
s Rz
According to the formula (33) for Wy, » ;, this relies on estimates on the 2D scalar functions wy x,; (32).

3.2.1 Generalized eigenfunctions of surface spectral zones

We deal first with the case z € Z \ {EE} and their associated generalized eigenfunctions Wy,  ; for
j = =£1 € J, (often referred as bulk modes in physics). In that case, the estimates will be used in integrals
along the A, (), see (49) and (53), where the integrand is quadratic in the generalized eigenfunctions
Wi, ;- Thus, we need estimates of Wy, 5 ; which are square integrable over the variable % in each set
A, (). The pointwise upper bounds at (k,A) will depend on the zone A, that contains (k, A) and may
blow up when the will approach boundary of each spectral zone. This is more or less clear from the
expressions of the Wy, 5 ; ((30), (31)): these estimates must take care of the presence of negative powers
of the functions 6", (see in particular (32)) that precisely vanish on the boundary of the spectral zones.

More precisely, in our estimates, negative powers of |0,:',/\| and |9,;)\| can be accepted, but not too
large in order to respect the square integrability criterion in k over each A;(A) (it will be discussed in
more details in Lemma 16 and relation (80)).

The following proposition provides H _s-estimate for the surface spectral zones. It is preceded by a
preliminary lemma which gives a useful estimate on the Wronskian Wj, » that appears in the expression
of the generalized eigenfunctions (see (32) and (33)).

Lemma 13. Let z € Z \ {EE} and [a,b] C R\ 0exc such that A,([a,b]) # @. Then, there exists Cyqp > 0
such that:
Wil ™ < Cap (1031 10207 Yk, A) € Ag([a, b)) (61)

Proof. The proof of the estimate (61) depends on the spectral zone. More precisely:

e By virtue of (24, 25), one has 6, ,/uy € iR and 0;/\/#; € Rin App and 6 ,/p, € R and
9;/\/#;{ € iR in Ag. Thus, from (26),

1 /10 |91Jcr,\|
(Wil > — ( R
V2 Vel (]

since uy, = and u7 is continuous and does not vanish on [a, b].
oy Ho Hx )

) 21661+ 1054,

e In App, and Ay, 0% \/#+(A) are imaginary numbers whose imaginary parts have the same sign.
Thus,

= Ol 1085l

(Wi A

2 |91Jgr,\| + 102l
NIy ’ ’

The above lower bounds for |Wj, A| prove (61). O

Proposition 14. Let s > 1/2, z € Z\ {EE}, and [a,b] C R\ Oexc such that Ay([a,b]) # &. Then, there
exists Cyp > 0 such that if £1 € J, then:

Wi illse. < Cap 10537, (ks A) € Ag(o, 1), (62)
If moreover £ ¢ [a,b], for any v € (0,1] N (0,s — 1/2), one has

Wil <O, 107,75, Wk, \) € Ag([a,b]). (63)
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Proof. From symmetry reasons in the (k, \) plane, it is quite obvious that we can restrict ourselves to
the intersections of the spectral zones with the quadrant {A > 0,k > 0}. Moreover, for simplicity, we
give the proof for j = 1 (which means that z € {DI, DE, DD} since 1 ¢ Jg, see the definition (29) of Jy)
and let the reader check by simple symmetry arguments (between —1 and +1 on one hand, < 0 and
2 > 0 on the other hand) that it also works for j = —1.

Step 1. To begin, we estimate the first component wi x1 = Ak 1 Vi r1(2) ey of Wi (see (33)).
First, using (61) and the fact that p), = po and uj is continuous and does not vanish on [a,b] (since

+Qm ¢ [a,b]), it follows that the coefficient Ay » 1 defined by (34) is bounded by:

1
2

10

[ Akl S "
1Ol + 1085

(64)

Then, we estimate the function 9y » 1:

e (i) For z > 0, by definition (cf. (36)), Yrr1(z) = e AT with 9,‘:)\ positive or purely imaginary.
Hence,
V X Z 0, |1/1k7>\71(:c)| S 1. (65)

e (ii) For z <0, by formula (24) for z € {DI, DE, DD}, one has 0, , = —i|0, ,| € iR. Thus, by virtue
of the inequalities | cosh(u)| < 1 and |sinh(u)| < 1 for u € iR , one deduces from the expression of
(36) of 9y x1 that:

Vo <0, [grai(@)] S 1+107,1/10; 5] (66)

From (65) and (66) , we deduce the uniform bound

_ 105+ 10

Ve eR, [rai(z)| S = (67)
Y
Thus, from (64) and (67), we get
[wi 1 (2,9)| < 10|72, ¥(wy) € R, (68)
and as s > 1/2, it follows that
— =1
lwiaallez we) S 10,72 (69)

Step 2. The second step consists in showing that similar estimates hold for the other five components
of the vector Wy, 1. According to (33), the second component of this vector is k (A py) ™! wg 1. Since
k(X )"t is bounded in A,([a,b]) (since 0, £, ¢ [a,b]), the estimate of this component follows from
the one for the first component (69).

The third component of Wk,)\,l is 1(/\ uk)fla‘rw[a)\,l = 1(/\ ,LLA)flAk,)Hl arkaJ elky (Cf (33)) This
component is less singular than wy, 5 1 since differentiating ¢y, x 1 with respect to z leads to a multiplication
by factors 9,? , that regularizes the expression. Indeed, one has

Opthpan(z) = =07, efeltk"”, for x >0, 6 ,sinh (6, \x) —0;, M—j‘r cosh (0 ), forz <0. (70)
: ; : A :

Again, as 9,; 5> 0or 9,; \ € 1R, the exponential function and the hyperbolic sine and cosine involved in
(70) are bounded by 1. Furthermore as i} /u) is bounded (since £y, ¢ [a, b]), it follows that:

|0tk a1 (@) S 100 5]+ 1631 (71)
Thus, combining with (64) we get

VI S R*, |1()\ u,\)*lﬁxwkv,\,ﬂ = |1()\ ,LL,\)ilAk,)vl axd}k,,\’l(l‘) eiky| 5 |0k_,)\|%7 (72)
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and thus ||i(A uA)’lﬁmkaJHLi (®2) < |9,:,/\|% < |0];/\|*%. Once the first three components have been

treated, the work is finished since the last three components are 0 for z < 0 and proportional (with a
coefficient that depends on A but is bounded in Az([a,b])) to the first three for z > 0 (see again (33)).
Thus one concludes to the estimate (62).

Step 3. We now explain how to obtain the improved estimates when £ ¢ [a,b]. These are an improve-
ment in the sense that, since v > 0, the bound (63) is better than (62) when 6, , tends to 0.

We shall concentrate ourselves on the estimate of the first component wy x1 of Wy, 1. Passing to the
other five components is essentially a matter of repeating the arguments of Step 2.

The improvement is obtained from a “new” estimate for Ay » 1 that exploits £ ¢ [a,b], and a different
estimate for 15 » 1 when < 0 in which we introduce ~:

e because £ ¢ [a,b], A,([a,b]) does not contain any cross-point so that 6, , and 6, , do not vanish
simultaneously. As a consequence |, |+ |6 | is bounded from below and

<105, (73)

| Ak

e The inequality |sinh(f, yz)| < 1, used of Step 1 (ii) for deriving (66), is inaccurate for small 6, .
Given v € (0, 1], we can replace it by

| sinh(0), \7)| = | sin (|9,;/\|:E)|V | sin (|9,;/\|x)|177 < |02

Using this estimate yields [¢x x1(2)] S 146, ,|7" [z[7 for & < 0. This, together with (65), yields
the following new estimate for ¢y x 1 (instead of (67))

Ve eR, |[rai(@) $1+ 00,0 |z (74)
Thus, from (73) and (74), we get
w1 (@) S 1052 + 10,2 [z = 105 ,77% (10,77 + |2]7) S 105,721 + |2])

since, as v < 1, |0, ,|'~7 is bounded. As the function (z,y) — (1 + |z])” € L2 (R?) for 0 <y < s —1/2,
this yields immediately the expected estimate

__1
lwiaillzz @2y S 10l 7277,
which is nothing but the estimate (63) for the first component wy x1 of Wy x 1. O

3.2.2 Generalized eigenfunctions of the lineic spectral zone

We deal now with the 7 _; estimates of the generalized eigenfunctions Wy, » ¢ (also referred as plasmonic
waves in the physical literature) when (k, \) belongs to the spectral zone Agg for Qe # Q. Let us recall
that for (k,\) € Agg, k and X are related by k = £ kg(A) (cf. (27, 28, 2.3.1). Thus, the set Agg([a, b])
involved in this result and defined by (56) can be rewritten as

Aes([a,5]) = {(£ke(IA). A) € Aug | A € [a,8]}.

Proposition 15. Assume that Qe # QO and let s > 1/2 and [a,b] C R\ 0exc such that Agp([a,b]) # @.
Then, there exists Cqp > 0 (depending only on a,b) such that

[Winollz. < Cap (Bi5)%, V(k,A) € Au([a, b]). (75)
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Proof. As [a,b] does not contain £, Ags([a,b]) is a bounded subset of Agz. One one hand, from (37),
one deduces that Ap x0 S (9,;/\)1/2 (9;;/\ > 0 in Agg([a,b]), see (25)).
On the other hand, one has |1 x0(z)] S 1 (cf. (38)) since 9/?,/\ > 0. It follows that:

|wk,)\,0(xay)| S (0:7)\)1/2 and |8a:wk,>\,0(x7y)| 5 (0];)\)1/2 ,V(k7>\) € AEE([aab])a (76)

(we use here to estimate dywy, o that Glf)\ is bounded as a continuous function of (k, A) on Agg([a, b])).
Finally, as the lines A = 0 and A = £, do not intersect the compact set Agg([a,d]) all the coefficients
in (k, A) that are involved in the expression (33) of Wy, o in terms of wg, x0 and Oywy 10 are bounded.
Thus, the inequality (75) for s > 1/2 comes immediately from (76) and the relation (33) that define the
generalized eigenfunction W, » o. O

3.2.3 Proof of Proposition 11

The following preliminary lemma gives local estimates of the inverse of |0,f ,| with respect to (k, ) in
each spectral zone A, for z € Z\ {EE}. These estimates will be used to prove Proposition 11 and thus
Theorems 8 and 9. To simplify their presentation, we introduce the function k* defined as follows:

k(\) € RT if 0 < |A| < min(Qe, ),
YN = Qi /=t pl A €iRT i min(Qe, Q) < A < max(Qe, ), (77)
kp(N\) € RT if max(Qe, Om) < A

We notice that the even function kT vanishes at £, and +Q,, since kT (£Q.) = k(£ min(Qp, Qo)) =
Ep (£ max(Qpm, Q) = 0 (see (3) and (22) and figure 1). Moreover, one easily checks that k1 is locally
Holder of index v = 1/2 on R* and C* (thus locally Lipschitz continuous) on R* \ {£Q, £, }.

Lemma 16. For all A € R\ {0, £Q, £}, we have
Wik £ koA (85| < ko) T2 |1kl = ko(N)] T, (78)
—1 —1/2 —1/2
Ikl # KT, 165 < R0 T (IR - B0 (79)

‘—1

Proof. From the definitions (21) and (24) of @;A and 9;)\, one has

_ _ —1/2 —1/2
VAER, VIR £ KT, 107,070 = 107,72 = |kl — KH )|V Ikl + ROV
Inequality (79) simply follows by noticing that
[kl + KT ()] = [EF (),

since k*(A) is either a positive real number or a purely imaginary number, which does not vanish if
A ¢ {£Qe, £0m}-

For inequality (78), one proceeds similarly by substituting respectively 9;; A @;’ , and kKt by 9]; Ao
O}, and ko (the only difference is that ko()) is always real-valued). O

Remark 17. The estimates of Lemma 16 are optimal in the sense that they take into account in a sharp
way their singular behaviour of |0,j€[,)\|_1 when approaching the boundary of the spectral zone (see (17)).
Indeed, these functions approach 0 as the square root of the (horizontal) distance to the spectral cuts,
more precisely:

1052171 ~ (2ko(N) 7% [k £ ko(N)| "% as k € Ay(N) = F ko(N), Z = EI, DE, DI
07 71 ~ (26T (A) 72 [k £ ET(N)[7% as k € Ay(\) = F kT(N), A # £Q. 2= EI,DIL,DD.

Therefore, one has for A # £,

k10, |77 € L2(A,(\)), Z = DE, DI
’ — r<l (80)
k= 05,177 € L*(A4()\)), z = EL, DI, DD
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As |0, ,|7" is bounded on App(A), it is straightforward to see that (62) and (80) (used with r = 1/2)
imply that if £1 € Jy, the function k — Wy 11 is square integrable in each set A,(A). Thanks to
Lemma 16, and Propositions 14 and 15, we can now prove Proposition 11 of section 3.1.

Proof. Proof of point 1. Let s > 1/2, z € Z\ {EE} and [a,b] C R\ 0exc such that Ay([a,b]) # @. We
know from the relation (62) of Proposition 14 that if +1 € J, then

Wi aillze, S105.7Y (k) € Ag([a, b]). (81)
Thus, it is simply a matter of using Lemma 16. We distinguish two cases:
(i) : j =1 (which is only possible by (29) for z = DD, DE, DI)

e For z=DD, as (k,\) — \9,;)\\ does not vanish in App([a,b]), the H_s-norm of Wy, » ; is bounded when
(k,A\) € Ay([a,b]). This proves the point 1 for z = DD since App([a,b]) has a finite Lebesgue measure.

e Now if Z = DE or z = DI, then it follows from (78) and (81) that
_1
Y(kA) € As((a,b]),  (1Wioaallze, S |5 = Fo(N)] 2, (82)

since ko(\)~'/? remains bounded in [a,b]. Let A € [a,b]. One has A,(\) C ] — ko(\), ko(A\)[. Then, by
(82) and evenness in k, it follows

ko(A) 1 1
[ sl dk S [ o) - Bk S 2Ro(0 S1.
2(X) 0
Thus, the point 1 is a consequence of the Fubini-Tonelli theorem and the fact that [a, ] is bounded.
(ii) : j = —1 (which is only possible by (29) for z = DI, DD, EI)

The slight difference with the case (i) is when [a, b] contains +Q, where kT vanish.

e For the case where z = DD, DI, EI, by virtue of the estimates (79) and (81), one gets
_1
Wk A) € A(fa,b]), [Wea 15, < [REO)72 (IR = KH (]2 (83)

Using that £+ (X\) € RT* in (83), Az(X) C |—kT(N), kT ()| (see figure 1) and a parity argument in k give
ROV X
[ Wl s oyt [T wE - p s
As(N) 0
This implies the point 1 since the bound is uniform with respect to A € [a, b].

Proof of point 2. The key point is that, as [a, b] does not contain £, Ags([a,b]) is a bounded subset
of Apg. Thus, the point 2 is an immediate consequence of the estimate (75) and the fact that G,j)\ is
bounded on Agg([a, b]). O

3.3 Holder regularity of generalized eigenfunctions
3.3.1 Orientation

In this section, we show what we shall call local “Holder type estimates” (see Propositions 20 and 23) on
generalized eigenfunctions.
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The case of the functions Wy, » 41

In this case we study the functions (k,\) € A, — Wy x; € H_, , such that j € J, and z € Z\ {EE}. By
local “Holder type estimate” we mean an estimate in which k& plays the role of a parameter with respect
to the spectral variable A, i.e. of the form (given a < b)

V((k, ), (k, X)) € Az([a,0]), (Wi — Weagllae, < Fy(ks X N) [N = A7, (84)

where Fy, : {(k;\, X)) € R® / ((k,N), (k, X)) € Ay([a,b])?} — R is smooth and ~ € (0,1].

There are many different ways to obtain estimates of the form (84). Before going to technical developments
(based, as we shall see, on lengthy hand computations that require to be done with a lot of care) and
precise results, it is worthwhile to make three observations that guided us in the derivation of (84).

Observation 1: it is clear from the integral expression My of the spectral density that in order to
transform the estimates (84) into Holder regularity for A — M) in B(Hs, H_s), for given (A, \) the
function k — F,(k; A\, \') should have appropriate square integrability properties (we shall be more
precise later). Natural candidates for F.(k;\, \') automatically involve negative powers of |0,j€E | and
|0,j;)\,| (cf. section 3.2), which means that they may blow up when (k, A) or (k, \’) approaches a spectral
cut. That is why we have to pay attention to control this blow up (i.e. to the allowed powers of 92[) NE
this brings us back criterion (80).

Observation 2: similarly to what was done in section 3.2, the desired estimates (84) will be derived from
similar pointwise Holder estimates for the functions A — wg » j(z,y) € C and A = Owi z j(z,y) € C,
that involve the space variable (z,y) as an additional parameter. These estimates will be of the form

[0k, xr 5 (2, 9) = Ok (2, )] < (L [2])Y Sy (s AN [N = AP, (85)

for v a; = Wk OF Ukx; = OgWk,x;. The limitation for the set of possible Holder exponents then
comes from the double requirement that :

(i) in order to use these estimates to get the H _s-valued estimates, we must have 0 < v < s—1/2 (the
condition for which  + (1 + |z|)Y belongs to L? ,(R?)),

(ii) the function fy(k;A,\) is supposed to have the same square integrability properties in k as
F.,(k; A\, X'), cf. observation 1, which will generate another limitation on ~.

Observation 3: From the technical point of view, the systematic path that we chose to use for
getting estimates of the form (85), assuming that A — vy 5 j(z,y) is differentiable, is the following:

1. Obtain Lipschitz estimates via the mean value theorem from L° estimates of the A-derivative
8,\1;;67,\,]-:

ki (2,y) — vk, y)| < sup |[Davg (2, y)| A= N
e

2. Interpolate the previous estimate with L> estimates of vy ;
ok (@) = vk (@)l = ok (@) = vk (@917 Ve (2,9) = vk (@, 9) [

< 2877 sup [(Oav) s, (@ o)) (sup Jog s (@ y)[PTY) A= N
A€M XEN]

and the estimation of the two above sup leads to estimates of the form (85).

Even though step 1 seems to provide already the desired type of estimate with v = 1, the interpolation
step 2 will be needed to fulfil the integrability requirements mentioned in observations 1 and 2.

Finally, we want to mention that estimates of the form (84) with a function F., with 0 < v < 1 that
involves negative powers of |t9,;t 5| and |9,f | will allow us to obtain (in section 3.4) better Holder exponents
for the spectral density (after an integration on the sets A,(A)) than the actual local Hélder regularity
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of the generalized eigenfunctions Wy, » ; with respect to A. Indeed, Hélder estimates for Wy » ; (with a
constant function F) are limited to 0 < vy < 1/4 since the expression of Wy » ; (see (33), (32), (34) and
(35)) contains functions (k, ) = |6 |'/? that are only 1/4 locally Holder continuous in A at the vicinity

of the spectral cut where 9,?  vanishes.

The case of the functions Wy, o

In this case, we study the functions (k, \) € R? — Wy, o € H_s for (A, k) € Age and Qe # Qy,. This case
is special since Agg is a reunion of curves: k = £ kg(A) for |A| € (min(Qp, Q.), max(Qp, ). Thus, (k,A)
cannot be considered as independent variables and k is no longer a parameter. We are in fact interested
in the functions

|\ € (min(Qp,QC)7max(Qp,QC)) = Wik, (0,00

Then given [a,b] C [min(€p, Qc), max(Q,, Q)] which does not contain €, we look for estimates of the
form (these replace (84))

V ()\, A/) E [a, b]2 :> HWZ‘Z}CE(/\),)\,O - W:‘:kg()\/),A,,()”Hfs S F’Y()\’ )\/) |Al - )\|’Y, (86)
that will be obtained from pointwise estimates (these replace (85))

01, (00,0 (2, Y) = Vo 0 (2, 9) | < (1 Jzf + [y)Y £ (A N) [N = A7, (87)

for vig,(A),00 = Wak,(0),2,0 O Vi (3), 2,0 = OxWik,(x),n0- A difference between (85) and (87) is that
1+ |z| is replaced by 1+ |x| 4 |y|. However, this does not change the condition v < s — 1/2 raised in the
point (ii) of observation 2 since this is also the condition for which (z,y) — (1 + |z| + |y|)” belongs to
L? .(R?). In this case, since k is no longer a parameter of the estimate, the observations 1 and the point
(ii) of 2 of the previous paragraph are no longer relevant. However, the technical approach described in
observation 3 still makes sense.

3.3.2 Generalized eigenfunctions of surface spectral zones

From now on, the forthcoming estimates will be established for z € Z \ {Eg}, j € J, C {—1,1} and
(k, A) € Ay([a,b]) where [a,b] C R\ 0exc is such that A,([a,b]) # 2.
Also, in order to symmetrize our estimates with respect to 9;; 5 and 9,; , we introduce the quantity

Oy :=min(|0;,],10; ), for z € Z\ {EE} and (k, ) € A, (88)

Note that while 6;”%* (and positive powers of 6;"}') remain bounded when (k.A) € A,([a,d]) (in other

min

words 92}3{1 < 1), negative powers of 0i'\' blow up when (k, \) approaches a spectral cut.

Since pointwise estimates of the functions wy, x ; and Jywy, x ; have already been obtained in section 3.2
(see (68) for instance), in order to implement the process described above (observation 3), we simply
need to get pointwise estimates of their A-derivatives on A,([a,b]) (where these functions are smooth in
A since A,([a, b]) does not intersect the spectral cut). These require estimates of A-derivatives of various
intermediate quantities that are the object of the next subsection.

(I) Preliminary A-derivatives estimates.

(Ia) Derivatives of powers of |9i/\|: From (24, 25), in each A4, one has 9;/\ = a|9?f7)\| with a? = +1.
Thus, it follows
VaeR,  [0a(0;0)"] = 10a(107 5]

Furthermore, the relation |05,] = |©F, |1/2 gives:

«a « 3 «@ o—
A0 ] = 102 (8E1)] = 102 (OE12)] = |5 | [oaIOF, ] 10531772 for a e R
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As [a,b] C R\ Oexe, O is C° on Ay([a, b]) so that |05}, ]| = [0x0; | S 1. Thus, it yields
060501 = 10A (10, ) S 1031°7% V(K A) € Ay([a,b]) and « € R. (89)
(Ib) Derivatives of the Wronskian Wj, \: From the definition (26) of Wy, x and p, = po, one gets:

ol PN
aAWk,A _ AV T AV X

1
+ 67 O (*)
m 5 AT

As [a,0] C R\ Oexc, |pf| S 1, [0x(1/pu)| S 1 for A € [a,b]. Moreover |9,ﬂé>\| < 1 since 9257)\ is continuous
on Ay([a,b]). Then it follows, with (89) with a = 1:

[OAWiAl S 16,37 + 16517 (90)
Furthermore, one has 9 (1/Wi,2) = =0\ Wi.a/(We,)?. Thus, combining (61) and (90) leads to:
|91;,,\|71 + |91:r,,\|71

|OA(Wy )| S == :
o (1655 + |91i,\|)2

V(k,\) € Ay([a,b]). (91)

(Ic) Derivative of the coefficients Ay, y +1. From formula (34) and the fact that A — |\/(2u])|'/? is

C* smooth for (k,A) in A,([a, b]), one gets
O3 Ak 1] S (ONOTAIDI+16FA%) Wieal ™ + 167,12 10 (W 3)1-
Thus combining the estimate (61) for W,;/l\, (89) applied with o = 1/2, |0,T,/\|% <167 =% and (91) gives:

_s3
|91T,\| 2

1 |91;,\|71 + ‘9;,\\71
105 + 167,

(10 Al + |91:>\|)2 ’

|ON Ak x 1] S + 1075 V (k,A) € Ay([a, B]). (92)

As 07\ [V2 /(10,1 + 1675 3]) < 167 ] 7/? and we have by definition (88) of

_3 iny—3 _1 iny— 1 - _ in\ — _ i
0872 < OR) 72, 0R172 S (ORX) 72, 10,7 + 100,17 S ORX) 71 10l + 100, = 08X,

~

we deduce from (92) that

[Or Ak 21| S (OFR) 73, ¥(k,\) € Ay([a,b]). (93)
Note that moreover, if £Q. ¢ [a,b], we can exploit in (92) the fact \9,';)\\ and [0, | cannot vanish
simultaneously, in other words that |9,:' Al 4105 5| is bounded from below, to obtain the improved estimate

OnAjp 1] S ()75, Y(k,A) € Ay([a,b]). (94)

(IT) Holder-type estimates of generalized eigenfunctions for j = +1

Each Wy, » ; is constructed from wy, » ; (and its = derivative), which is itself constructed from 9, » ; (and
its  derivative). We study below the A-derivatives of these functions in the reverse order.

(ITa) Pointwise estimates the A-derivative of the functions ¢ x +1(x) and 9,9y x +1(2)

Lemma 18. Let z € Z\ {EE} and [a,b] C R\ 0exe such that A,([a,b]) # @. If £1 € J,, then one has for
all (k,\) € Ay([a,b]) the following pointwise estimates

1 1 6,
VaoeR, 8/\1/)k7/\,i1($) 5 (1 + |x\) + — : , (95)
| | (|91f,x| 10l |6‘lj:,>\|2)
Ve eR, |Oarrzi(z)| S (U J=)) ()2, (96)
Vo eR*,  |Oadutraxi(x)] <1+ a)) @)~ (97)
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Proof. As for proposition 14, we give the proof for j = 1 (which means that z € {D1,DE, DD}) and let the
reader check by simple symmetry arguments (between —1 and +1 on one hand, z < 0 and > 0 on the
other hand) that it also works for j = —1.

Step 1: proof of (95).

(i)

(i)

For x > 0, one has ¢ x1(z) = e AT (cf. formula (36)) thus:
—ot &
MYpa1(r) =—x (8,\9,;/\)(3 01\
with 9,:/\ > 0 or 9,‘;/\ € iR. Thus, combining the inequality (89) for & = 1 and |e_9;%$\ <1 yields
immediately:
Va>0, |oabeai(z)] S |91Jcr,,\|_1 |z]. (98)
For z < 0, setting gy := (9,;/\/;11')/(0,;/\/#;), formula (36) for 1y x +1 that,
Yra1(T) = cosh (0,;/\ z) — g sinh (9,;/\ z).

Therefore, one computes that

MY ri(z) = x@k(ﬁk_,/\) sinh(@,cj)\ x) — OAq sinh(@,;)\ x) — g :178)\(09,;/\) cosh(&,;)\ x). (99)

We now bound successively the three terms of the right hand side of (99). For the first term, thanks
to (89) for =1 and [sinh(f) , z)| < 1 since 0, , € iR (see (24)), one gets:

| 0x(6);,) sinh(6;, )| < 2] [0, 7" (100)

For the second term, as [a,b] C R\ 0exe, |10y /| S 1 and |0x(py /)| < 1, one obtains
ran| < ] \ 1007 A 10l 4+ 16701 103 (07,7,

which gives with (89) applied successively for a = 1 and oo = —1:

1 n |91—;>\|
NN AR I PN

O »
|Oaan| < ’0,
Y

As |0,;)\|_1 S 1050172 (since [0, > $ 1), the previous inequality simplifies to:

s £ —L— ¢ il (101)
NN S T
1Ol 16551 |9m|3
Hence, combining (101) and |sinh(0, \ )| < |0, ,||z| yields:
1 03
|Oxgx sinh(6 kAT z)| S ( + | EAL) |z]. (102)
Oixl 1Ol

For the third term, [u; |/|uf] <1 gives |gn| < |6 A/105] and \cosh(@,j;)\ z)| < 1. Thus, one gets

. N 7N RS [/ o\
3205(65,) coshb,2)| £ 2 [0 o] S 52 (103)
kA k,A

where we have used (89) with a = 1 for the last inequality. Gathering the estimates (100), (102)

and (103) in (99) gives (95) for < 0. One observes with (98) that (95) holds also for > 0 and
thus (95) is proved.
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Step 2 : proof of (96). Inequality (96) is an immediate consequence of (95) by using the bounds: |0,:',/\| <1
and [0}, < (O) 71 < (02

Step 3: proof of (97). From formula (70), we compute, using the chain rule, that for z > 0
NOuthrpa(x) = — (1— 205 ,) 0], e OhaT
so that, using (89) for o =1,
|03 0utbie a1 (2)] S 10NN OGS ]+ 1080\ | Sl + 65171 S (L J) (B8 Y,
that is to say (97) for > 0. On the other hand, for z < 0, using again (70), one has

N0t aa(z) = 8,\9;A(sinh(9,;>\w) +x0) cosh(H,;)\x))
{&ﬂ"' M)‘ + 0, ak(“—i)} cosh(f, \z) — 9+ ,u)\ OOy x sinh(0; ).
1x ’ Hix ’ 3¢

Then, since 05, € iR, see (24), 5 /it S L, |0a(ux /u)] S 1, 1071 S 1 and [0:07 ] S (82) 7 (by
(89) for v = 1), one obtains (97) for z < 0. O

(IIb) Pointwise estimates the A-derivative of the functions wy x +1(z,y) and O, wi x +1(x,y).

Lemma 19. Let z € Z\ {EE} and [a,b] C R\ 0exe such that A,([a,b]) # @. Then, for j € J,, one has
for all (k,\) € Ay([a,b]) the following pointwise estimates

V(x,y) € R, [Onwi (@) S (6372 (1+]]), - (104)

V(,y) €RT xR, (0300w, 9)] S OFX)E(L+ |al). (105)
If moreover + Q. ¢ [a,b], (104) can be improved into

3

V(z,y) € R, [Ohwe(@,y)] S (OFR) 72 (1+ ). (106)
Proof. As in Lemma 18, we give only the proof for j = 1. We naturally separate this proof in three steps.
Step 1 : proof of (104). It follows from the formula (32) for wy, x1 that:

O w1 (2, y)] S 1Akl [Urean(@)] + [Ar 1] O3t a1 (2)]. (107)

One one hand, we have the estimate (93) for 0) Ay x1, namely

5

|OrAp a1l S (OR) 2. (108)
On the other hand, we already showed (see (74) in the proof of proposition 14, used for v = 1)
Ve eR, |Ypai(z)<1+|z| (109)
Next, using |6} | + |9,‘;)\| > [0, \| in (64), we deduce
Al S 105272 S (OFF) 7%, (110)
while, from Lemma 18 (estimate (96)), we also have
Vo eR, [Oapraa(@)] S OFX) 7 (1+ |2]).

Finally, using (108, 109, 110, 3.3.2) in (107) yields (104).
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Step 2 : proof of (105). Using (32) again, one has for all x € R* and y € R:

0302w a1 (#,y)| < [ONAk a1l |Oxtoia1 (@)| + [ Ak 1] [O3Oethrx1 ()] (111)

For the first term, we have to be careful since using directly would lead to a non optimal estimate. Instead
of this, we have to take profit of the cancellation of terms when doing the product of the two estimates
(71) (established in section 3.2, proof of proposition 14) and (92), namely

__3
0] 2
|0\ + |91:>\|

1 |0 Al ™+ |9/:F,A|71

Dbt (@) K10, +105,]  [0vAkaal S —
| |3 1Bual+ 10 (1052] + 165 31)2

+ 105

which yields

1 |9];,/\|_1 + |91Jcr,>\|_1

O3 Apn 1| [0atrr,1 ()] S 103372 + 10732 =2 — S (01 2. (112)
05|+ 16,
The second term is easier. We simply combine (110) with the estimate (97) of Lemma 18, namely
|30 ()] S (L4 o) ()7
to obtain o,
| Ak a1l |030atr a1 (2)] S (1 + |2]) (B2X) 72 (113)

Finally, (105) follows from (111), (112) and (113).

Step 3: proof of (106). Since £ Q. ¢ [a,b], we can use the improved estimates (94) for 9y A x1 (instead
of (93)) and with (107) and (109), one obtains:

3

|Oawi a1 (2, y)| S (eirclfi,\n)_é(l +[2]) + [Ag 1] ‘8/\%,,\71(»’3)‘- (114)

For the second term of the right hand side of (114), combining (64) and (95) leads to:

_ 1
|9k,,\|2 1 |91:,\|

+ -1 -2
‘ak,A‘ |9k,,\|2 |0k,/\|2

A 10301 (@)] S (0] + 168007 ) (L4 Ja]), Vo € R,

We point out that in the last expression, we use the more precise inequality (95) instead of (96) to
simplify in the product a |0, |72 term. As (|0, | + |6 )7 < 1 (since £Qc ¢ [a,d]), |07 ,] < 1 and
|9,f/\|’1 < (9,‘21\“)’1, one deduces that:

[Araal Orda (@) S (672 (1+ [2]), Vo € R. (115)

Combining (114) and (115) yields finally the estimate (106). O

(IIc) Holder-type estimates for Wy 5 1.

We are now in position to prove our “Hoélder type” inequalities for Wy y 41.

Proposition 20. Let s > 1/2, z € Z\ {EE}, v € (0,1] N (0,s — 1/2) and [a,b] C R\ gexc such that
As([a,b]) # @. Then, there exists C, , > 0 such that for j € Jy:

Wi = Wi sllae_, < CL, sup (B28)73727 [N X7, ¥(k,A), (K, N) € Ay([a,0]) and A < . (116)
Xe\N]

If moreover, £Q. ¢ [a,b] , then there exists C;b > 0 such that for j € Jy:

[Winj = Wil <C7, sup (9‘1:3“)’%’7 IN =AY, V(k,N), (k,\) € Ay([a,b]) and X < N'. (117)
bERY
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Proof. We detail the proof for j = 1 (j = —1 follows by “symmetry arguments”). Let us first prove (116).

We proceed as explained in observation 3 at the beginning of this section. First of all, by using the mean
value Theorem and the estimate (104) for dywy,  1(x,y), one gets:

Jwix 1 (@, y) = w2, 9)] S (L4 Jal) sup (B75)72 [N = Al (118)

< )

XeAN]
On the other hand, from the pointwise estimate (68) for wy 1, we also have (by simply bounding the

modulus of the difference by the sum of the moduli):

iny— 1
lwi 1 (2, y) —weaa(z,y)| S sup (GX) 2. (119)
XEAN]

Interpolating between (118) and (119) with v € (0,1] , we get, as v (=2) + (1 —=y)(—3) = -1 — 2,
Jwx 1 (@, y) = w1 (@,9)] S (L4 [2])? sup (67372727 X = A (120)
Xen V]
Thus, as z + (1 + |x])7 € L? ,(R?) thanks to v < s — 1/2, (120) implies:
lwkn = wenillzz zey S sup (BF)727 [N =AY, V(k,\), (k, V) € Ay([a,b]) and A < X, (121)
Xe[AN]

With the additional assumption that +Q. ¢ [a,b], we can use the better inequality (106) for dywg, i1
instead of (104) , which leads to an improved version of (118) where —5/2 is replaced by —3/2. Interpo-
lating again with (119), one obtains that for any v € (0, 1]:

we vy —weaallze g2y S sup (92&“)_%_7 N = AP, Yk A), (R, X) € Ag([a,b]) and A < X' (122)

Xe[\N]

The estimate (121) (resp. (122)) is nothing but the inequality (116) (resp. (117)) for the first component
w1 of Wy 5 1. It remains to show similar estimates for the other five components of Wy, » 1.

According to (33), the second component of Wy, 1 is k(A py) P wg x 1. On one hand, the coefficient

k(X )"t is bounded and smooth on the compact set A,([a,b]). On the other hand from (69), one has
for a = or 2:

lwiaillz 2y S OER) V2 S sup (B75) 727 V(K A), (k) € Ay([a, ).
XENN]

Thus, from (121) (resp. (122)), one derives for the second component (seen as the product of & (X uy) ™!
by wy,x,1) an Holder estimate of the form (121) (resp. (122) if £Q. ¢ [a,D]).

The third component of Wy, » 1 is given by i/(ux A) dywg x1. We first establish an estimates of the
form (121) for O, wg, 1. To do so, we proceed as for wy, » 1 at the beginning of this proof. First, by using
the mean value Theorem and the estimate (105) for 0)0,wy x.1(,y), one gets:

|0swk,x 1 (2, y) — Opwi a1 (z,y)| S (14 |z[) sup (9;:15\11)—% I = Al (123)
XeAN]

which is “better” than the same for wy x1 (cf. (118)) since (92“’{‘)_% is replaced by (9}2;“)_%.

On the other hand, it follows from the estimate (72) (since |A ux| < 1) that
[(Orwi, a1 — Opwi x1)(, )| < |0zwi a1 (2, y)| + [Opwr 1 (7, y)| S \91;,\\% + |9;;,\/|% S L (124)
The interpolation between (123) and (124) leads to

i _3
|Ozw 1 (2,y) — Qw1 (@,y)| S (L4 [2)T sup (675) 727 [N = A7,
Xe[\N]
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and yields

||6wwk:,)\’,1 — Uz

sup (0™) 7Y [N =], V(k, ), (k,X') € Ay([a,b]) and A < X. (125)
xeaa]

Moreover, (124) implies that [[Ozwk 1Lz g2y S 1 and A i/(ux A) is smooth in A on Ay([a, b]). Thus,

the third component i/(ux ) dzwi a1 (seen as the product of i/(ux ) by Oywy x1) satisfies also an
estimate of the form (125). We point out that

) S o ey <1

thus the weaker estimates (121) and (122) hold for the third component (which is less singular than than
the first one).

Finally, the last three components are 0 for x < 0 and proportional with a coefficient that is smooth
and bounded in A to the first three components for > 0 (see (33)). Thus, the estimates on these
components are obtained by using the estimates on the three first components and (62). O

3.3.3 Generalized eigenfunctions of the lineic spectral zone

According to what we said in section 3.3.1, in order to obtain the desired H_,-estimates (86) for Wy x o
via the pointwise estimates (87), we shall first obtain estimates of the A-derivatives of the functions:

A= Wigpya0(@,y)  and A= Qpwig,(a)x,0(T,Y)- (126)

By parity arguments in k, we only need to give the proofs of these estimates for k = kg()\).

The forthcoming estimates will be established for Q. # Qy,, Z = EE, j = 0 and (k,\) € Agg([a, b))
where [a, b] C R\ 0ex is such that Ags([a, b]) # @. In particular, £Q, ¢ [a, b] which ensures that Ay ([a, b])
is a bounded subset of Agg, whereas the fact that 0 ¢ [a,b] implies that all points of [a, b] have the same
sign. Moreover, as Agg([a,b]) does not intersect the lines A = 0 and A = +Q,,, the functions A — py (A)~!
and A — A~! are bounded and C°° smooth with respect to A on the compact set Ag([a, b]). Concerning
the regularity of the function A — ky(\) (defined by (28)) that appears in (126), it is continuous (by the
bijection theorem) on [, +oo[ with value kg () = k. at A = Q.. Furthermore, as Ay is C* on [k, +o0]
and A (k) # 0 on this interval, using the inversion theorem, A — kg(A) is C*° on (€, +oo[ but also on
[Qc, +oo[ since A (k) # 0. As kg is even, kg is C™ for || € [Q,+oo[. It implies in particular that
(V] S 1 and B, (0] S 1o Age([a,5).

(I) Preliminary A-derivatives estimates.
(Ia) Derivative of powers of Hlj;)\.
A (0521 S (00772 ¥ (R A) € Ase([a, b)), (127)

(where we recall that 9; y > 0in Agg, see (24,25)). Using the chain rule formula, one can write somewhat
abusively (see Remark 21):

ONOE ()" = OOF () ) F = 5 [OOF () \ ke + rOF () 1| 05 1) )2 (128)
The quantity inside brackets is a continuous function of A and is thus bounded, hence it follows that
+ -2
‘3A ks(A),A | ~ (ekg(k) /\)a

This yields (127) since the dispersion relation (26) (or equivalently the definition of Agg):
91;@) y =iy /M,\) Es(A),A

molies - +
implies that ek.‘;(x),)\ < ka()\)y/\.
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Remark 21. The reader will note that in sections 3.3.3 and 5.4 the symbol 0y, is used somewhat abusively
for the total derivative d/d\ except in equations (128) and (207) where BA@i()\) \, is the partial derivative

in A of the function (k,\) — @i)\ evaluated at (kg(N\), \).
(Ib) Derivatives of powers of A xo: we show that
|OsAixo| S (0F0)72, V(k,A) € Aue([a, D). (129)
We first rewrite the expression (38) of Ay (x),x0 in the form
At yao = (6 ) 2)F Be(V),
where A — Bg(A) is of class C* in [§)., +00). Differentiating with respect to A, one gets:
NAk, (N0 = aA(9 L, ,\) Bg(A) + (92(,\ ) OrBg(N).

As Bg(\), 0xBg()), and 6 ),» are bounded in [a, b], using (127) for o = 1/2 we deduce (129).

kn(N),

(IT) Pointwise estimates of 0, (wkv,\,o(x,y)) and 9, (83,wk7>\,0(x,y)).
Lemma 22. Let Q. # Qn and [a,b] C R\ Oexc such that Ags([a,b]) # &. Then one has for all
(k,A) € Agg([a,b]) the following pointwise estimates:
Vi) € R [oa(wiao(@ )] S 05072 (el + lyl), (130)
V(@y) R xR, [0r(@wro(@, )| S (G507 (14|l + [y]). (131)
Proof. Step 1 : proof of (130). From the expression (32) of wy, ()10, one has
107 (Wry (3),0,0 (T 1)) | < |05 (Ak(0,0,0) Yr (0,00 (@) | + [Ake(0),0,0 Ox (P, g 1,0 (@)=Y | (132)

We bound now the two terms of the right hand side of (132). First, |1y, (x)x0(2)] = e ronao(@) |2l <
(cf. (38)), thus by (129), one gets:

|OA (Aky(3).2,0) Y. ) 20 @) S (0 3 1)~

Then, for the second term, one computes the expression of Jy (wkh(k)y,\yo(x)eikE(’\)y):

3
2

(133)

O\ (W, (3) 2 0() VY = {JF N AT +iké(/\)y} Uryno(@) e for +2>0,ye R (134)
As [thr, a0 (@)] <1, [kp(A)] S 1 and Hk DA S < 1, by applying (127) for a = 1, it follows:
|0A Wk, (), 20(2) )] S (] + [y]) (9;;@),,\)_17 V(z,y) € R®.

The coefficient Ay, (x).x,0 satifies [Ag, (x)x0] S 1 (see (37)), hence it leads to

[ Ak (39,2,0 O3 (Y, 00, 2,0(@)) ] S (2] +[y]) (O, 3y )7 V(z,y) € R (135)
As (9;;()\)’/\)_1 < (HIZ(A)’)\)_?’/Q, combining (132), (133) and (135) yields the estimate (130).
Step 2 : proof of (131). From the expression (32,37,38) of wy, (x),x,0, One has

Oz Wi, () 2 0(T,Y) = $9i(>\),,\wkﬁ(>\),>\,0($vi‘/) for £ > 0 and y € R.

We let the reader show, by deriving in A this product, that (131) is a consequence of the estimates: (127)
for « =1, (130) and

|‘9 ,\),\\ S1 and |wkE()\) AO z,y | = AkE()\)AO Vi, ,\),\o( ) S V(%y) € R?
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Thanks to the previous estimates, we are now able to give Holder type inequalities for Wy » o in the
following proposition.

Proposition 23. Let Qo # Qun, s > 1/2, v € (0,1] N (0,s — 1/2) and [a,b] C R\ 0exc Such that
Agx([a,b]) # @. Then, there ewists a constant C), > 0 such that for all (£kg(\),\), (£ke(N),N) €
Ags([a,b]) and X < X, one has:

1— _3
||Wiku()\/)7)\’,0 — Wik.‘;()\),)\,OH’H_S < C;b . sup (021(5\)7:\) 2 i sup (91—;(5\)75\) 27 |/\/ _ )\|7 (136)
e Xen]

Moreover, if +Q¢ ¢ [a,b], there exists C) , > 0 such that for all (£kp(N), N), (£ke(N), X) € Age([a,b]) and X <
N
Wi, xya0 = Waroyaolla . <O, IN = A7, (137)

Proof. Step 1: proof of (136) and (137) for the first component wy x o0 of Wi 0. We use in this proof
the notations k = kg(\) and &' = ky(\’). From the mean value Theorem and the estimate and (130) (and
the parity of Hlj)\ with repsect to k), one gets:

sk v 0(@,9) = wekao(@y)| S L+ el + o) _sup (67 5 )73 IV =N, Vio,y) R (138)
Xepay

Then using (76), one immediately obtains:

ik o(2,y) = wepao(@ )| < (05 ) + (05,)F < sup (05 5 )F (139)

Thus, interpolating inequalities (138) and (139) leads to

1—~ 3y

[wirr a0(7,y) — wakao(z,y)| S sup (9,j(;\) 5) 7 sup (92(;) 72 N AP+ 2]+ Jy))7,

Xepoa) D XenN] ’

for all (x,y) € R2, (k,\), (K',\) € Age([a,b]) and A < X and v € (0,1]. As (z,y) — (1 +|z| + |y|)” €
L? (R?) for 0 < v < s — 1/2, one obtains:

|wak yv0 — Wik rollLzre) $ sup (9;(;\) ;)ITV _sup (9,::(;)7;)_% A=A, (140)
AENN] AENN]
for (k, ), (K',N) € Age([a,b]) and A < X and v € (0,1] N (0,s — 1/2). Now, if one makes the additional
assumption that Q. ¢ [a,b], it implies that the crosspoints do not belongs to the set Agg([a,b]). Thus,
Agg([a, b)) is not only a bounded set but also a compact set of Ag; where 97{) ) is a continuous function
that does not vanish and therefore the estimate (140) simplifies to

||w:|:k/7)\/70 — wik7A70||L§(R2) S ‘)\/ — >\|Ar (141)

(140) and (141) are nothing but the estimates (136) and (137) for the first component wy, » o of the Wy, 5 o.

Step 2 : Generalization to other components. The estimates of the other components can be performed
in the same way. More precisely, the second component: kwy x0/(aA) is the product of the smooth and
1

bounded function A +— k/(uaA) for (k,A) € Agp([a,b]) by wix0. Thus, as [[wg ol L2®2) < (0;‘,/\)5 (by
(76)), an estimate of the form (140) (resp. (141) if £Q¢ ¢ [a, b]) is derived for kwy, x,0/px by using (140)
(resp. (141) if £Q. ¢ [a, b]).

The third component is the product of the partial derivative of dywy x,0 by i/(px A). Thus, in a first
time, one performs exactly the same reasoning as in step 1 by using the second estimate of (76) and (131)
(instead of (130)) to obtain the estimates (140) and (141) if £Q¢ ¢ [a,b] but for dy w4y x o instead of
Wik x0- 10 a second time, using again the second estimate of (76), one observes that the multiplication

by the smooth and bounded coefficient in A: i/(px A) only change the constant C7, in these estimates.

Finally, the last three components are 0 for x < 0 and proportional with a coefficient that is smooth and
bounded in A to the first three components for x > 0 (see (33)). Thus, the estimates on these components
are obtained by using the estimates on the three first components and (75). O
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3.4 Proof of Theorem 9
3.4.1 The various components of the spectral density

We have now all the ingredients to prove the Holder regularity of the spectral density, that is to say
the local Hélder estimate (55) for [a,b] > A +— My € B(H,, H_,) where [a,b] is a bounded interval of
R\ 0exc. We are going to prove this estimate for the various components of the spectral density which
appear in its expression (49) (if Q. # Q,), that we rewrite in the form

M, = Z M5  where (142)
z€Z
%\U = Z / <U,Wk7)\’j>s Wia;dk ifzeZ \ {EE} and (143)
jed, ? M)
MEU = > Ju(A) (U, Wer0)s Wrro, (144)
ke Am(X)

where the last component MY” has to be removed if Q. = Qu, (see (53)). Thus the aim of this section is
to prove that for all z € Z and all 7 € ', ) (see (18)), we have

VAN € ab], MU -MRU|,, S N = A |U|la.. (145)

The fact that the set I', 5 of possible Hélder exponents depends on [a, b] will become clear in the following.
We must distinguish three cases, denoted by (A), (B) and (C), depending on the position of {+, £}
with respect to the interval [a, ]:

(A): [a,b] N {£Qe, £} = 2,
(B): [a,b]N{£Q%)} # @ and [a,b] N {£Q} = &, (146)
(C): [a,b]N{£0) £ 2.

The reader will easily check that these cases are mutually exclusive and cover all possibilities. According
to (18), we have

_ (0, min(s — 1/2,1)) in case (A),
[a,b] ‘= (0,min(s —1/2,1/2)) in cases (B) and (C).

In the following, §3.4.2 and 3.4.3 are devoted to the proof of (145) for z € Z\ {EE}, whereas §3.4.4 deals
with the case Z = EE. Recall that the points of gexe (see (12)) are always excluded from the considered
interval [a, b] C R. Moreover, as I', ;) depends on whether [a, b] contains +8, or £, we will assume for
simplicity that when [a, b] contains one of these points (that is, in cases (B) or (C)), it is located at the
boundary of the interval, i.e., equal to a or b. There is no loss of generality since, in order to prove (145),
it suffices to prove the same property separately for two intervals [a, c] and [c, b] with ¢ € (a,b). Then,
(145) follows from the triangle inequality and the fact that

YA€ [a,d, YN €e,b], [N =] +lc— AP < 2N = A7

3.4.2 Components related to the surface spectral zones

We focus here on the proof of (145) for z € Z \ {EE}. From (143), we see that we have to estimate
the difference between two integrals defined of different domains, one on A,()\), the other on A,(\).
Each of both contains a common part Az(A) N Az(N\) and an own part, respectively, Az(A) \ Az(N) and
A, (M) \ Az(N\) (some of these sets may be empty). Hence we can write

Mi/U - M%\U == Dg\ﬂ)\’U + Di'\AU - Di\)\/U, (147)
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Figure 2: Case where Q,, < Qe and [a,b] C (2p, Q).

where we have denoted

DiU = Z U7Wk,x,j>s Wi — (U, Wi aj)s Wk,m‘} dk, (148)
)\ !
fe7, I ana. o)

DU =Y / (U, Wiz j)s Wiy dk. (149)
fe7, AN ()

Figure 2 illustrates the various sets involved in these integrals in the particular case where
O < Qe and  [a,b] C (Qp, Qo). (150)

In this situation, we have App([a,b]) = Apg([a,b]) = &, so that (145) has to be proved for z = DI
and EI. For A and X in [a,b] with A < X, the gray areas in Figure 2 represent the sets A,([A, A'])
for z = DI and EI (more precisely their intersections with the half-plane k& > 0), whose lower and
upper boundaries are respectively A,(\) x {A} and A,(\') x {\'}. The common part of the domains of
integration corresponds to the rectangles in light gray defined by (A,(X) N A,(X)) x [A, X], whereas the
own parts are associated to the triangles in dark gray. For z = DI, we see that Ap(\) \ Ap(N) = @ while
Api(N) \ Api(A) = (ko(A), ko(XN)) corresponds to the upper boundary of the dark triangle. For z = EI,
the situation is reversed: Ag(N) \ Am(A) = @ while Ag(A) \ Ag(A) = (ko(A), ko(N)) U (k(N), k(X))
corresponds to the lower boundaries of the two triangles.

Step 1. In the general case of an interval [a,b] C R\ 0exe, we first consider the part (148) associated
with the common domain of integration. Let us prove that it satisfies the Holder estimate (145), i.e.,

VAN € a0, [D5an Ul S IV =AY U], (151)
for v € I'lq 3. Using the equality

(U, Wenj)s Wearj — (U, Wi j)s W
= (U, {Wix;—Wix;Hs Wi, + (U, Wixi)s {Wra ;i — Wit

we infer that

D5nUlly . < Z/ da (k) dk) U3, where (152)
jed, J Ma(MNAL(N)
da (8 = Wi illag .+ Weonsllag, } IWeons = Winsllag - (153)

We see here that the Holder regularity of D%.,, requires both the pointwise estimates and the Holder
regularity of the generalized eigenfunctions. Indeed, dy (k) can be estimated thanks to Propositions
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14 and 20. We rewrite inequalities (62) and (63), as well as the Holder estimates (116) and (117) in the
following condensed expressions, valid for v € (0,1] N (0,s — 1/2), j € J, and for all (k,\) and (k,\') in
Ay([a,b]) with A < N

Wil S16:3]" and (154)
Wi — Wk,A,jH,Hﬂ < sup (gzrfi:\n)a’ I AP,
XN

where we have denoted

(0 0) i { (=1/247,-1/2 —~) %f [a,b] N {£Q.} = &, (155)
(—1/2,—1/2 — 27) if [a,b] N {£0) # 2.

Combining these estimates, we obtain

dxxv,i(k) S ( sup |t9]~C 1 ) <~ sup (9“?“1) ) I — A
Xe[A,N] AE[AN]
Hence (151) will be proved once we have verified that the integral on A;(A) NAz()\') of the above product
of suprema is bounded by a constant depending only on a,b and ~. This is the object of Lemma 24
presented in §3.4.3.
Step 2. Let us prove now the Holder regularity of the part ]D)g\\ y defined in (149), that is,

AN €abl,  [DAaUl, S I = A U]l (156)

We no longer assume here that A < X', which allows us to simultaneously treat both quantities Dy
and Dy involved in (147). We are going to see that property (156) follows now from the smallness of
the domain of integration (as |\ — A| — 0) and the bounds of the generalized eigenfunctions given by
Proposition 14.

From the definition (149), we have

D%, U E / W kX, k) U ||, -
H w Hﬂ ’ jed, T A(\AL(V) | ]H""
Using (154) then yields

D3Ol < (X /.

05312 k) T ..
jed, T B (AI\AL (N

The object of Lemma 25, that is also presented in §3.4.3, is to prove that

>/ O dk S N = A
A,

e R VCIVHED!

for any « € I'(4 3], which completes the proof of (156). Combining (147), (151) and (156) shows (145) for
z € Z\ {EE}.

3.4.3 Two technical lemmas

We gather in this subsection the results about integrals of functions 0 k. and 0, A that are needed in the
above proof of the Holder regularity of the components of the spectral density which are related to the
surface spectral zones. The main ingredients are the estimates (78) and (79).

Lemma 24. Let z € Z\ {EE}, [a,b] C R\ 0cxe and v € Ty 3. Then for j € J, and for all A\, \' € [a, b]
such that A < X, we have, with o and o defined in (155).

/Az()\)mAZ(N) ( o |9’:j/\|a) ( sup ( iriiin)a,> dk S 1. (157)

Xe\N]



Proof. We distinguish here the various cases (A), (B) and (C) defined in (146), which will be themselves
divided in several subcases. In most of the subcases, the estimate (157) will be deduced from a stronger
result, namely (the fact that (158) implies (157) is explained just below)

/ sup |04 " dk <1 and / sup [0 |” dk <1, (158)
A ()NAL(N) Rean] Az(M)NA(N) Xeaa]
where

B :=min(a,0) + ¢/ = min(-1,—-1/2 —v) < —1. (159)

However, in some particular subcases, (158) will not be true any longer and (157) will have to be proven
directly in a different manner that will be explained separately.

To see why (158) implies (157), we remark that [6;, |~} < (02}&“)*1 implies |t9,f)\|°‘ < (9};‘1{“)0‘ if @ <O.

On the other hand, |9,j;>\| being bounded, |;5,|* < 1if a > 0. Gathering these two observations gives

4+ | in\ min(a,0)
_sup |0k,/~\| S sup (92“;) )
XEAN] XeAN]

Consequently, by definition (159) of g8

Csup (0,31 sup (077 S swp (07" swp ()" = sw (7).
Xepaya) XenN] ’ Xe[AN] ’ Xe[AN] ’ AEAN] ’

The last equality being true because both min(a,0) and o’ are negative.

It is thus clear that (157) follows from (158) since sup (lecnij\n)ﬁ < sup |02'5\|ﬁ + sup |9k_5\|ﬁ.
Xeaay xepay Xeaag
We shall also use the fact that, since § < 0, raising (78)—(79) to the power —8 > 0 yields
- |8 3 3y (8/2 B 3\ (872 3\ (872
|9k,5\| < ko(N)?2 ||k = ko(N)|77, |9,jj| < KT |kl = KT (N)]7 (160)

Case (A). This corresponds [a,b] N {£Qc, 0} = @ and T,y = (0, min(s — 1/2,1)) (cf. (18)). We
shall additionnally consider the particular case (150) illustrated by Figure 2. The reader will rely on the
authors about the fact that this case actually involves all the technical difficulties that can be met in all
other situations of case (A).

In this particular case, we are going to prove (158) for z = EI and DI, the only zones that intersect
[a,b] x R (see Figure 2). In the following, A and A denote two points of [a, b] such that A < X.

(i) The case z = DI Figure 2 shows that Ap(A) N Api(N) = (=ko(A), +ko(N)). As kT(X) = k(\) (by

definition (77) of kT ()\) for |A| < min(Q, Uy )), and as both functions ko(A)?/? and k(\)?/? are bounded
(since {0, £y, £Q} N [a,b] = &), we deduce from (160) that

— |8 3\ [B/2 B 3\ [B/2
(@) 10,517 S (1Kl = koD%, @) 167517 S |1kl = (2] (161)
We next prove successively the two inequalities of (158).

(i.1) As the closure of Ap([a,b]) does not intersect the spectral cuts |k| = ki(\), the right-hand side of
(161)(b) also remains bounded whatever the sign of 3, thus

sup |0+~

<
~ . Ay < 1.
AEN\N]

As A+ ko(A) is bounded on [a, b], this yields the first inequality of (158).
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(i.2) Oppositely, the right-hand side of (161)(a) tends to +co when |k| approaches ko(\).

However as \ — ko()) is increasing on [a,b] and 8 < 0, A — ||k| — ko(A)|?/? is decreasing and therefore

sup. \9 7S Ik = RV,
SelAA

from which we de deduce that

+ko(A) +ko(X) 2k (\ B/2+1
[ s o ans [ = k| an = 2RO (162)
—ko(\)  ReAA] —ko(\) B/2+1

which is bounded since £/2 +1 = min(1/2,3/4 —v/2) > 0 for any v € (0,1]N (0,5 —1/2) i. e. v € T[4 ).
Hence the second inequality of (158) is proved.

(ii) The case z = EI. In this case Ag(A) N A (N) = (ko(N), ki(AN)) U (=ki(X), —ko(N)). By parity in &,
to prove (158), it suffices to consider the integrals on (ko(\'), ki (\')). We use again inequalities (161), but
now both right-hand sides tend to 4+oco when |k| approaches ko(X) or k(X). Let us show only the first
inequality of (158), the second one can be treated in the same way. As this time X — k;()) is decreasing
on [a,b], A — | |k| — ki(X)|?/2 is increasing. As a consequence,

2
sup 185175 I = k)
PSP
from which we infer that, since /2 +1 > 0 (cf (159))

k(X)) k(A N /241
/ sup |9+ dk < / |Ik| — )|ﬁ/2 dk (k(N) = ko(N)) <1
k =

o(N) Xe\N] kA ko(\) B/2+1 ~

that is to say the first inequality of (158).

Case (B). In this case, [a,b] contains +Q¢ or —Qe, not £ and ', ;) = (0, min(s — 1/2,1/2)). To fix
ideas, we suppose that Q. > Q,,, but it is easy to reproduce the same argument if Qo < Q.

According to the last paragraph of section 3.4.1 and parity, we can restrict ourselves to a = €, or b = §

(B1) [a,b] = [, b]. This case is illustrated by Figure 3 (left) which shows that we have to prove (157)
for z = DD and DE.

(i) The case z = DD. Figure 3 (left) then shows that App(A) N App(N) = (=kp(A), +kp(N)). As in case
(A), we shall prove (158).

Note first that the second inequality of (158) is easy in this case, since, as the closure of App([$2,b]) does

not intersect the spectral cuts |k| = ko()), the arguments used in item (i.1) of case (A) for proving this
inequality apply with obvious changes.

The main difference with case (A) concerns the first inequality of (158). Indeed, the function kT (NP2 =
ky»(X)?/? is no longer bounded in [Q, b] (since kp(A) vanishes at A = ), so that (161) is no longer true.
We can use instead (160) that gives, since kT (\) = kp(A) for A > Q. (cf. (77))
5 < 5 \18/2
VA€ 90, VI £ kN, 05517 < k(072 1K) = (V)]

As A — kD(%) is increasing on [, b], the function in the right-hand side of this inequality is a decreasing
function of A\ € [, d] for any k € (—kp(A), +kp (X)), therefore

sup [6F5|7 < k() ||k — ko (V)] 7%,
XEMN] k.

38



ADD ADD

Q. ADE A

\ AN Ave

R~ R R

k(M) ko (V) ko(\)  ko(N) - ko(A) ko(X) Tk

Figure 3: Case where Qy,, < Qe with [a,b] = [Qe, ] (left) and [a, ] = [a, Q] (right).

We deduce that

+kn(N) +kp(X) B+1
[ s sl ks k2 [ - w7 ak= 2R
k(N Repn] (V) B/2+1

which proves the first inequality of (158) provided that 8 + 1 = min(0,1/2 —+) > 0. This is why the
possible Holder exponents « are restricted to the interval (0, min(1/2,s — 1/2)) in this situation (recall
that v = 1/2 is not considered here, see Appendix A.2).

(ii) The case z = DE for which Aps(A) N Aps(N) = (ko(V), ko(A) U (—ko(N), —kp (V) and Jes = {1} (by
(29)). Again, by a parity argument in k, to prove it suffices to consider the integral over (ky(X\'), ko(A)).

The main difference with previous cases is that we can no longer prove (157) through (158) since the first
inequality of (158) becomes false. Indeed, unlike for the case (B1)(i), the measure of A,(A) N A,()\) does
not shrink to 0 when X' — QF which makes the first integral of (158) divergent. That is why we shall
use an alternative couple of inequalities namely

ko(A) o + e ko(X) 1
/k __sup ‘Gk’j\’ _sup ‘%,X‘ dk <1 and / _sup ‘ij\} dk <1, (163)
p(N) €[N N] AE[AN] kn(N) €[N\

where we recall that & = —1/2 4+ v and o/ = —1/2 — 7, so that a + o/ = —1.
The first inequality of (163) is derived from (157) for j = 1. More precisely,

sup () < sup 161+ sup |6, 5|”

e xepay AEAN]
so that, using o + o/ = —1 with a, a’ < 0, one gets
: - 1*. g iny o’ . e T - + e
_sup |9k’5\‘ - sup (92“5\“) < sup |9k,:\| + sup |9k’5\|0‘ - sup ’916,5\
XenN] XenN] e e XeAN]

which shows that (163) implies (157) for j =1 .
Let us now prove (163). For the second inequality, we can use the arguments of item (i.2) of case (A).
Only the first inequality requires a new argument. We look separately at the integrand in the left-

hand side of the second inequality of (163) on the intervals Iy := (kp(X), (kn(X') + ko()))/2) and I :=
((kn(N) + ko(X))/2, ko (X)) respectively. More precisely:
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’
[e3%

e In Iy, |9;5\|_1 is bounded so  sup ’07~|a~ sup ’0:5\ “ < sup ‘925\ ,
k xeaay xeayay Xepaway

o In I, |0]:r;\ ~1is bounded so  sup |9;;\|a- sup |9:/\ “ < sup |0;5\|a
’ xepay XeN] xepay

From the above observation, we deduce

/kO()\) | |a | 4o ko(X) | ’a ko(X) | o
sup |0 - sup |07« dkﬁ/ sup |0 - dk+/ sup |0F dk. (164)
ko(N) Xen ] kA XeN] k.2 kn(N) Xen\] kA ko(N) Xe[nN] kA

Using again the arguments of item (i.2) in case (A), we see that the first integral of the right-hand side of
(164) is bounded. For the second integral, we come back to the definition (25) of §;", which shows that

’

Yk > kp(N), 0/ of _ (k2 — kD(;)z)a/m < (k—kp(N)"

’

Since o < 0, as A — kp(\) is increasing on [, b], (k — kD(S\))a is increasing and therefore

’
(03

s (07| < (k= oY)
AENN]

The right-hand side of this inequality is integrable in the interval (ky(X\'), ko(A)) provided that o/ > —1,
that is, v < 1/2. This completes the proof of (163).

(B2) [a,0] = |

a,€e]. Figure 3 (right) tells us that we have to prove (157) only for Z = DE and that
Ao (3) N Ape(X) =

(=ko(A), +ko(A))-

The treatment of this case is similar to the case (B1)(ii) : instead of (157), we shall prove the stronger
estimate (that differs from (163) only by integration bounds)

ko()) ko (M)
/ sup ‘9;5\’0‘ sup ‘9+ | dk <1 and / sup ‘97
0 0

1
) ’ ) m} dk < 1. (165)
AE[NN] AE[NN] AENN]

The second inequality of (165) is treated exactly as in the item (i.2) of case (A). For the first one, as in
the case (B1)(ii), by splitting (0, ko())) into I1 = (0,ko())/2) and I = (ko(A)/2, ko())) to separate the
singularities at k = 0 and k = ko()), one shows with the same arguments that the inequality (164) holds
by replacing the interval of integration (kp(\'), ko(X)) by ((), ko(/\)). Then, using the arguments of item
(i.2) in case (A), we see that the first integral of the right-hand side of (164) (with this new interval of
integration) is bounded. For the second one, from the definition (77) of kT (), we have

(k) € (R x [, 00) V(0,001 [0 = (124 e )

and o'/2

sup |9+ ‘ (k2+|k+ | ) < ko

XEMN]

is integrable in the interval (0, kg(\)) provided that o/ > —1, that is, v < 1/2. Thus the second integral of
the right-hand side of (164) with interval of integration (0, kg()\)) is bounded. This completes the proof.

Case (C). It remains to study the case where [a,b] contains +€)., more precisely when a or b is equal
to £Q.. Fortunately, all the work has already been done in case (A). The same lines are still valid in
the present case, the only difference is that the parameter 8 defined by the first equality of (159) is now
equal to f = —1 —2v (see (155)).We have seen that the boundedness of both integrals in (158) is ensured
provided /2 +1 > 0 (see (162)), which explains why the possible Holder exponents « are restricted to
the interval (0, min(1/2,s — 1/2)) in this situation. O
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Lemma 25. Let z € Z \ {EE}, [a,b] C R\ 0cxec and v € Tqp). Then for all \, N € [a,b], we have

Z/ A AR S IV A, (166)

157, MO0
where o is defined in (155).

Proof. We distinguish again the cases (A), (B) and (C) defined in (146). In order to use Figures 2 and 3,
we assume again that A < X and prove separately (166) for the domains A,(A)\ Az(N) and Az(A)\ Az(N),
which amount to the statement of the lemma.

Case (A). As in the proof of Lemma 24, we can restrict ourselves to the particular situation (150)
illustrated by Figure 2, which is representative of all cases where [a,b] N {£Q, £0Q.} = @. We have to
prove (166) for z = DI and EI.

(i) Let us start with the case z = DI for which J, = {—1,+1}. Figure 2 shows that Ap(A\) \ Ap(N) =@
whereas Ap(A) \ Api(A\) = (ko(A), ko(N)) U (—ko(N), —ko(A)) whose measure is 2(ko(\) — ko(A)). Since
|k| does not approach the spectral cut |k| = ki (\), \Hk +|?* < 1 whatever the sign of a. Therefore,

/ 91
o (AN A (A)

since A — ko(A) is differentiable in [a,b] and v < 1.

k< ko(N) — koW S N = A S IV = AP,

For 0 ,,, |k| can approach the spectral cut [k| = ko(\'), thus [0, | ! is no longer bounded. Nevertheless

min(2a;,0) 5 ||k| . ko()\/) 547 & = min(O[,O)7

’916 by ~ ’0](5 A

where the first inequality holds because ¢, , is bounded and the second one follows from (78). Thus

/ \9,; N
ADI(A/)\ADX(A)

As &+ 1 =min(y +1/2,1) > =, inequality (166) follows.

ko(N) ) _ )
**qk < / k| = ko(N)| " dk S (ko(N) — ko(X) T S IV = N*FL (167)
ko (\)

(ii) Consider now the case z = EI for which J, = {—1}. Figure 2 shows that Ag(\) \ Au(N) = &,
whereas Ag(A) \ Ag(N) is composed by the set (ko(A), ko(A)) U (ki(N), k(X)) and its symmetric with
respect to k = 0. For each interval, we can use the same arguments as in item (i), depending on whether
k approaches or not the spectral cut near which |9,:' /\|2“ becomes unbounded.

Case (B). We examine now the case where a or b is equal to ££,. As in the proof of Lemma 24, we
assume that Qe > Qy, and detail the proof for a = . (Figure 3) (the other cases can be done analogously).
We have to prove (166) for Z = DD and DE.

(i) Suppose that z = pD. Then J, = {—1,4+1}, App(N) \ App(A) = (kp(N), kn(N)) U (=kp (X)), —kp(N))
while App(A) \ App(\') = @ (Figure 3). For j = 1, as 0, ,, does not vanish on App[a, b]), |6,;/\/|2°‘ is
bounded and thus it follows that

/ 01
App (M \Aps(A)

since A = kp(A) is 1/2-Hoélder continuous in [, b] (see (169)) and v < 1/2.

Ak < (V) = k(W) SN = A2 S N = A,

Indeed, the main difference with case (A) concerns (166) for 9,;“7)\/ for the case j = —1. By definition (18)
of T, 4, ¥ < 1/2 hence a =y — 1/2 < 0 (cf. (155)). Since kT = ky, (cf (77)), (79) implies

161 < (X)) |k — k()|
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Therefore, we obtain
20 ko (A) o a+1
/ |9,:_>\, dk < / kD()\')a |k — kD()\')’ dk < kD(/\')a (kD(X) — kD()\)) . (168)
on (A)\App (A) ’ kn(X)

Even though A — kp(A) is no longer differentiable on [Q,d], it is 1/2-Ho6lder continuous. Indeed it is
easy to see from the definition (22) of k() that

Fn(A) = /220 Qe iy, (A= Q)2 (14 0(1))  as A\, Qe. (169)

Hence, to get an estimate in |\ — )|, it is natural to make appear (ky(\') — kp(\))?7, which we do with
the following trick

(ko (X) = ko (W) /247 = (ko (N) = ko(A)* (ko(N) = ko(A)M/277

that we substitute into (168) to obtain, using again o =y — 1/2,

/ |e,j, v
oo (A)\App(X)

As v <1/2 and F(A\, X) <1, this completes the proof of (166) (kp is 1/2-Holder continuous on [, b]).

"k S FOLN) (ko(V) = kp(A)*" where  P(A,X) i= (1- kD(A))UH

kp (M)

(ii) For z = DE, we have J, = {+1} and Apg(A) \ Ape(N) = (ko (V) k(X)) U (=kp (X)), —kp(N)) (see
Figure 3). Since 0, , does not vanish, this case can be treated as the case (B)(i) for j = 1.

On the other hand Apg(N) \ Ape(A) = (ko(N), ko(A)) U (—ko(X), —ko(A)). This case can be dealt with as
in case (A)-(i), see (167).

Case (C). As in the proof of Lemma 24, the only difference with case (A) is that the parameter « is
now defined by @ = —1/2 (see (155)). Hence the most restrictive situation corresponds to (167) with
a+ 1 =1/2, which shows that all Hélder exponents v € (0, min(1/2,s — 1/2)) are allowed here. O

3.4.4 Component related to the lineic spectral zone

We focus now on the proof of (145) for z = EE, which has to be considered only if Q, # Qy,. We consider
a positive interval

00, Q) if o < O,
[a,b] C !
(Qp, Q] if o > O,

but of course, the same approach applies for negative intervals. We can reduce to such intervals since
As(N) = Age(XN) = @ for [A[,|N] ¢ (min(Q, ), max(e, Q2p)) and thus MEF = M5 = 0 for these values
of A and X (see Figure 1). Thus, to show the Holder continuity of A — MZE® on a vicinity of Q. (case
(C)), it is sufficient to prove the Hélder continuity on [a, ) if Qe > Q4 (resp. on (0, b] if Qe < Oyy)
and to show that the limit of My when A — Q_ (resp. A — Q) is zero to ensure that MS” is continuous
at Q.

We proceed as we did for obtaining (152), but here one additional term appears due to the presence
of the Jacobian J;(\) as a multiplicative factor. For conciseness, we drop the index 0 in the notation of
the generalized eigenfunctions Wy, 5 0. From the expression (144) of MY” and the fact that k € Agg(A) if
and only if &k = +kg(\), we have

MU - M3*U = Z{JE(X) = Te(MN)} (U, W onya)s Wag,ony v
+

+ JTa(N) (<U7 Waik.onony = Warooahs Waronn + U, Wag ooa)s {War,ony,n — Wikﬁ(x),x})

As a consequence,
MU MU, < S 10
+
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where we have denoted

diw = }jE(X) - ~7E()\)| HWikP,(A/),,\/

+ [T { Wk, |

2
H_s

s I Warooalla } IWaron = Wanally - (170)

Hence, the proof of (145) for z = EE will be complete once we have established the following property:
VAN € ab], dy, SIN = A7, (171)

for any v € I'jq,). We have now to distinguish cases (A) and (C) (case (B) cannot occur here).

Case (A). Using the estimate (75) for [|[Wp a2, and Wiy oy (l_,, the fact that 644 x| S1
(since A remains far from €, so kg(A) remains in a compact set), as well as the fact that A — Jp(A) is
bounded in [a, b], we have

dy 3 S| TeN) = o]+ W sy = Wl (172)
Therefore, using the Holder estimate (137) of Proposition 23 and the fact that A — J(A) is differentiable
in [a,b] (see the beginning of §3.3.3), we obtain property (171) for any v € (0,1] N (0,s — 1/2).

Case (C). The estimation of di)« is more delicate if 2. € [a,b], that is, if a = Q¢ or b = Q.. To fix ideas,
we assume that Q. > Q,, and [a,b] = [a,] (we can proceed similarly if Q,, > Q. and [a,b] = [Q¢, b]).
As we discussed above, it is sufficient to show that: A — M is Holder continuous on [a, §2.) and that M
tends to 0 at 7.

(i) a) We show first that A — M), is Holder continuous on [a,2.). Assume that A\, N € [a,Q.) with
A < N. We use again (75), which shows that

(W vl + Wkl } S s 6 5 5)

Xean]

The main difference with case (A) is that we can no longer use (137). We have to use instead the Holder
estimate (136). As A — Ju(A) is still differentiable in [a, Q], the definition (170) of di)\, yields now

d;\EA/ 5 (]- er)\,)\’) ‘)\/ - >\|'Y’

where

pax = sup (07 o )V sup (07 )TV

: )
P ke(A),A Xe[AN] ke(A),A

Thus, we need to prove that py »» < 1. To do so, we need to know the behaviour of 9;(/\) 5 near A = Q.
This is the object of Lemma 26 below. From (173), we deduce that

sup (67

i (3 5\)1_'7/2 < (Qe—NY24 and sup (0
XEMAN] ’

] moya) S Qe = XTI,
Xe[AN]

since A < X and 1/2 — /4 > 0 while —3/27 < 0. As a consequence

Pan 5 (Qc _ )\)1/2_,y/4 (Qc _ )\/)—37/4.

The problem is that the right-hand side of this inequality is not a continuous function on the line A’ = Q.
However, using polar coordinates for (2. — A, Q. — '), we see that for any fixed x € (0, 1), it is continuous,
thus bounded, in any domain of the form

Dy :={(\N) €[a,2)° | K (R —A) <Qc — N < Q= A}
since (1/2 —~/4) —3v/4 = 1/2 —~ > 0. This means that the above lines yield property (171) not for the
whole domain {(\, \) € [a,Q]? | A < X'}, but only in D,.
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(i) b) To conclude, we have to prove that (171) holds true in the complement of D, that is,
Dg = {(A\N) €[a,2)° | £ (R —A) > Qe — N}

The idea is to restart for instance from (172) (which is still valid here) and use simply the triangle
inequality to bound the last term of the right-hand side, which yields

+
A SN =X+ (05 oy 05 090)

thanks to the differentiability of A — J5(\) in [a, 2] and the estimate (75). Applying again Lemma 26
below, we deduce that

0 < (Qe = N)Y2 4 (Q — M)V

Noticing that the inequality x(Q. — A) > Q. — X which characterizes points of D¢ can be written
equivalently as

rona Foeoga S

Q- A< 1—r)TWN =X or Q-N<(E'1T=-1D)TWN=N),
we finally obtain
dyn SN = A2,
As v < 1/2, this implies (171) for all (A, \') € Dg.
(ii) To complete the proof for case (C), it only remains to prove that that the limit of My at Q is zero.

This is an immediate consequence of the expression (144) of MY, the fact that J; is bounded on [a, 2],
the estimate (75) and the Lemma 26 which implies that:

M2, . < Te(A Z Wikl SO S (Q—A) =0 asA— Q.

Lemma 26. For Q. # Qu,, the function \ — 9,:(/\) \ can be continuously extended by zero at (e and
admits the following asymptotic behaviour

o+ /2

Foga = AP = QT o(IA = Q|?) when A — Q, (173)

for some A > 0.

Proof. Using the dispersion relation (26), one gets that

M)\ 0~ |/~LA

o TR(0A T | |ke(N) — Vet A|? [ke(N) + vEo o A2,

(where we use the fact that p4(A) <0 in AEE). Hence, it follows that

+ _
0k..;(>\),)\ =

+
O, M)A —

= (2k.) WM (1+0(1)) when A — Q. (174)

As kg is C at Q. and kg(Qc) = ke = /€0 1o Qe by definition of the cross points, one has

ke(A) — Vot A = (KL(Qe) — vEosin ) (A — Qo) +o(A — Q) as A — Q.. (175)

If Q¢ > Quy, we know that kL (Qc) < 0, so that k/(Qc) — /€0 o cannot vanish. This holds true if Qe < Qp,
but it is not so obvious. Indeed, starting from the definition (27) of A\gz(k), a simple but somewhat tedious
calculation shows that

kL(Qc) = /o po F(Q2/Q2) where F(X):= 1-X

1-2(X +X1)

-1

As Q2/Q2, < 1, it is easy to see that F/(Q2/Q2) > 1, which confirms that k() — /0 fio cannot vanish.
The asymptotic behaviour (173) then follows from (174) and (175) with

A= (2ke) — V%o u0’1/2

,u
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4 The limiting absorption and limiting amplitude principles

The hardest part has been done. We are now able to prove both limiting principles, which is the subject
of the present section. The main arguments of the proofs are classical (see, e.g., [12, 14, 15, 19, 39, 43]).
The basic ingredient is the Holder regularity of the spectral density (Theorem 9).

4.1 Proof of Theorem 2

As briefly sketched in §3.1, the proof of the limiting absorption principle amounts to a simple limiting
process in a Cauchy integral. For the sake of clarity, we begin with the case where Q. # Q.

The non-critical case. In this case, we know that P,. = Pqgivo (see (14)). The starting point is the
Fourier representation of the absolutely continuous part of the resolvent (see (15)) given by Theorem 6,
which writes as

Rac(C) := R(Q) Pac = F~ ﬁ F for ( € C\R. (176)

By virtue of Theorem 8 (more precisely formula (54)), it can be rewritten as a Cauchy integral as follows:

M,
4 = sli . 1
Rac(¢) AL v CdA (177)

We want to find the limit of the above integral when ¢ € C\ R tends to a given w € R\ 0exc, which makes
the function A\ — (A — ¢)~! singular at A = w. In order to isolate the role of this singularity, we choose
some p > 0 small enough so that the interval J := [w — p,w + p] does not contain any point of oey. and
we decompose the latter function as

1\ (N)
N—C

1 _ Sin(A) +f28g(A) where fgm()\) L 1J(/\) (178)

et =3¢ A=

This leads us to split the resolvent into the sum of a “singular part” and a “regular part”:

Rsin(() = F* fgsm(/\) F,

Rac((:) = Rsin (C) + Rreg(C) Where { Rreg(() — [F* féeg()‘) F.

reg

On the one hand, the family of functions ¢ — f:"%(") is differentiable with respect to ¢ in a vicinity
of w uniformly with respect to A € R. Hence, in this vicinity, the operator of multiplication by f:**(-)

~

is a holomorphic function of ¢ for the operator norm of B(H). As F and F* are bounded operators,
¢ > Ryeg(C) is also holomorphic in this vicinity for the operator norm of B(H), thus a fortiori for the
one of B(Hs,H_s) for s > 1/2. Its limit value at w is simply given by

M
Ryeg(w) = F* ff5(\)F = sli
eg(@) LN EF = sl e A

A, (179)

where the last equality is obtained via the formula (54) applied to f = fI°8.
On the other hand, the “singular part” Ry, () is no longer continuous on the real axis. We denote
by R;‘itn the restrictions of ¢ + Ry, (¢) to the complex half-planes C* := {¢ € C | £Im( > 0}, i.e.,
g M,
(€)= F* fE(\) F = dx.
‘ JA=¢
Note that the “s-lim” symbol has been removed here. Indeed, function A — fzi“()\) is bounded and
compactly supported in R \ oexc, so that Theorem 8 applies: the latter integral is a Bochner integral
valued in B(H_gs,H_s). The local Holder regularity of the spectral density A — M), given in Theorem
9, allows to apply the Sokhotski—Plemelj formula [21, theorem 14.1.c, p. 94] which ensures the existence
of the one-sided limits of RE (¢) when C* 5 ¢ — w for the operator norm of B(H,, H_,) for s > 1/2.
This formula provides us an explicit expression of these limits given by
M

(w) = d\ + itM,, € B(Hs, H_s), (180)
J A—w

V¢ eC*, RE

sin

R:I:

sin
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where the dashed integral denotes a Cauchy principal value at A = w (cf. Remark 28). Furthermore
(see [21, 206]), the local Hoder regularity of the spectral density A — M) also ensures that ¢ — Rsiin(C )
is locally Hélder continuous on CE \ 0y for the operator norm of B(#H,, H_,), with the same Holder
exponents v € (0,1) as those of A — M. Let us notice that even if A\ — M, was locally Lipschitz
continuous (i.e., v = 1), the Sokhotski-Plemelj theorem would not ensure that so is ¢ +— R;En((). This
explains why the particular value v = 1 has not been considered in Theorem 9 (see Remark 10).
Combining (179) and (180) yields the following complementary proposition of Theorem 2, in the case

where Q¢ # Q.

Proposition 27. Let s > 1/2. For allw € R\Oexc, Rac(C) has one-sided limits RE (w) := lim, o Rac(wt
in) for the operator norm of B(Hs, H—s), which are given by

M
RE(w)= slim ][ 24X £ irM,. (181)
B(HsH_s) Jg A —w

These one-sided limits provide the respective continuous extensions of both restrictions RZE(¢) of
¢ — Rac(¢) to the complex half-planes C* (see (17)). By virtue of the above mentioned properties
of Ryee(¢) and RE (C), these extensions are locally Holder continuous respectively in CF \ 0y, with
corresponding local admissible Holder exponents given by (18). This completes the proof of Theorem 2
in the case where Q # Q.

Remark 28. Let us recall that in formula (181), the combination of the “s-lim” symbol with the dashed
integral implies two limit processes that can be considered independently by isolating a vicinity J of w,
exactly as we did above. The principal value represented by the dashed integral means that we remove
from J a symmetric neighborhood of w, i.e., considering Js :== J \ (w — 0,w + §), and we take the limit
of the integral on Js as 0 (0 in the operator norm of B(Hs, H_s). The “s-lim” symbol means that we
introduce an increasing sequence of compact subsets of R\ (0exc U J) whose union covers this set, and we
take the limit of the integral on these compacts subsets for the strong operator topology of B(Hs, H_s).
In both limit processes, the integrals on compact sets are Bochner integrals valued in B(Hs, H_s).

We point out that to gather the terms (179) and (180) to obtain (181), we replace the s-limp(gq, 3
by the s-limp(, 3 .y to ensure the existence of the principal value in (180) (this is justified since the
existence of the s-limp3, 3¢y in (179) implies a fortiori the existence of the s-limp(g_3_.) of this term
as the H-norm dominates the H_g-norm,).

The critical case. Suppose now that 0, = Q,,. In this case, P,. and Pg;yo no longer coincide. They
actually differ from the sum of the eigenprojection associated to £, (see (14)), which are eigenvalues
of infinite multiplicity. Hence, the Fourier representation (176) of Rac(¢) has to be replaced here by

< Aryfzo, 3 (M)

RaC(C) =F X— ¢

F for ( e C\R.
On the other hand, the diagonal expression (177) of R..(¢) holds true. As a consequence, the above proof
remains valid if we simply replace the definition (178) of ffin and f;*® by

1;())

A=¢
Remark 29. Notice that we can get with little effort an improved version of the limiting absorption
principle. The improvement lies in the fact that we can replace the topology of B(Hs,H_s) by a finer
one, namely that of B(Hs,D(A)_;) for s > 1/2, where D(A)_; is simply a weighted version of the domain
of A (see §2.1) defined by

1\ (N)
A—C

FEO) 1= Lo pao,) (V) 325 and fE2() 1= Ly an,) (V)

DA) :={UeH ,|AUcH_,}

(where AU has to be understood in the sense of distributions). This improvement results from the fact
that the resolvent naturally appears as a bounded operator from H to D(A) equipped with the graph norm,
since AR(C) = I+ C(R(C) for ¢ € C\R. The improved version is easily deduced from the use of the latter
relation in the limiting process.
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4.2 Proof of Theorem 4

In the following, U(¢) denotes the solution to our Schrédinger equation (4) starting from rest (i.e.,
U(0) = 0) with a time-harmonic excitation G(t) = G, e ! kicked off at ¢t = 0. We assume that the
circular frequency w belongs to R \ gexc.

The general case. We first prove the general result (19) which applies in both critical and non-critical
cases, assuming that the excitation G, € H; belongs to the range of P,..

We have seen in §2.2 that U (t) = ¢, +(A) Gy, where ¢, () is defined in (9). As G, is in the range
of P,¢, one has G,, = P,.G,,. Thus, we can use the spectral representation (54) applied to the bounded
function ¢, ,(-), which yields

71)\1& efiwt

V>0, U(t) = duy(h)Pae G, —hm/ TS MG A (182)

The first step is to relate this expression to the time-harmonic solution U := R} (w) G, € H_, given
by the limiting absorption principle for s > 1/2. Proposition 27 provides us its spectral representation:

M)G,,
Ul =lim 4 —229d\ + inM,G,,. (183)
Hoo Jg A—w
The idea is to rewrite (182) as
_ A—w)t M, G
U(t) = - ‘“thm/< ° M\G., + AA “)dA
—w

and to split the integral into two parts, by integrating separately both functions inside the parentheses.
Of course, this splitting has to be done carefully, since both functions are singular at A = w, while ¢, ¢(\)
is not. The proper way to do this is to introduce two Cauchy principal values at A\ = w defined in ‘H _g,
ie.,

_ i (W)t M\G
— e ! (limf ————M I AZ9 0 )
U(t) ie (ﬁr_n]i T ’\Gwd)\+’iir_ns R)\—wd)\

As the second Cauchy principal value is exactly the one involved in the expression (183) of U, I, we obtain

U(t)=— e lwt (U+ V(t) —ir M, Gw> where
(A—w)t
= hm][ M,\G,, dA. (184)

It is then clear that the proof of (19) will be complete once we have proved the following lemma.

Lemma 30. Let s >1/2 and w € R\ 0exc. Then for oll G, € H, we have

lim [|V(t) +ir M., Goll,, =0,

t—+oo
where V (t) is defined in (184).

Proof. As in the proof of the limiting absorption principle shown in §4.1, we can separate the Cauchy
principal value at w from the limit in H_; in the definition of V(). We simply have to choose some
p > 0 small enough so that the interval J := [w — p,w + p| does not contain any point of gexe, which leads
us to decompose V (t) in the form

V(t) = V¥ (t) + V™8(t) where

. efi()\fw)t . efl()\fw)t
VR () = ][ ¢ MyG,dA and V™E(t):=lim | S MyG.,d\.  (185)
J A—w H_s R\J A—w
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We are going to prove successively that

lim_[[V() +ir My Gull,, =0 and  Jim [[V*5(t)],, =0, (186)

t——+oo

which of course implies the statement of the lemma thanks to the triangle inequality.
(i) Let us first consider V*"(¢) that we rewrite as

. ) ) ~ sin . —i(A-w)t
VI () = v (t) MG, + €“' V' (t) where v*(t) ::][ e/\id)\ and
J — W
~ sin : -~ i M _Mw Gw
(t) := / e MV dN with V= u
J A—w

Note that the latter integral is no longer a Cauchy principal value since the function J 5 A — VieH_,
is Bochner integrable. Indeed by virtue of the Holder continuity of My (Theorem 9), for any given v € T,
there exists a constant C} > 0 such that

VAe T\ {w}, ||V <CY A= w| TGy,

lae..

As a consequence, the Riemann-Lebesgue theorem (applied to H _s-valued Bochner integrals) gives us

lim [[V™"(0)]],, =o0. (187)

t——+oo
Besides, using the change of variable £ = (A — w)t, we have
) +pt o—ig
¥ (t) ::][ d¢,
—pt §

where the Cauchy principal value is now at £ = 0. Using standard complex integration on a suitable
contour (see for instance section 6.5 of [32]), one easily shows that

+pt o—ig
—pt 5

Together with (187), this yields the first statement of (186).
(ii) Consider now the part V'°8(t) defined in (185). In view of formula (54), we can rewrite it as

lim
t—+oo

d¢ = —im.

e—i(/\—w)t
V() = [ ()BGl where [(N) 1= 1ay, () S
—w

since A — f;°®()\) is a bounded function on R. This shows in particular that V"¢(¢) actually belongs to
7 and that the limit in (185) can be taken in H instead of H_s. This limit is constructed by considering
an increasing sequence (S,,) of compact subsets of S := R\ (J U 0¢xe) Whose union covers S, so that

el (A—w)t

V™E(t) = lim V'°%(t) where V™8(¢):=E(S,)V™8(t) = / M, G, dA. (188)

n—00 s, A—w
From the above definitions of V'*¢(¢t) and V' °8(t), we have
V() = VIrB(t) = fi"* (A)E(S \ Sn)PacGla,
from which we deduce that
V() = VB, < IV7EE) = VIEB) g < 1% o IB(S\ Sn)PacGlullgy »

where || f;¢||., = p~*. Moreover we know from (58) that

IE(S\ 5,)PacGull2, = / 1s.s, (A) (MG, Gu)e A,
R
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which tends to 0 by definition of the sequence (S,,) since A — (MG, G)s € L*(R) by Corollary 12. As
the latter quantity is independent of ¢, this means that the convergence of V;78(¢) to V™8(¢) is uniform
with respect to t.

For any given § > 0, we know now that we can find an integer ns such that

ez 0, [[ViEE) - VIR, <672

Furthermore, as S,; is bounded, we can use as in (i) the Riemann-Lebesgue theorem applied now to
the Bochner integral (188) for n = ns, which shows that V °%(t) tends to 0 in H_, as t — +o0. As a
consequence, we can find Ty > 0 such that

vi>Ts, ||Vt <6/2.

e

By the triangle inequality, we conclude that for any § > 0, we can find Ts > 0 such that ||V (¢)||ly_, <9
for all ¢ > T5. In other words, we have proved the second statement of (186), which completes the proof
of the lemma. O

The critical case. We assume now that Q. = Q,, and prove the asymptotic behavior (20) for an
excitation G, € Hs N Haivo. From (14), we see that G, can be decomposed as
G, =P, G, +P_q G, +Piq G.. (189)
Hence the solution U (t) = ¢,,.(A) Gy, to our Schrédinger equation (4) can be decomposed accordingly:
U(t) =Uac(t) +U_q,(t) + Uiq,(t) where

Uac(t) := ¢ut(A) PGy and Uiq (t) := duwt(A) Pro Go.

On the one hand, the asymptotic behaviour of U,c(t) results from the previous lines (the only differ-
ence is that we do not assume here that P, G € H_,, but this assumption is actually not needed, since
(182) holds true by replacing U (t) by U,.(t)). We obtain

Jim HU () +iR5 (W) Gue |  =o.

H_s

On the other hand, Theorem 6 tells us that the operator ¢, +(A) is a multiplication by ¢ +(£8,) in
the range of the spectral projection P associated to the eigenvalues ). Hence

[]:I:Qp (t) = (ybw,t (:l:Qp) ]P:I:Qp Gw .
The conclusion follows.

Remark 31. (i) For simplicity, the limiting amplitude principle is formulated in Theorem j for zero
initial conditions. But, one can easily restate this result for nonzero initial conditions U(0) = Ug. Indeed
it is readily seen that the transient contribution due to non-vanishing initial conditions in the range of
Pac is “locally evanescent”, in the sense that the local energy decays: | exp(—iAt)P,Ug|la_. — 0 as
t — 0 for all Uy € Hs, contrary to the total energy, which is conserved: di| exp(—iAt)P,.Up|ln = 0.
This property is a consequence of the Riemann-Lebesgue theorem, exactly as we did for some evanescent
components of U(t) in the above lines (see proof of Lemma 30, point (ii)). Thus, for non a zero initial
condition Uy € Hs in the range of Pac (which coincides with Haivo for Qe # Qm), the formula (19)
remains unchanged. Whereas for the critical case Qe = Qn and an initial condition Uy € Hs N Hyivo,
one deduces from the decomposition (189) applied to G, = Uy, the fact that || exp(—iAt)PacUgll_, — 0
and the diagonalization Theorem 6 (to rewrite the terms exp(—iAt)Pro G.,) that

t——+oo

lim H exp(—iAt) Uy — zi: exp(FiQ, t)PiQonH%ﬂ =0.

Hence, one has to add to the asymptotic expansion (20) the contribution of the the plasmonic waves:
Yo exp(FiQp t)Prg Uy due to the initial condition U.

(i) Following the comments of Remark 29, we can also obtain an improved version of the limiting
amplitude principle. Indeed, formulas (19) and (20) holds true for the graph norm of the space D(A)_g
defined in Remark 29 instead of the norm of H_s. Moreover, the asymptotic behaviour of AU /dt in the
norm of H_s can be derived formally by differentiating the formulas (19) and (20) with respect to t. We
finally mention that these results can be shown rigorously in a similar way as in the proof of Lemma 30.
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5 Limiting absorption and amplitude principles at w = £,

This section deals with a case that has not be treated up to now, namely in the case where the source
frequency is w = £, and Qe # Qy,, which corresponds to the case where Agg is not a union of straight
lines (see Figure 1), the latter case being already covered by Theorems 2 and 4.

It is clear by parity arguments that +£2, and —{2, can be treated similarly. For the ease of the reader,
in the following lemmas, propositions and proofs, we shall consider only the vicinity of €}, while the
statements of the main theorems (namely Theorems 34, 36 and 37) will consider both +Q, and —£2,,.

5.1 New functional framework and main results

As we saw in this paper (see sections 3.1 and 4), the key assumption to prove limiting absorption and
limiting amplitude results at w is to establish the local Holder regularity of the spectral density A\ — M
on a vicinity of w. When w = €, one cannot obtain such property in B(H, H_;) since the function
A +— M, does not have a limit in B(Hs, H_,) when A — Q. This singular behavior concerns only the
part MY* associated with the spectral zone Agg in the decomposition (142) of My. The other components
M for z € Z\{EE} (see (143)) admit a limit in B(Hs, H_s) when A — Q, and furthermore the function
A — MJ is Holder continuous in B(#Hs, H_;) on a vicinity of Q.
The singular behaviour of

MYU = > Jo(A) (U, Wi r0)s Wiro (190)
kE€Am(N)

is linked to the fact that the function k — Ag(k) has a finite limit, namely Q,, when |k| — 400 (cf.
the asymptote of the curves composing the zone Ags N {(k,A) € R? | A > 0} in Figure 1). In particular
Te(N) = [AL(AZH(IAD)] ™! becomes singular at the vicinity of €,. More precise results are provided by
the following lemma (whose proof is given in Appendix A.1).

Lemma 32. (Asymptotic at the frequency Q) Let Qo # Qu and K := eouo (22, — Q2). One has the

m

following asymptotic formula for A — Q_ (if K <0) and for A\ — Q}Jg (if K >0):

) = (25D 0,3 o), (191)
7o = 222Dy 0yt s o)) (192)
ko] = 2(2 D 30,18 14 o)) (193
k() = (QPS‘K')% A= Q7% (1+0(1)), (194)
Aryao = ;@;ﬁ; (%)_ A= Q)% (1+0(1)). (195)

A consequence of lemma 32 is that the function A — M}* € B(H,, H_;) for A # Q, does not have a
limit in B(Ms,H_s) when A — Q. For ensuring the existence of such a limit, it is necessary, as we
shall see later, to change the functional framework by considering for s > 0 a smaller Hilbert space X
for s > 0. To this aim, it is first useful to reinterpret, via Fubini’s theorem the weighted space H; as a
weighted space of functions of = with values in a weighted space of functions of y:

Ho = L2(Ro, L2(R,)) X (L2(Ra, L2(R)))” X L2(Ry 0, L2(R)) X L2(Ry 4, L3(R,))

and to define (with obvious notation)

X, = L2(Ry, HE(R,)) x L2(Ry, H2(R,))” x L2(Ry o, HE(R,)) X L2(Ry o, HE(R,))*
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where HY (R,) := {v | dJv € L%(R,),0 < j < N}. The space X, is endowed with the norm

Wik, = colBlize, mwm,) + 1o 1 I m, 620,

+ &0 QP e )+ o O 1K 2,2, )2
where U = (E, H, J, K) € X, and where for a positive integer N and the open set O = R, R} ;:

N
||u||%§(O,H§V(Ry)) = /O Z Hﬂs(%) 8;“(%)H2L2(Ry)d$
n=0

The dual of X5 is denoted X. X has been chosen dense in H; so that #_; can be identified to a
subspace of X, with continuous embedding. For this reason, and for simplicity of notation, the duality
product between X and X will still be denoted (-, -)s. One denotes by || - || x» the associated dual norm
defined for all U € X} by:

Uz == sup  [(V,U)sl. (196)
1V l2, <1

We then introduce the bounded operators B(X,, XY) from X, into X endowed with the operator
norm || - || x, x=. Then, one has the obvious continuous embedding

B(Hs, H_s) C B(Xs, XJ),

with the convention that one identifies an operator of B(#H s, H _s) defined on H with its restriction on
the dense subset X;. We shall then be able to prove that the limit of the resolvent exists as an element
of B(X,, X¥). Moreover, the function A — M§® € B(X,, X)) will be shown to be Hélder continuous at
the neighbourhood of €2,.

Remark 33. In the literature concerning the limiting absorption principle at a point where the dispersion
curves admits a local extremum is referred to as a threshold. Here §, is a specific form of threshold
associated to a dispersion curve that has an horizontal asymptote. For such points, the local behavior of
the spectral density depends mot only on the regularity of the generalized eigenfunctions but also of the
convergence speed of the dispersion curve to its horizontal asymptote. This type of thresholds arises also in
the context of magnetic Schrédinger operator [34]. In [34], the convergence of the corresponding dispersion
curves to their horizontal asymptote is super-exponential. Thus, to obtain the Hélder reqularity of the
spectral density, the authors consider the smaller Hilbert space of functions whose “Fourier components”
associated to the considered dispersion curve decrease supra-exponentially when X\ tends to its threshold.
Here, we meet a new situation since this convergence speed (given by the Lemma 32) is polynomial in k.
We could consider also a space of functions U € H whose generalized Fourier transform FU (k, \,0) =
(U, W ro0)s decays as 1/ky(N)* for some a > 0 when A — Q. As in [3/], this approach would lead to
a non explicit space in the physical variables (x,y) but the space will be “more optimal”. Here, we prefer
to adopt another strategy which yields the construction of a non-optimal space but which has the great
advantage to be explicit in the (x,y) variable. More precisely, we give with our functional framework
sufficient conditions on the reqularity in the y direction to insure the decay of the part of the generalized
Fourier transform associated to Agp at the vicinity of Q0 and thus obtain the local Hélder regularity of
M)\ at Qp.

In the rest of this section, our main goal will be to establish the existence and local Holder regularity of
A= My on (R \ gexe) U {2} for Qe # Qy, for the topology of B(Xs, X¥). Obviously, we need to do so
only in an interval of the form [Q, — 7, Q, + 7] for 1 small enough.

All the difficulties are concentrated on the study of the generalized eigenfunctions Wiy, (1) 0, called
plasmonic generalized eigenfunctions in the rest of this section.

The next theorem is a limiting absorption and limiting amplitude result at the threshold frequencies
£Q, for Q¢ # Q. It replaces Theorems 2 and 4 for this new case. Its proof is the same as the one
performed for Theorems 2 and 4 in section 4 and will not be reproduced here. However, its validity relies
on two results Theorems 36 and 37 which are counterpart of Theorems 8 and 9. The proof of Theorems
36 and 37 is the object of the following sections.
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Theorem 34. (Limiting absorption and limiting amplitude principles at £Q for Qe # Qm)
Let Q¢ # Qm, s > 1/2 and w = £Q,. On one hand, the limiting absorption principle holds at w.
More precisely, the absolutely continuous part of the resolvent R..(C) has one-sided limits RE (w) :=
limy\ 0 Rac(w £in) for the operator norm of B(Xs, X7'). Moreover, using the notation (17), the function
¢+ RE(C) € B(Xs, XZ) is locally Hélder continuous in CE\{0, £0} of index v € (0,s—1/2)N(0,1/3].
Namely, for any compact K of CE \ {0, £0,,}, there exists v € (0,5 —1/2) N (0,1/3] and Ck_ > 0 such
that

V) e Kx K, |REC)-REQ|, . <O I =P
On the other hand, for any G,, € Xs which belongs to Haivo (i-€. the range of Py ), the limiting amplitude
principle holds true in the sense that the solution U(t) to (4) with zero initial conditions satisfies:

lim HU(t)—HUIe_i“tH —0,
t—+oo X:

where U, := R} (w) G, € X7.

Remark 35. We point out that compared to Theorem 2, we have not only replaced in Theorem 3/ the
spaces Hs and H_s by the space X and its dual X7, but also the available set of admissible Holder
exponents v which is now (0,s —1/2) N (0,1/3].

In section 5.2, we give the key properties of the spectral density M in this new setting: namely the
construction of a functional calculus with M, and its Holder regularity that are used to prove Theorem
34. The remaining sections are devoted to prove the results of section 5.2. In section 5.3, we provide
new X7 estimates for Wy 1) a0 and corresponding Holder regularity estimates in section 5.4. Finally,
all these estimates are used to prove the Holder regularity of the spectral density A — M, in the space
B(X,, X7) in section 5.5.

5.2 The spectral density in the new functional framework

In order to understand the need of a new functional framework, let us come back to §3.1 and see what
happens if, instead of assumption (45), we choose a Borel set S C R whose closure contains €, (but not 0
or +Q,). This amounts to allow in Theorem 8 bounded functions with a compact support that contains
2, or to allow in Proposition 11 intervals [a,b] that contain Q.

On the one hand, it is easy to see that all the arguments that concern the surface spectral zones (that
is, for z € Z\ {EE}) remain unchanged, since €2, do not give rise to a singular behavior of the associated
generalized eigenfunctions. In particular, the first statement of Proposition 11 holds true if [a, b] contains
,. On the other hand, the arguments that concern the lineic spectral zones (that is, for z = EE) are
no longer valid since Agg([a,b]) becomes unbounded. In particular, the second statement of Proposition
11 cannot justify the use of the Lebesgue’s dominated convergence theorem and the change of variable
in the last integral of (47). As for the surface spectral zone (see the proof of Theorem 8), using the fact
that for all U € H,, we have

IMEU 3. < Y0 oV Werolde .
keAl<Il‘(>\)

this justification would require now to verify that the map

A > TN (W3,

keAs(N)

belongs to L!([a,b],H_s). Unfortunately, using Lemma 32 and similar calculations as in the proof of
Proposition 38, one can see (after small computations) that the above map is O(|A — Q,|%/2) near Q,
which is not integrable. Hence Theorem 8 is no longer true for functions whose support contains €2,.
The good news is that such a result becomes true if the spectral density M is considered as an
element of B(X,, X)), instead of B(H s, H_,). Indeed, Proposition 38 together with (192) show that the
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above map with #_; replaced by X is now O(|A — Q,|'/?) near Q,, which is of course integrable, and
actually continuous: it implies that MX® tends to 0 in B(X,, XY). As regards the other components of
the spectral measure, that is, M4 for z € Z '\ {EE}, the results of §3 proved in B(H, H_s) clearly holds
in the weaker topology of B(X,, X)). Hence, we have the following theorem, which is the counterpart of
Theorem 8.

Theorem 36. Let s > 1/2 and Qe # Q. For every bounded function f : R — C with a compact support
that does not contain any point of {0, £0}, the operator f(A) P is given by

f(A) IP)ac - ‘/Rf(A) M)\ d)\7

where the spectral density My is defined for all A € R\ {0,£Qm} as a bounded operator from X, to X.
The above integral is understood as a Bochner integral in B(X,, X7).

We deduce from the previous theorem, in the same way as for formula (54) in section 3, that for any
bounded function f whose support S is no longer compact and/or contains points of {0, £, }, one has:

FB) P = slim /R FO) M, dA.

We point out that from Theorem 36, we deduce exactly in the same way as in Section 3.1 an equivalent
of Corollary 12. We simply have to replace in the formulation of Corollary 12 the space Hs by X and
the duality product (-, -)s has to be understood as the duality product between X, and XZ.

The following theorem is the counterpart of Theorem 9. Its proofs is given in section 5.5.

Theorem 37. Let Q. # Qu and s > 1/2. The spectral density X — My € B(X,, X)), given by (49) is
locally Holder-continuous on R\ {—=Qun,0,Qn} of index v € (0,8 — 1/2) N (0,1/3]. In other words, for
any interval [a,b] C R\ {=Qm,0,Qm}, it exists C , > 0 such that

My — Mallxs x, < CLIN = A", VX, A€ [a,b]. (197)

5.3 A[-estimates of the plasmonic generalized eigenfunctions

The following proposition replaces Proposition 15 in which the right-hand side of estimate (75) blows up
when |k| = +oo (see (194)).

Proposition 38. Let Qe # Q,, s > 1/2 and [a,b] = [Q, — 1, Qp + 1] with n > 0 sufficiently small such
that 0,9 ¢ [a,b]. Then, there ezists a constant Cp, > 0 (depending only on n) such that

[Wixollazr < CplA=Qpl, V(k,A) € Aps([a, b]). (198)

Proof. Obtaining X estimates relies on a bound for the duality product (U, Wy, x0)s, for U € X, of
the form
(U, Wi x0)s| <CN) U],

that yields, by definition of the dual norm (196), the estimate ||[Wy, x ol|x, < C(A). By (33), it requires to
estimate all the duality products between the components of Wy, 5 o and a vector U = (E, H, J,K) € X,
since

(U, Wia0)sl S ’ /2 Ewix0 d:cdy‘ + || ’ /2 H, wy xo0 dxdy’ + ‘ /2 H, Oywi x 0 dxdy‘
R R R

(199)

+ ‘/ ka7,\70dxdy‘ + |k ‘/ K, wk,,\odxdy‘ + ’/ K, 0w x0 dxdy‘.
R R R

In the following, we are going to estimate each of the terms of the right hand side of (199), regrouping
them column by column. These are obtained by standard manipulations such as Fubini’s theorem (since
the product of a L? and a L? ; function for s > 0 is L) and integration by parts that are justified by the
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fact that D(R) is dense in HX(R), k = 1,2 and L2(R) is continuously embedded in L!(R) for s > 1/2.

(i) By definition of w0 (cf. (32), (37) and (38)), using that Ay o and g a0 are even in k = +kg(\)
along Ay, we have

’/2 Ewg xo ddfdy‘ = Ak, 000 ‘ /2 Ui a0 (@) E(2,y) e TR Nvdz dy|,
R R

A naive estimate, using ||¢kE()\),>\7O||LE‘(R2) <

~

1 (because |1y, (x),x,0l <1 and (60)) would lead to

‘/ Ewk)\yodxdy’ =
R2

2(R2)

) N

which would not be sufficient to compensate the blow up of Ji(A) in the expression (190). To get a
sharper estimate (when A — ), we will use two properties:

e the fact that kgx(\) — +o00 when A — €, which can be exploited through an integration by parts
in the y-variable (this is where we use the fact that U € X¥). More precisely, one has

k(A)AO

/ Ewk,\odwdy‘ / Yro(0).2,0(7) Oy E(z,y) eTh(NY dzdy|,
RQ

thus, by the duality between L? and LQ_S,

ke (A),2,0
‘/2 Ekadedy‘ < ﬁ [¥r.0n0llze @2y [10yEll Lz re).-
R

* 00 € L*(R,) and, by an explicit computation and (194),

N

||1/}kp(>\ A 0||L2 Ry) = (1/\f) (( e (), >\) (91: (M)A ) )

Therefore, we have a sharper L? ,-estimate of Y, (.0 (better than ||¢k,‘;(>\),/\,0||LiS(R2) <1)

S = plt.

[k, oynollze @) S Ik oyaolze @) S 1keyaollee) S 1A= Q3. (200)

Finally, using (200), together with the asymptotic behaviours (191) and (195) for Ay (x),x,0 and kg(X)
respectively, we obtain

‘ /2 Ewg 0 dxdy) N Qp| ||8yE||L§(R2)- (201)
R

Proceeding exactly in the same way, we obtain the companion estimate
| [ oo dady] S - 9] 10, 3e2 (202)
R
2

(74) For the terms in the second column of (199), since an additional factor |k| has appeared, we need an
additional integration by parts to compensate it. It leads to

| /]R H, Wi dady| S I\ = Ol |02H, |lr2(e2), (203)

Ikl‘ /RZ medzdy‘ S X =l 107Kzl L2(z2)- (204)
+

(#41) For the terms of third column of (199), the problem comes from the apparition of the z-derivative
of w that makes appear an additional factor 6 x. More precisely, one has for = # 0:

Ozwi x0 = —sgn(z) O A(T) Wk 0
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Since Hk , behaves proportionally to |k| far large k (see (191) and (194)), the same procedure as in point
(ii) can be applied. One then obtains

‘ Hy Dpwix0 dzdy| S [N — Qp| |02 Hyll £2(g2), (205)
R

b [ Ky Bemnadodsl £ 10—l 103, s (206)
R+
Finally, the desired estimate (198) follows from substituting (201, 202, 203, 204, 205, 206) into (199). O

5.4 Holder estimates of “plasmonic generalized eigenfunctions” at (2,

For establishing such Holder estimates, we essentially use the same strategy as the one exposed in section
3.3.1, which rests upon preliminary estimates of A-derivatives of various functions. Such estimates are
the object of section 5.4.1 whose results are exploited in section 5.4.2 to establish Holder estimates for
the function A — Wi, )10 € X7

We assumes that [a,b] = [, —n,Q, + 7] with n > 0 sufficiently small such that 0,Qc, ¢ [a,b]. The
difference with the estimates of section 3.3.2 relies on the fact that Q, € [a,b]. Hence the set Aus([a, b])
is not bounded and contains points arbitrarily closed to the horizontal asymptote A = €},. One deals
with the case (kg(A), A) € Agg([a, b]), but by parity arguments in k, one checks easily that these estimates
hold also for (—kg(A),A) € Agg([a,d]) (that is by replacing kg(A) by —kg(A) in the left-hand side in the
inequalities (208, 209, 210, 211, 212)).

5.4.1 M-derivatives of the “plasmonic generalized eigenfunctions”

e Derivative of powers of Oi()\) - We use (see Remark 21) formula (128) namely

I [(92—;(,\ )a] {ak@k (M)A k(M) + a/\Gk (M)A (Qi \), ,\)a_2' (207)

Using (191), (192) (since Ju(A) = |kL(N)]), (194), |(9;€9i o), A= 2ks(A) S [A-Qp|"Y/2 and |8A®k (VA NNE
leads to

00 0y )11 S A= 2%, (20

e Derivative of the coefficient A, () x 0. Its expression is given by
O (Aku)00) = NG (1) 1) BN + (6] (5 ,)7 OaBe(N)

where Bg()) is defined from Ay (\)x0 = (02::@)_)\)% Bg(X\) with Ay, (x),a0 given by (37). By virtue of

(191) and (192), one gets easily (details are omitted) that
Bu(A) = O(|A — 9,]7) and 9y By(A) = O(|A — Qp|7) when A — Q.
Combining these estimates with the asymptotic formula (194) and (208) for ov = 1/2 finally leads to:
|05 (A n0)| SIA = Q)71 (209)
e Derivative of 1, (\) x,0(7) e*¥. From the expression (134), one gets using (191) and (208) for o = 1:

105 (Y1, (0,00 (@) € < (1] + [y]) i, () 20 (@) [A = 0|2, V(z,y) € R2. (210)

e Derivative of wy, (z)x0(z,y). Applying (209), (210) and (195) on the expression (132) of Oxwpy,x0
gives: .
|OAwr, (), 2,0(@, Y| S (12| +1yl) roona0(@) X = Q] 71, V(z,y) € R (211)
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e Derivative of 0,wy, (1) x,0(7,y). One has 9wy, (x).x,0(%,y) = sgn(x) O A ()W, (x),2,0(z,y) for x # 0.
Furthermore, with the expression of wy, (x) 1,0 (see (32, 38)), one sees that

Wiy (0),2,0(@; Y S Aky(0),2,0 Pr(0),0,0(@)-
It is then easy to show that (again the details are left to the reader), using (211), (194), (195) and (208)
for a =1,

_T
1070 wi, (0 0@ Y)| S (1 + [z + [y]) Y oono0(@) A= Q| V(z,y) € R* X R. (212)

5.4.2 Holder estimates of the plasmonic generalized eigenfunctions
The following proposition replaces Proposition 23 which does not hold if £, € [a, b].

Proposition 39. Let Qe # Qpn, s >1/2, v € (0,1]1N(0,s —1/2) and [a,b] = [Q, —n, Qp + 1] with n >0
sufficiently small such that 0,Q ¢ [a,b]. Then, there exists a constant cy >0 (depending only on n and
~v) such that for all (£kg(N),N), (£ks(N),N) € Age([a,b]) and X < N':

X _3 X _3
Wi,y a0 = Wekgoynollas SC7 sup A= Qp['757 sup A —Qp| 737 [N = A7, (213)
RE[AN] XE[AN]

Proof. Let (k = kg(\),A), (K = kg(N),N) € Age([a,b]) and A < N and U = (F,H,J, K) € X, then
one has

3 6
U Wt 0= W v 0)s| < Z | /RQUZ(Wftk',x,o_wftk,x,o)dxdy|+Z | /RQUZ(Wik',k/,O_Wik,A,O)dxdy"
=1 =4 YR

Thus, to establish the Holder estimate on the vector-valued function of A: Wy, 5 o , we derive such an
estimate on all the components of Wy, » .

(1) Estimate of the first term. Since U!'=F and Wi.a0 = Wk, a0, One has

’ ) IJ1 (Wik’,k/,O - Wik7A70)dxdy‘ = ‘ /2 E (wik/w’o — w:ﬁ:k,A,O)dxdy"
R R

By integrating by parts in y (as in the proof of Proposition 38), one obtains:

Wk N0 W+k.N,0
E A0 WERAOY gy | 214
/R2 9y ( Ten(\) Ten(\) ) * y‘ (214)

‘ - U (Wi o — Wik,A,o)dffdy’ =

We follow again the method described in section 3.3.1 which consist to obtain a Holder estimate via an
interpolation between a L*°-estimate and a Lipschitz estimate given by the mean value theorem. First,
one obtains from the definition of (32) of wiy x 0 and the asymptotic behavior (195) of Ay » o that:

Wik 00(@ ) S Prro(@) [A — DT, ¥(a,y) € R?, (215)

and thus with the estimate (191), it follows immediately that:

|2 (2,9)] £ Yrno(@) A= Dl Viay) € R (216)
ku(A)
It yields the L*°-estimate:

wik,)\/,o( )_wik,A,O
kg(N) 7 k(M)

(@.9)| S sup 9 5)a(2) sup [A— Qi (217)
AENN] AENN]

Combining the estimates (191), (192) (as Ju(A) = |kL(N)]), (215) and (211) gives after simple computa-
tions:

(i) )] S U fel ) o) I3 = I, Vi) € B2 (218)
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By applying the mean value inequality with the estimate (218), one gets:

w:tk,)\’,o( ) — W+E,A,0
)

< - A—Q 73—
=0 oy @O S Al s ds@) s RGN =L @19

XE[A,N A€M N]
We introduce the function hxx : (z,y) = (14 |z| + [y])” supsey g Yr,(5),1(%)- Interpolating between
the inequalities (217) and (219) yield:

wik/,,\',o( )_wik7/\,0
ke(N) 7 ki (N)

(2:9)] S han(@y) s M= Q07 sup A -0, TN - AP,
XeN] XenN]

for all (z,y) € R2. It follows from (214) that

’ Wik N0 wik,,\,o‘
ke (N) k()

),§||hA7,\/||Lgs(Rz)~sup A= Qi sup A —Qp 7Y [N = A7, (220)

2
L2 (R? Xe[AN] Xe[A ]

We point out that SUDS A, 1&,%(;)75\ is uniformly bounded by 1, thus hy x € L? [(R?) for v € (0,s —
1/2). However, we do not dominate this supremum by 1 since one wants to benefit from the decay of
lAxallzz (m2y when A is close to €.

o , L o
We now bound [[hxx[|pz _(g2). Clearly, it exists AL € [A, \'] such that :\ér[l)}gl] QkE(S\);\ =01 0y, - Thus,
one has N

sup ’l/)kr(j\) 5\(3}) = e_ekEO‘j:)»‘:t ‘$|7 for + T 2 0

XeN]

Hence, using the inequality (1+|z|+|y|) < (1+]z])(1+|y|) for x,y € R and the facts that (1+ |z[)?7/(1+
|z?)* < 1and y — (1+|y|)? € L2(R,) for v < s — 1/2 leads to

1 1
Iz @ S || s vemall, =5 Onnn )+ Eaon) ™)
2 J(R2) S ke (N),A 12, \@( Ee(A_),A_ F (At ), A4 )
and thus it follows with (194) that:
Ihanllz @) S sup |A— Q|5 (221)
Ae[AN]

One concludes from (214), (220) and (221) that for v € (0,1] N (0,s — 1/2) and (k,A), (K, \) €
Ags([a, b)) and A < N

U (W n o~ Whioro)dady| S sup A= Q47 sup (A= Q787 [N = AP 110, Ellp2e2)- (222)

‘ R2 XeN] XEN]

(i) Estimate on the second term. Integrating by part twice in y to compensate the additional factor k
in W3, o (see (33)) gives

"N, Wk, ,0)
U? (W2, ,, ,— W2 dd‘——‘/ 52H, WER N0 _ dd’.
(Wi A0 ik”\’o) v r2 Y (u,\//\’ ke(\) u,\)\kE(A)) ey

‘R2

As the functions A\ — 1/(uF\) are C*° on [a,b], the estimates (217) and (219) still holds by replacing
Wik x0/ke(A) by wigk xo0/(pa Akg(X)). Hence, one gets with the same reasoning:

| [ U Woe o~ W) dedy S sup A= Q47 sup 3= Q1Y N - AT 02 HL e
R2 XE[AN] AE[NN]
(223)
(#41) Estimate on the third term. As in the proof of Proposition 38, we need to integrate by part twice
in y to compensate the additional factor )  that appears in the expression of Jywig x 0. It yields:

) dzdy

)

amw:t Y 8ij:k,)\,0
Ul (Wi,/\,o - Wil,x,Q)dxdy’ = ’ /]Rz 5§Hy ( K 0 )

‘ R v Nks(W)2 pix Mg (N)2
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with Opwik 2 0(2,y) = sgn(z) O A(T)wi, (x),x,0(2,y) for = # 0.
On one hand, from the above formula, (215), (191) and (194), one gets

Dxwip 2 0(2,Y) ) 3
— | < - Q R* x R. 224

On the other hand, from (224), (215), (191), (192) and (212), one obtains that

o (EER < PSR+ st (i)

S (U 2+ [y ro(@) A — 1, W(a,y) € R2. (225)

(224) and (225) are the equivalent of the estimates (216) and (218) for the first component. Thus following
the same reasoning as for the first component gives

‘ U (W3, o~ Wi,y o)dady| S sup [A = Q'8 sup A — Q| 757 [N = N[V [|02H, || 2 rey. (226)
R? XENN] AEMNN]

(tv) As the three last components of Wy, ) o are only given (up to a multiplication by C'° function in
A on [a,b]) by a restriction to RT of the three first components, one easily deduced a similar estimates
as the ones in (222), (223) and (226) for these components. Thus combining all these estimates and the
definition of the dual norm (196) leads to (213). O

5.5 Proof of the Theorem 37

ADE

ko(X) Ko(X) RO k() ks(\) ke (V) k

Figure 4: Zoom for the case [a,b] = [, — 1, Q] and O, < Qe.

Proof. Using the Theorem 9, it only remains to prove a local estimate at €2, that is on an interval
K = [Q, —n,Q, + n] with 7 sufficiently small such that 0, Qm, Qe, Qe ¢ K and App(K) = 0.

As the change of topology is only due to the spectral zone Agz at the vicinity of €, for Qe # Q,
it requires only to obtain new estimate on the part of the spectral density M5" associated with Ay for
Qe # Q. For the other spectral zones Z \ {EE}, we can show that the estimate (145) is satisfied for
[a,b] = [Q, —n, Qp +n] and Holder indexes v € (0,s—1/2)N(0,1) if Q, # Qe or v € (0,s—1/2)N(0,1/2)
if Q. = Q, (this latter case can occur only if ¢ < Q,,). The proof is exactly the same proof as the one
of section 3.4 performed for intervals [a,b] C R\ oexe that does not contain £, and £, (Case A) or
does not contain +€. for the particular case Q. = Q,(Case B). It does not depend on the fact that £,
is contained in the considered interval.

We consider the case Qo > Q, (see Figure 4). Thus, one can choose 7 sufficiently small such that
Ape(A) = Apg(V) = @ and Q. ¢ [a,b]. The proof for Q,, > Q. is obtained in the same way.
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For A, X € K, one has for all U € X,:
IMyU =M\Ulx; < Y IMEU = M3U||xr + [IMPU — MU | 7,
z€{DLEI}

Indeed, in the proof of Theorem 9 (case A), the Holder estimate in B(Hs, H_s) of the terms related to
the spectral zones Ap; and Ag; holds on K (which implies the same estimate in the norm B(X,, X)).
Thus, we obtain that for 0 <y <s—1/2 and v < 1:

My U = MaUllaz S X = A7 [Ullx, + [IMYTU — MU | ;- (227)

Hence, as explained at the beginning of the proof, one only needs to derive a Holder estimate for A — M5®
on K. As As(\) = Age(N) = @ and thus M» = MY =0 for A\, N € [Q, — 7, Q,], it is sufficient to prove
this estimate for A, A" € (2, Qp, + 1] with A < A’. We point out that we already show that the limit M}"
when A — QF is zero in B(X,, X) to ensure the continuity of M5 at €, see section 5.2.

(i) a) Now, we show that MY* is Holder continuous with an index 0 < v < s —1/2 and v < 1/3 on
the set (Qp,Qp + 1] First, one has from the expression (190) of ME"

MU~ MU . < 3 gy UL, (228)
+
where we have denoted

G = |T(N) = Te(N)] HWikE(,\),AHi};
+ | (X)) {HW:tkE(A’),N

we + 1Wronallas b Wk o = W pallgse (229)

We deal with the first term of (229). Thanks to the asymptotic formula (192) and (193), that for n
sufficiently small and since Q, < XA < \":

| Tex (V) = Tee(N) S (A= Q)72 and [Toe(V) — Tee(V)] S (A — Q) 75X = Al
Thus, by interpolation, it follows immediately that for 0 <y < 1:
(o (X) = Ten W] < (0= Q) 77N = AP
It gives with (198) that for n sufficiently small, 0 < < 1/2 and Q, <A < X
| Toe(N) = Top V] Wty ), 20015 S = Q) /277N = AT SN = A (230)

For the second term of the right hand side of (229), as Q, < A < X, one has

A—Qy <N -0, and  sup [A—Q) 7 sup [A- 0 = (VW —0y) T (A —0,) T
XeN] XeN]

and thus by virtue of (198), (213) and (192), it yields

Tee V) (Wi a0l + Wk xollam) [Werr a0 = Weg x| 2
SOV =2)72 (N = Q) (N = Q) 757 (A= Q) 73N = A
,S r,\7>\/|/\’ — )\|PY, (231)

with
1

mao = (N = Q)2 I = Q) T

Here, it remains to show that ry y is bounded. The problem (which is similar to the one of section 3.4.4
for the case (C)) is that 75 »/ is not a continuous function on the line A = Q,,. However, we see that for
any fixed k € (0, 1), it is continuous, thus bounded, in any domain of the form

Dy = {(AN) € (Qp, Qo +0)* [ £ (N = Qp) < A=y <X =}
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since (1/2 — 3v/4) —3v/4 =1/2 —3/2y > 0 for v € (0,1/3]. Combining (230), (231), (229) and (228)
yields that for any v € (0,s —1/2) N (0,1/3] and A\, \' € D,;, one has

[MSFU MU e S IV = A" (232)
(i) b) To conclude, we have to prove that (232) holds true in the complement of D, that is,
DS = {(ANN) € (0, Qp+ ) | 8 (N = Q) > A -}
The idea is to use directly (227) (and not (231)) for n sufficiently small with the following inequality
IMSF — M52, 2 S MY, ez + M2, 27 S OV = )% o+ (A = )2

and to notice that the inequality x (N — €,) > X\ — Q, which characterizes points of DS can be written
equivalently as

N=Q<(1—r)PWN =X or A=Q, < (k=171 (N =N).
Thus, we finally obtain for any v € (0,s —1/2) N (0,1/3]:
IMEY — M 2, 200 S 1N = AY2 SN = A7, V(A X) € Dy,

Combining this inequality, (232) and (227) completes the proof of (197). O

A  Appendix

A.1 Asymptotic formulas at the vicinity of £,

We prove here the Lemma 32 that gives some asymptotic expansions which are useful to establish a
Hélder estimate of the spectral density at £(2;.

Proof. To prove the asymptotic expansion (191), one first establishes the asymptotic expansion of Az (k)
when k — 400. From the expression (27) of A, one obtains after some simple computations:

KQ,

Ae(k) = Qp — E2+0(k™), ask — oo, (233)
We deduce from (233) an asymptotic expansion of k = ky()\), where ky = ;! is defined by (28). Using
the equivalence between the limits k = kg(A\) — +00 and A — QF for £K > 0, one gets from (233):

A= Q| = 87K k(A) 2+ O(ke(N) ™), as A= QF for £ K >0,

and it yields
K|Q,\ 2 1
ke(A) = ("T") TR (14 0k() 7).
One concludes finally to (191) by using the fact that k(X)) — oo for A — Qg for £K > 0.
e To compute the asymptotic expansion (192) of () = |A,(ks()\))| ™!, one first computes A, thanks
o (27). After some simplifications, one gets that:

v 9(k) o2 (kF _k K?\~3
Nl) = 5 o with g(k) = Qm(K = (1 + 4k4) ) (234)
As 02
g(k) = 8712 (K+O0(k™)) ask — 4o, (235)
it follows that: .
/ _ m —4
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Using again that for k = kg(A), the limit & — +o00 is equivalent to the limit A = A\g(k) — Qg for £K > 0,
one deduces an asymptotic in A for £ = kg(A). Thanks to (191) and the definition (11) of Q,, one obtains:
Qp
4kg(N)3

X, (ks(N)) = (K+0(1)):2(%) A= Q|% (sen(K) + o(1)).

One arrives finally to the asymptotic expansion (192) by using that J5(A) = |M,(ks(\))| L.
e To show (193), one uses the relation between the derivatives of ky and its inverse Ay which gives

[k (V)| = [M (ke(V)| Te(A)?. (237)

Thus, as one knows the asymptotic behaviour of 7, it only remains to compute the asymptotic of the
second derivative of \g. To this aim, differentiating with respect to k the relation (234), one gets that:

Xi (k) = (9' () Ap(k) = A (k)g(k)) As (k) 7. (238)

By differentiating ¢ and computing its asymptotic at +oo, one shows after simplifications that:

g’(k)zQi( 25-5- (]:4>), as k — +oo. (239)

Using the asymptotic expansions (233), (235), (236) and (239) in (238) gives:

3KQ,
4K

(k) = — (1 + 0(1)) as k — +o0.

Applying the asymptotic expansion (191) in the latter expression for k = kg(\) yields

AL (ke (0)| = 62

Thus, using the asymptotic formula (192) and (240) in (237) leads after simplifications to (193).
e For (194), one deals first with the expansion of 6} k(0 BY (24) and (21), one has

O K|

>_1|)\—Qp|2(1—|—0(1)). (240)

_ 2
0/\’]%()\) = kE(A)z - E0/"‘0)‘2 = |kE()\)| \/1 — EoMo ()\ kE()\)il) .

Thus, it yields immediately with (191) the asymptotic formula (194). One deduces the expansion of
GikE()\) from the one of 0, ke (2) by using the dispersion relation (26) which gives:

+
BTN - - +
Gj\'kp()\) m 0 oy = (L H0(1) 0y, ) as A= QF for £ K >0.

e Concerning the asymptotic formula (195), one deduces from the definition (37) of Ay, (x).x,0 that :

1/2 1 1pt 1/2
Ak A0 >\ |'UJ/\ A,k (>‘)| — QPIU’O |9>\7kr:(>\)| (1 +0(1)>
A0 o (A (V) + (20p10)2(2 — 20214~ 23ar k() ’

as A — Qg for + K > 0. Combining the latter expression, (191) and (194) gives immediately (195). O

A.2 The limiting absorption principle near the frequency 42,

In this paragraph, we indicate what changes have to be made in order to adapt the proof of Theorem
2 for the particular value v = 1/2 of the Holder exponent in a vicinity of +§, or —{2, (see Remark 3).
Indeed the approach we propose in §3 to prove the Holder regularity of the spectral density (Theorem
9) is not valid in this particular case. This is actually due to our choice of introducing the function Gm‘n
(see (88)) which yields more concise but less precise estimates. To deal with this particular case, we have
to distinguish between 9,1 5 and 9,; » in the Holder estimates.
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We assume again for simplicity that £, > €, and we consider an interval [a, b] of the form [{2, b] or
[a, Q] contained in R\ (gexc U{€2:}). We see in Figure 3 that the two spectral zones which are concerned
are App and Ap. Only the latter is problematic. Indeed, the core of the problem is that for v = 1/2,
Lemma 24 is wrong for Z = DE (whereas it holds true for z = DD). To remedy, we have to come back to
the very first estimates where we have used 0", This started with the A-derivative of Ag x 11 given in
(92). Here, Jys = {+1} so that instead of (94), we obtain the more precise estimate

v(k, )‘) € ADE([av b])7 |a/\Ak,)\,1| S |9k7)\|_3/2 + |el:>\|_1’
which can be then used in the proof of Lemma 19. Instead of (105) and (106), we infer that

V(z,y) € R, |aweai(z,y)| S (|91:,,\|_3/2 + |9;:,\|_1) (1 + =),
V(z,y) € R* xR, [03dpwini(@,y)| S (105,722 + 16,57 (1 + [2)).

Proceeding as in the proof of Proposition 20, we deduce that for all (k, ), (k, \') € Apg([a,b]) such that
AN,

HW;C’X’I — W’“’AJHH_S < _sup \9};5\‘—1/2—7 + _sup |9;5\|—7 _sup |91;5\|—1/2+v/2 |)\/ _ )\|”Y7
XE[NN] XEAN] Ae[AN]

which is more precise than (117). As we are only interested in the case where v = 1/2, from now on
we choose this particular value. We move to §3.4.2, where the definition (153) of dy ,; and (63) (for
v = 1/2) yield now

dA,A’,lS(ﬁup 07517+ sup (675172 sup l%"”“) X — A2,
AENN] AENN] AENN]

Hence the relation (151) for z = DE will be proved once we have verified that the integral on Apg(A) N
Api(N') of the quantity inside the parentheses is bounded. As 9; 5 and 01; 5 cannot vanish simultaneously,

s

this amounts to proving separately

/ sup ‘92‘5\’_1/2 dk <1 and sup |9;5\|_1 dk <1,
Ao (M)NAe(N) Xean] Az(NNA(N) Xeaa]

instead of Lemma 24. In the present case, the statement of this lemma is equivalent to (158) with
exponent 3 = —1/2 for ’9:5\| and § = —1 for ’9;5\ , that is, replacing in the first integral the exponent
—1 (for which the inequality is false) by —1/2 (for which the inequality is true). Finally it is easy to see
that on one hand we can reuse exactly the arguments of the proof of Lemma 24 for case (B) to prove the
above inequalities and on the other hand that the proof of Lemma 25 for case (B) holds for v = 1/2.
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