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Ω
rt_��(r�psrtxzy|��rt¥¨n��.~�uArt��y¨u�p

σ
« ¢ c2pz_���¥�¥ xtcWp³rzxty|��r)~�vaxtpzc.¥�£�cPpIrt~+�a¥|��uac

�.xt����Åqp
Y
σ ⊂ Π

¯�_ac.xtc
Π
y�p��C�a¥|��u�cD:±~�x��C¥�y¨u�c9y¨uT�qy�bdc.u�pzy¨~�u8� <) a¤�vqr�ua~�r�uacP�*cPpzpt��xty¨¥�n �*~�uauacP��rzcP�$«

^0_�c2�ay¨xtcW�*r��axz~�¤a¥�c.b ��bC~�vauArtp�rt~dpzc.cWÅZ�dp³~�¥¨varzy�~�u
u ∈ H1(Ω \ σ)

~�§






(i) ∆u + k2u = 0
y¨u

Ω \ σ
(ii) ∂nu = 0

~�u
σ

(iii) u = f
~�u

∂Ω

: )=<

¯�_�c.xtc
f ∈ H

1
2 (∂Ω)

y�pIrz_aci��y�£�c.u��a��rt�9��u��
k
�qc.ua~�rzcPpIrz_�c�¯��6£�c0uAv�b+¤Mc.xP«3^0_acg¯1cW¥¨¥¨·U�M~�pzcW�auacWptpI~�§

rt_ay|pL�axt~�¤a¥�c.b y¨§
k2 y|pLua~�r���u�cWy¨��c.uo£(��¥�vac�~�§\rt_ac�Q����a¥|���.c�~��Mc.x��(rz~�xLy�u Ω\σ

�W��u�¤McgcP��pzy¨¥�n"��_acP��Å�cP�
v p³y�ua�´�8£(��xty���rzy�~�u���¥�bCc.rz_a~q�� 3§±~�x�y¨u psr���u��.c�«Z^0_acZy¨uo£�cWxtpzcd�axt~�¤a¥�c.b ¯�c ��xtc�y�u�rtc.xtcWp³rzcP��y�u y�p�rz_ac
xtcW�.~�u�p³rzxtv��*rzy�~�u8~�§Irt_ac"�.xt����Å

σ
§±xt~�b:rz_acCÅoua~(¯�¥�cW�q��c9~�§

f
��u���rt_ac�® vqº

g := ∂nu
~�u

∂Ω
¯�_acWxzc

n
y�p�rz_ac9vau�yµr�~�vqrs¯���xt�Zua~�xtb���¥Mrz~

∂Ω
«

^0_ay|p1xzcP�*~�u psrtxzv��*rzy�~�udy|p)¤���p³cP��~�udrt_acgxtcW�.y¨��xz~q�*y¨rsnC�����d§±v�u���rty¨~�u���¥
RG : H(Ω) 7→ C

�qc � uacW�
¤on

RG(v) =

∫

∂Ω

f ∂nv ds −
∫

∂Ω

v g ds
:U�W<

§±~�x���¥�¥
v ∈ H(Ω)

 a¯�_ac.xtc

H(Ω) := {v ∈ H1(Ω) / ∆v + k2v = 0
y�u

Ω}.
^0_�cIy¨uArzcW��x���¥|p\y¨uD:U�1<$pz_a~�v�¥���¤McLvau��qcWxtp³rz~o~q�2��pÍ�0�qv ��¥�yµrsn�����y�xty¨ua�0¤Mc*rs¯�c.cWu

H
1
2 (∂Ω)

��u��
H− 1

2 (∂Ω)
«

^0_�y�p9�.~�uo£�cWu�rty¨~�u´¯�y�¥¨¥I¤Mc�b���y�u�r���y�uacW�°¯�yµrt_a~�var�c*ºq�a¥�y��.yµr9bdc.uArzy�~�u�rz_�xz~�va��_a~�vqr�rz_acdxtc.b���y�uay�ua��~�§
rt_ac9����� cWxW«

2g�a�a¥�nAy�ua�drt_ac+Ã�xzcWc.u�§±~�xtb+va¥|�Cy¨u
Ω
��u���v�pzy¨u��"rt_ac9¤M~�vau�����xtn �*~�u �qyµrty¨~�u>: )�·»y¨y�<0pz_a~(¯�p�rz_���r

RG(v) =

∫

Π

[u]
Π
∇v · N̂ ds

§±~�x���¥�¥
v ∈ H(Ω),

:R� <

¯�_�c.xtc
N̂

y�p8��vauay¨rt��xtn¸ua~�xtb���¥2£�cP��rt~�x rt~
Π

��u��
[u]

Π
:= u+ − u− ~�u

Π
¯�_ac.xtc

u±(x) =

limε→0+ u(x ± εN̂)
§±~�x��a« c�«

x ∈ Π
« ¢ cCp³_ ��¥�¥Í�axt~(£�c ��x�psr�rt_��(r�yµ§

RG
y�pgua~�rgy|�qcWu�rty��W��¥�¥¨n

0
rz_�c.u

σ̄
�*~�y¨u��.y��acWp0¯�y¨rz_�rz_ac�pzva�a�M~�xzr�~�§3rz_ac0�sv�bC�8~�§

u
���*xt~�ptp

Π
«
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��	��� �

�1½ � � ������� ���	����
 �"�
�\��� ��� ��� 
����T�	�*���	�
Π
�����1�N
��U�>��� �D��� �1� ��� � ��
���� �W�1�����W�1� �

f
�������\���

��� �1�
RG 6= 0 ��� � �
�8lov��a�

[u]
Π

= σ̄ �
� �$
�
I� � ^0_ac ��xz~o~�§�~�§�rz_ay|p+xtcWpzva¥¨r�§±~�¥�¥�~(¯�p9rz_�c�pt��bdc y|�qcW�´��p9rt_acZ�axt~o~�§�~�§�¥�c.bdb��6)�« ��y�uF' �1+

��y¨£�c.u §±~�x
k = 0

« ¢ c���xzcPp³cWu�rC_ac.xtc8�°pz¥¨y���_Ar"bd~q�qy � �.��rzy�~�u�~�§�rt_��(rd£�cWxtpzy¨~�uÍ« ¢ yµrt_a~�vqrd¥�~�ptp+~�§
��c.uacWxt��¥¨y¨rsn ~�uac�b��6n���pzpzvabdc2rz_���r

Π = {x ∈ R3 ; x3 = 0} « QÍc.r V ⊂ Ω
¤ cC��u8~��Mc.u´�.~�uau�cW��rtcW�

pzc*r��.~�uArt��y¨uay�ua�
σ
 �pznobCbdc.rzxty���¯�y¨rz_8xzcPp³�McW�*r0rz~

Π
«L©ic � uac

ũ+ =

{

u+(x1, x2, x3) x ∈ V +,
u+(x1, x2,−x3) x ∈ V −,

¯�_�c.xtc
V + = {x ∈ V / x · N̂ > 0} ��u��

V − = {x ∈ V / x · N̂ < 0} «�i¤o£oy�~�v�pz¥¨n
∆ũ+ + k2ũ+ = 0

y�u
V ±.

eg~(¯¶��ptp³v�bCcgrz_ac�c*ºqy|psrtc.u��.cg~�§
������x³r
σ0 ⊂ σ

p³v ��_�rz_���r1rt_ac2p³vaxz§ ���.cgbdcW��p³v�xzc�~�§
σ0

y|p)u�~�r
0
��u �

pzv���_°rz_���r
[u]

Π
= 0

~�u
σ0
« QÍc.r

V0
¤ cd��u�~��Mc.u��.~�uau�cW��rtcW��p³va¤ p³c.r�~�§

V
p³v���_´rz_���r

V0 ∩ σ 6= ∅��u��
(V0 ∩ σ) ⊂ σ0

«´loy�u��.c
[u]

Π
= 0

��u��
[∂Nu]

Π
= 0

~�u
σ0
 �~�u�c�_���p

∆u + k2u = 0
y�u

V0
 

��u��8��¥|p³~
[ũ+]

Π
= 0

��u �
[∂N ũ+]

Π
= 0

~�u
σ0
«0^0_acWxzc.§±~�xtc! 

∆ũ+ + k2ũ+ = 0
y�u

V0
«�loy�u��*c

V0
y�p

�.~�uau�cW��rtcW�� �rz_ac+vauay|{�v�c+�*~�u�rty¨uov���rzy�~�u��axty¨u��.y¨��¥¨c�cWu�pzvaxzcPp0rz_�c.u8rz_ �(r
u = ũ+ y¨u

V0
��u���rz_acCpz��bdc

��xzy�u��*y��a¥�c�c.u p³vaxtcWp�rz_���r
ũ+ = u− y�u

V − «�71~�u�pzcW{AvacWuArz¥�n! [u]
Π

= 0
~�u

σ
��u���§±xt~�b :R� <�~�uac9��c.rtp

rt_��(r
RG = 0

«L^0_ay|p��*~�uArzx����qy|��r�p)rt_ac9_ono� ~�rz_acPp³y|p0~�§3rz_ac9¥�c.bdb��a«
��½ � �q��������� � �\�����������H� 
 �V��� ���	��������
1���V�*��
 
 �!�\
�� �����1�"�

R� � � �L��������
�� ��� ��� Π

�����1� ���N�1�
� ��� ��� ����� ��� �$� �#� � �L��$ ����� �
�N���D
I� ũ+ ��
1���*
��%� ����
&
 �
�*���	���������U��� ��
��$��
'� 
1� ���N�1�H�������L��$W�4�
�(����
�� 
I�
�

1�H��� ��
1�(� �W�
��
���� �1�N��� ��� ��� ��
���� �W��������� �

^0_ov�p� \¯�_ac.uTrt_ac+��¥���uac
Π
y�piÅoua~(¯�u�  rz_acC�*x�����Å

σ
�.��uT¤Mc"�ac*rzcWxzbdy�uacW�T§±xz~�b&� ÅAu�~(¯�¥¨cP�q��c�~�§

[u]
Π

« ¢ c�p³_ ��¥�¥3u�~(¯¦�qy|pz�.v�pzpirt_acdv�p³cC~�§1rz_acdxtcW�.y¨�axt~q�*y¨rsn8�����°§±vau��*rzy�~�u���¥
RG

rt~�xtcW�.~(£�cWx
Π

��u��
[u]

Π

«
¢ c�p³_ ��¥�¥Í�qc.ua~�rzc9¤on F rt_ac"5a~�vaxty¨cWx1rtxt��u�p³§±~�xtb�~�u

Π
�qc ��u�cW��§±~�x

v ∈ L1(Π)
¤on

F(v)(ξ) =

∫

Π

v(x) exp(iξ · x) dx
§±~�x���¥�¥

ξ ∈ R
3, ξ · N̂ = 0.

5�~�x
θ ∈ C3  a¯�c9�qc ��u�c

v(x; θ) = exp(iθ · x) x ∈ R
3.

lqy¨bd�a¥�c��.��¥��.va¥���rzy�~�u�p0pz_a~(¯¶rt_��(r�§±~�x
θ
p³v���_�rz_ �(r |θ| = k

 
v(·; θ) ∈ H(Ω)

��u��

RG(v(·; θ)) = i(θ · N̂)

∫

σ

[u]
Π

exp(iθ · x)ds(x)

�() �Z½   Á�*M½ ��+-,/.
[u]

Π

« ¢ c0��ptpzvabdcIrz_���r
Π
y�p�Åoua~(¯�u���u �9y�p3�qc ��uacW��¤An�rt_ac)cP{�v �(rzy�~�u

x·N̂ = γ¯�_�c.xtc
N̂

y�pC�Tvau�yµrCua~�xtb���¥Lrt~
Π

��u��
γ
y|pC�T��y�£�cWu �*~�u psr���uArW«35�xz~�b�ua~(¯ ~�u √ �qcWua~�rtcWp+rz_ac

�.~�bd�a¥�c*º�pt{Av���xtc�xz~o~�r�¯�y¨rz_8ua~�u�uacW����rzy�£�c2y¨b�����y�u���xtn�����xzrW«UQ
c*r
ξ ∈ R3  ξ · N̂ = 0

 a��u����qc ��u�c

θ(ξ) = ξ −
√

k2 − |ξ|2N̂.
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C �����������W���
	V�����$�1�����
�B�����W���

�i¤o£oy�~�v�pz¥¨n
θ(ξ) · θ(ξ) = k2 ��u��Crz_acWxzc.§±~�xtc v(·; θ(ξ)) ∈ H(Ω)

«Ifip³y�ua�L:R� <) A~�uac�cP��pzy¨¥�nC£�c.xty ��cWp�rt_��(r

RG(v(·; θ(ξ))) = −i
√

k2 − |ξ|2 exp(−iγ
√

k2 − |ξ|2)
∫

Π

[u]
Π

exp(iξ · x) dx.

^0_�c.xtc*§±~�xtc

F([u]
Π
)(ξ) =

i exp(iγ
√

k2 − |ξ|2) RG(v(·; θ(ξ)))
√

k2 − |ξ|2
§±~�x���¥�¥

ξ ∈ R
3, ξ · N̂ = 0,

: � <

¯�_�y���_ c*ºq�a¥�y|�*y¨rz¥�n¹�qc.rzcWxzbdy�uac
[u]

Π

¤on�rt��ÅAy�ua�8rt_ac y�uA£�c.x�p³c�5�~�vaxty¨cWx9rzx���u ps§±~�xzb ~�§0rz_ac xty���_Ar�_���u �
pzy|�qc�«
� ) �Z½   Á�*M½ ��+-,/. ��� ½ , Á � � � $

N̂
« Q
c*r

S
¤ c�rt_ac9vauay¨ripz�a_ac.xtc9��u����qc ��uac! a§±~�x

θ̂ ∈ S
 

Λ(θ̂) = sup
ϕ∈kS; ϕ⊥θ̂

|RG(v(·; ϕ))|.

�1½ � � ������� ���	����
 �D�
�\���P�
�\����
1��� �W�1��� �W�1� �
f
�������\�	�&��� �1� ��
1�8���W�	�6�
���H� � �
� E ���
�\�4������� ���

��� � 
������W��� 
 ��
����

��"� $W���
2k

��� � 
B���	
��M��$ ���
η � 0 ≤ η < 2k � F([u]

Π
)
�����N
1� � �W�
�\�����������H�	�=�
��
�
��

E ��� �\��� ±N̂
����� �
�\�B
1�\�H�	�=�
��
�� 
I�

Λ �
� ��
�
I� � ¢ c"��xtp³r2ua~�rty��.c"rt_��(r

Λ(±N̂) = 0
p³y�u��*c

RG(v(·; ϕ)) = 0
§±~�x2��¥�¥

ϕ ⊥ N̂
«+eg~(¯¦��ptpzvabdc

rt_acgc.ºqy�p³rzcWu��*ci~�§
θ̂ ∈ S

p³v���_ rz_���r
θ̂ 6= ±N̂

��u �
Λ(θ̂) = 0

« ¢ ci�acW�qv��.cgrt_��(r
RG(v(·; ϕ)) = 0

§±~�x
��¥¨¥

ϕ ∈ k S
pzv���_Zrt_��(r

ϕ · θ̂ = 0
«

E = {ϕ − (ϕ · N̂)N̂ ; ϕ ∈ kS; ϕ ⊥ θ̂} y|p���u cW¥¨¥�y¨� p³c �.c.uArzcWxzcP�¹��r9rz_ac�~�xzy���y�u¹~�§0bd���s~�x���ºoy|p
2k��u��8bdy¨u�~�xg��ºoy|p

2|θ̂ · N̂ | «�lqy¨u��.c θ̂ 6= ±N̂
 
2|θ̂ · N̂ | < 2k

«�!�c.u �*c F([u]
Π
)
y|p�y|�qcWu�rty��W��¥�¥¨n8#.cWxz~�~�u

E\{S1, S2}
¯�_acWxzc

S1
��u��

S2
��xtc0rz_�cgc.u �q� ~�y¨uAr�pL~�§$rt_ac�b��(�s~�x)�(ºqy|pL~�§ E «U@�nd�*~�uArty¨uovay¨rsn F([u]

Π
)y|p #.cWxz~d~�u E  �¯�_ay���_8�*~�u�rtxt���qy|��rtp�rt_ac9_ono� ~�rz_acPp³y|p0~�§�rz_ac9¥�c.bdb��a«

��½ � �q��������� � �\����
1� ��������
��R
 � ��� �U�N�����=��
������*��
'
��M��� ����� 
 ���0� �"� � �
�\� ��
1��� �W�1�����,�1�H�\� f
��� ���\���

��� �1� F([u]
Π
)
� 
����M�N
1� �����E��� � 
��&�L��
��E�N�����4�����\�����R�H�����������L��� �V
������W��� �4
���� �V�
�������0�B
I�M�����1�����

k���
�\�4���$� �L��� �
�\�B
1�����1��� �
� ) �Z½   Á�*M½ ��+-,/.¸��� ½�
 $ � , ½

Π
« ¢ c���ptpzvabdcC_�c.xtc+rt_��(r

N̂
y�p2Åoua~(¯�u¹��u��¹pz_���¥�¥L�qc*rtc.xtbdy¨uac

rt_ac+�M~�pzy¨rzy�~�u´~�§Lrz_ac"�a¥|��uac
Π
«9^0_ay|pi��bC~�vauArtp�rz~�rz_ac"c.£(��¥�v��(rty¨~�u´~�§Irt_acd�*~�u psr���uAr

γ = x · N̂ §±~�x
��¥¨¥

x ∈ Π
«

�1½ � � ����� � ���	����
 � ��� ���
N̂

�������	
��U�6��� �D��� �1���
�\� �$
1��� � ����� � ���4�
f
��� ���\���3��� ���

RG 6= 0 �
� �\��� γ

���"���\���
�\�
�H� �W�
� �
� 
B���	��� �
� ��
�
I� � loy�u��*c

σ ⊂ Ω
��u��

Ω
y�p0¤M~�vau �qcW�� �~�uac9�.��u�~�¤qrt��y¨u8�C�axty¨~�xzy\¥�~(¯1cWx0��u���va�a�Mc.x�¤M~�vau �ap

γ−��u��
γ+ ~�§

γ
«Zlqy¨u��.c

RG 6= 0
 
[u]

Π
6= 0

��u�� F([u]
Π
) 6= 0

« hT~�xzcW~(£�cWx� Mrz_�cZp³v��a� ~�x³r9~�§
[u]

Π

y�p
�.~�bd������r� apz~ F([u]

Π
)
y|p���u���¥�nArzy|�i~�u

R2 « !�cWu��*c2rt_ac.xtc2c*ºqy�p³rtp θ ∈ k S
pzv���_�rz_���r

0 < (γ+ − γ−) |θ · N̂ | < π
��u �

RG(v(·, θ)) 6= 0.
:R� <

Ê±Ë3ÕÍÊÏÇ



������� �	��
��
�������������������	������
��	��� G

¢ c�pzc*r
ξ = θ − (θ · N̂)N̂

��u��
θ′ = ξ − (θ · N̂)N̂

«Lfgpzy¨ua�3:R� <1~�u�c9��c*r

RG(v(·, θ)) = c exp(iγ(θ · N̂))
��u��

RG(v(·, θ′)) = −c exp(−iγ(θ · N̂))

¯�_�c.xtc
c = i(θ · N̂)

∫

Π

[u]
Π

exp(is · ξ) ds
«)^0_�c��*~�u psr���uAr

γ
y�p0rt_ac.xtc*§±~�xzc2vau�y�{AvacW¥¨n��qc*rtc.xtbCy�uacP��y�u

[γ−, γ+]
¤on�rz_ac9x��(rty¨~

RG(v(·, θ))/RG(v(·, θ′)).

� � �"7 �k����7 %9�3;d� ���������
�
��%2�Í���0���*��4²�������8,*��7

¢ c"�.~�u�pzy|�qc.x�y¨u´rz_ay|p2p³cP��rzy�~�u´rz_acCp³�McW�.y���¥3�W��pzc+~�§)pt�.��r³rtc.xty¨ua�Z�axz~�¤a¥�c.b�p  MyU« c�«i¯�_acWu
σ
y|p�p³y¨rzv���rzcP�

y�u�§±xtc.cgpz�����*c�« ¢ ci¯�~�va¥|�d¥�y¨Å�c�rz~"� ~�y¨uAr1~�vqr)rt_acg¥�y�uaÅd¤ c.rs¯1cWc.u
RG

��u��drt_ac�§ ��x ��cW¥�� ���(rzrzc.xtu�rt_��(r
y|p��*~�bdbd~�u�¥¨nCv�pzcW� ��p1�a��rt�9y�uZy�uo£�cWxtpzc�pz�W�(rzrzc.xty�ua��c*ºq�Mc.xty¨bdcWu�r�p)¥�y�Å�c�y�u '0).��+»« ¢ cgrz_acWu��qcPpz�.xzy�¤Mcgy�u
rtc.xtb�p0~�§�y¨u��.y��ac.uArg�a¥|��uac2¯0�6£�cPp)rt_ac+pzvay¨rt��¤�¥¨c���_a~�y��.c2~�§I�a�(r��+§±~�x�rz_�c9y¨uo£�cWxtpzc��axz~�¤a¥�c.b8« 71~�u p³y|�qc.x
§±~�x�y¨u psr���u��.c

u ∈ H1
loc(R

3 \ σ)
pt�(rzy|p³§±nAy�ua�
{

∆u + k2 u = 0
y¨u

R
3

∂nu = 0
~�u

σ,

:�C <

u = ui + us
¯�_�c.xtc

ui(x) = exp(ikx · d̂)
¯�y¨rz_ |d̂| = 1

y|p���u�y¨u �*y|�qc.uAr��a¥|��uac2¯0�6£�c2��u���¯�_acWxzc
usy|p�rz_�c�pz�W�(r³rtc.xtcW��¯��6£�c�pt�(rty�p³§±noy¨u��"rt_ac+l -�bCbdcWx³§±cW¥���xt���qy|�(rzy�~�u��*~�u��qy¨rzy�~�u

lim
r=|x|→∞

r(∂ru
s − ikus) = 0

v�uayµ§±~�xzbd¥�n°¯�y¨rz_ xtcWpz� cP��r�rt~
x̂ = x/r

«8¬»r+y�p�¯1cW¥¨¥1ÅAu�~(¯�u '0)P�,+)rt_��(r+rz_acZpt�.��r³rtc.xtcW� ��c.¥|�¹_���p�rz_ac
��p³nobd�qrt~�rzy|��c*ºq����u�p³y�~�u

us(x) =
eikr

r
(u∞(x̂) + O(1/r))

v�uayµ§±~�xzbd¥�nT¯�yµrt_�xtcWpz�McW��r�rz~
x̂
 
¯�_ac.xtc

u∞
y�p2�.��¥¨¥�cW�´rz_acC§ ��x � c.¥|�°����r³rtc.xtuÍ«d�iu°rz_acd~�rt_ac.x2_���u��� 

§±xt~�b&rt_ac�xtc.�axtcWpzc.uArt��rzy�~�uTrt_ac.~�xzcWb ~�§0��x����ay���rzy�ua��pz~�¥�vqrty¨~�u´rz~�rt_ac�!�c.¥�bd_a~�¥¨r�#�cP{Av��(rty¨~�u '0)W�,+  Íy¨§
Φ(x, y)

�qcWua~�rtcWp0rt_ac2§±vau�����bdc.uArt��¥
pz~�¥�vqrzy�~�u8��y�£�cWu�y�uT�qy�bCcWu�pzy¨~�u�rt_axtc.c9¤on
Φ(x, y) = exp(ik|x −

y|)/(4π|x − y|) §±~�x x 6= y
 qrt_ac.u�rz_�c�pz�W�(r³rtc.xtcW� ��c.¥|�8�.��u�¤Mc9xzcW�axzcPp³cWuArzcW��~�vartpzy��qc

σ
¤on

us(x) =

∫

σ

(∇yΦ(x, y) · N̂) [u]
Π

(y) dy.

5�xz~�b rz_�c���pznAbd�qrt~�rty���c*ºq����u�pzy¨~�u

∇yΦ(x, y) =
exp(ik|x|)

4π|x| (−ikx̂ exp(−ikx̂ · y) + O(1/|x|))
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J �����������W���
	V�����$�1�����
�B�����W���

v�uayµ§±~�xzbd¥�n�§±~�x���¥¨¥
y ∈ σ

 �¯1c9�qcWxzy�£�c

u∞(x̂) = − ik

4π
(x̂ · N̂)

∫

σ

[u]
Π

(y) exp(−ikx̂ · y)dy.
:�G1<

^0_�c.xtc*§±~�xtc! q�.~�bd����xty�ua�+rt_ay|p�c*ºq�axtcWptp³y�~�u�¯�yµrt_>: � <�~�uac2��c.rtp

u∞(x̂) = −RG(v(·,−kx̂))

4π

:�J <

¯�_�c.xtc
v(x, θ) = exp(iθ · x)

«��iuac pzc.cPp�rz_acWxzc.§±~�xtcCrz_ac �.¥¨~Ap³cd¥�y¨uaÅ�¤ c.rs¯1cWc.u�rz_ac�xtcW�.y¨��xz~q�*y¨rsn´�A���
§±v�u���rty¨~�u���¥g��u���§ ��x ��cW¥��ª����r³rtc.xtuÍ«E^0_acTy|�qc.uArtyµrsn(:�J < ��¥|p³~¹y¨u �qy��W�(rtcWpdrt_��(r�rt_acT§±vau��*rzy�~�u���¥

RG�.~�uArt��y¨u p�bd~�xtcTy¨uq§±~�xzb���rzy�~�u�pCrt_���u¸rt_acT§ ��x ��c.¥|�¸����r³rzcWxzu ��u��ªrz_���rZy|p ¯�_on?y¨r���¥�¥�~(¯�p�c*ºq�a¥�y��.yµr
xtcW�.~�u�p³rzxtv��*rzy�~�u�p�y�uZrt_ac��.��p³c2~�§��a¥|��uac9�.xt����ÅopW«

hT~�xzcW~(£�cWx� 1y¨u¸rt_ac°�.��p³cT~�§�pz�W�(r³rtc.xty¨u�� �axz~�¤a¥�c.b  0~�uac´�W��u b���Å�c´�*¥�cW��x rz_ac°��pzpzvabd�qrty¨~�u�p�y�u
Q
c.bdb���p��q«0)g��u�� �a« �a«�^0_�ci�*~�u��qy¨rzy�~�u

RG 6= 0
_a~�¥��ap1y¨§
��u��d~�ua¥¨ndy¨§$rz_aciy¨u �*y|�qc.uAr1¯0�6£�c

ui
y�p1p³v ��_

rt_��(r
d̂ ·N̂ 6= 0

«I�i¤o£oy¨~�v�pz¥¨n  �yµ§
d̂ ·N̂ = 0

rz_�c.u
RG = 0

«3eg~(¯  ���ptpzvabdc
RG = 0

 (rz_acWu
u∞ = 0

��u��
rt_ac.xtc*§±~�xzc

us = 0
¤AnT��cW¥¨¥�y|��_�� pi¥�c.bdb��Z��u �Trz_�c+vauay|{Avacd�*~�uArty¨uov���rzy�~�uT�axty¨u �*y��a¥¨c�«9^0_ac"�.~�u��qy¨rzy�~�u

∂nu = 0
~�u�rz_ac�pt�.��r³rzcWxzcWx�rz_acWu�y�bd�a¥�y¨cPp

∂nui = 0
~�u

σ
��u���rz_acWxzc.§±~�xtc

d̂ · N̂ = 0
«

¢ ci¯�c.xtc�ua~�r���¤a¥¨cgrz~"¥¨y�uaÅdrz_�ci��ptpzvabd�qrzy�~�u ~�§Í¥¨cWbdbd�C�q«Ô�2rt~"pz~�bdcg�*~�u��qy¨rzy�~�u ~�u�rz_�ciy�u��*y|�qcWu�r
��¥���uac2¯��6£�c�«
��½ � �q��� � ����� �'� 
���� �8�H� � �V�4
L�	
�������� �\���$�V�
�\��� �
�\�V���
�V
I�"��� �B�����
� �N��
=������� � ���D�����	������
��	��� � 


����4����� ��$��N�H���
��� �$�$��
1�(��� ���\�
����
��(� �$�W�	�H����� ���;�	�����N�
� �N�*�L�4
 
 
1��� � ���	���$��� ��
���� � �����3��
�� ��������
��(�D
��
σ �

��
��;� $ ��
 �N�0�;
I�D�

 � ��� ���N���8���$� �
∂nu± ± ikλ±u± = 0


��
σ
�/� �
���

λ± �����8��� �8�

 � ���W�1�N���

I�B���W�	� ��� � ��
 � �
�\�V�
��� ��� � � �\�V�
�\�$
1���
� �������U��� �D�E��
 �
��������� ��������� 
 ���1� ��
1�&
I�"��� ���B�����
�����$� ��� �W�
������ ��� �
� � %����¦��,*,	�³����
d	�%9���*�����

¢ cdrzxtcW��r9y¨u¹rz_�y�p�pzcW�*rzy�~�u�rz_ac �W��pzcd~�§�h°�(ºq¯1cW¥¨¥�� p2cW{Av��(rty¨~�u�p2¯�_acWxzc
σ
xzcW�axzcPp³cWuArtp2�8pz�.xzcWc.uÍ«�2�¥�¥

rt_ac9xtcWpzva¥µr�p0~�§�p³cP��rzy�~�uT�d�.��u�¤Mc��qcWxzy�£�cP� y�u8�C£�c.xtnZp³y�bdy¨¥|��x�b���uauac.xP« ¢ c��ac.ua~�rzc

H(curl , Ω) := {E ∈ L2(Ω)3 ; curl E ∈ L2(Ω)3}
��u���yµ§

divs

�qcWua~�rtcWp�rz_�c2pzvaxz§ ���.c2�ay¨£�c.xt��c.u �*c�~��Mc.x��(rz~�x1~�u
∂Ω

��u��
n
rt_ac2ua~�xtb���¥\rz~

∂Ω
�qy�xtcW��rtcW�

rt~Crz_ac9c.ºArtc.xty¨~�x0~�§
Ω
 orz_acWuT¯1c9�qc ��uac

H− 1
2 (div, ∂Ω) := {E ∈ H− 1

2 (∂Ω)3 ; E · n = 0 ; divsE ∈ H− 1
2 (∂Ω)}

H− 1
2 (curl , ∂Ω) := {E ∈ H− 1

2 (∂Ω)3 ; E · n = 0 ; divs(E × n) ∈ H− 1
2 (∂Ω)}

^0_ac9cW¥¨cP��rtxzy|� ��c.¥|�
E(x)

 �¯�_ay|��_�y�p��C£�cW��rt~�x0y�u
R3  �pt�(rty�p'��cWp E ∈ H(curl , Ω)

��u��






(i) curl curlE − k2E = 0
y�u

Ω \ σ

(ii) E × N̂ = 0
~�u

σ
(iii) E × n = F

~�u
∂Ω

: � <

Ê±Ë3ÕÍÊÏÇ



������� �	��
��
�������������������	������
��	��� �

¯�_�c.xtc
F ∈ H− 1

2 (div, ∂Ω)
y|p�rt_acC¤ ~�vau��a��xznT�a��rt����u��

n
y�pirz_�c"ua~�xzb���¥
rt~

∂Ω
�qy�xzcP��rzcP�Trt~Zrt_ac

c.ºorzc.xty�~�x�~�§
Ω
«3^0_�c��qy¨xtcW�*rL�axt~�¤a¥�c.b�_ ��pI¤Mc.cWudp³rzv �qy¨cP�Cy¨uR'HG=+�¯�_acWudyµr)�.~�xtxzcPp³�M~�u���p
rt~��2pz�W�(r³rtc.xty¨u��

��xz~�¤a¥¨cWb  (yR« c�«3rz_�c � xtp³rIcW{Av��(rty¨~�u+y�u;:R� <�y|pIpz��rzy|p ��cP�+y�u
R

3\σ
¯�yµrt_

E×N̂ = 0
~�u

σ
 
E = Ei +Es Ä

Ei
y�p9��u�cWu�rty¨xtc�p³~�¥¨varzy�~�u�rz~Th´�(ºq¯�c.¥�¥ � p�cW{Av���rzy�~�u�p2��u �

Es
y|p2rz_ac�pt�.��r³rzcWxzcP� � c.¥|�´rt_��(r+pt�(rty�p'��cWp

rt_ac+loy�¥¨£�c.xz·»h3Aa¥¨¥�c.x0x����qy|�(rty¨~�u��.~�u��qy¨rzy�~�u Y

lim
|x|→∞

(curlEs × x − ik|x|Es) = 0

v�uayµ§±~�xzbd¥�n y¨uª��¥�¥0�ay¨xtcW�*rzy�~�u�p
x̂
« ¬»rdy�pdpz_a~(¯�u y�u ' J,+0rz_���r"rt_ac.xtc�c*ºqy�p³rtpC��vauay|{�v�c�pz~�¥�vqrzy�~�u

E
y�u

Hloc(curl , R3)
«L^0_ac9¯�c.¥�¥µ·»� ~Ap³cP�quacPpzp�~�§3�axt~�¤a¥�c.b :R� <�y¨§

k2 y|p�ua~�r���u�c.y���c.uo£(��¥�vac2~�§�rz_ac�h°�(ºq¯1cW¥¨¥
~�� cWxt��rz~�xgy�u

Ω \ σ
�.��u°¤Mc��qc.xty¨£�cW�Ty�u �Z£�c.xtn8pzy�bCy�¥|��x2¯��6n�« ¢ cCv�pzc���p����a�qy¨rzy�~�u ��¥I�a�(r�� §±~�x�rz_ac

y�uo£�cWxtpzci��xz~�¤a¥¨cWb rz_�c9¤ ~�vau��a��xzn £(��¥¨vacPp

G := (curlE)T

~�u
∂Ω,

¯�_�c.xtc
(V )T

�qcWua~�rtcWp+rz_ac�rt��ua��cWu�rty���¥1� ��xzr"~�§��°pzvax³§ ���*c�£�cW�*rz~�x ��cW¥��
V
« ^0_ac�xzcP�*y��axz~q�.yµrsn �����

§±v�u���rty¨~�u���¥
RGM

y|p0ua~(¯ �qc ��uacP��~�u�rz_ac�pz�����.c

HM(Ω) := {V ∈ H(curl , Ω) / curl curlV − k2V = 0
y¨u

Ω},
¤on

RGM(V ) = −
∫

∂Ω

F · (curlV )T ds +

∫

∂Ω

(V × n) · G ds
: )P� <

¯�_�c.xtc8rz_ac�y¨uArzcW��x���¥|p pz_a~�va¥|�¸¤Mc´vau��qcWxtp³rz~o~q� ��pZ�qv���¥�y¨rsn�����y¨xty�ua� ¤ c.rs¯1cWc.u
H− 1

2 (div, ∂Ω)
��u��

H− 1
2 (curl , ∂Ω)

:Ïrz_�y�pC�*~�uA£�c.uArzy�~�u ¯�y�¥�¥1¤Mc�Å�c.�qrCy¨u?rz_ac�xzcWb���y�uay¨u��°~�§�rt_ay|p"pzcW�*rzy�~�uE<*«?5�xz~�b�rt_ac
lorz~�Å�cWp1§±~�xtb+v�¥��d��u � rt_ac9¤ ~�vau��a��xzn��*~�u �qyµrty¨~�u?:R�(·»y¨y�<) �~�uac9�qcWxzy�£�cPp

RGM(V ) =

∫

σ

[(curlE)T ]
Π
· (V × N̂) ds

§±~�x���¥¨¥
V ∈ HM(Ω).

: ) )=<

¢ c�p³_ ��¥�¥I�axz~(£�c ��x�p³r�rt_��(r9y¨§
RGM

y�p2u�~�r9y��ac.uArzy|�.��¥¨¥�n
0
rz_acWu

σ̄
�*~�y�u��.y��qcPp�¯�yµrt_�rt_ac�p³v��a� ~�x³r9~�§

rt_ac0�svabd�8~�§
(curlE)T

���*xt~�ptp
Π
«

�1½ � � ���/��� ���	����
 ����� �1�
Π
��� ���	
��U�3��� �V�
�\���U��� ����
���� �W�1��� � ���4�

F
��� ���\�	�D��� �1�

RGM 6= 0 �
� �\���8lova�a�

[(curlE)T ]
Π

= σ̄ �
� �$
�
I� � ^0_ac9�axt~o~�§�~�§�rz_ay|p�xtcWpzva¥¨r�§±~�¥�¥¨~(¯�p�rt_ac+pt��bdc9¥�y¨uacPpg��p0rz_ac+�axz~o~�§ Q
c.bdb�� �q«0)�« ¢ y¨rz_�~�vqr

¥�~�ptpi~�§)��c.uacWxt��¥¨y¨rsn�~�uac+b��6n´��pzpzvabdc�rt_��(r
Π = {x ∈ R3 ; x3 = 0} � «"Q
c*r E1, E2, E3

¤McCrz_ac
�W��xzrzcPp³y|��uT�*~�bd� ~�uac.uArtpg~�§ ��« QÍc.r

W ⊂ Ω
¤Mc"��u´~��Mc.u´�.~�uauacP��rtcW�´pzc*ri�.~�uArt��y¨u�y¨ua�

σ
 MpznobCbdc.rzxty��

¯�y¨rz_8xtcWpz� cP��r0rz~
Π
«L©gc ��uac

Ẽ+ =

{

E+(x1, x2, x3) x ∈ W+,
(−E+

1 (x1, x2,−x3),−E+
2 (x1, x2,−x3), E

+
3 (x1, x2,−x3)) x ∈ W−.
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	V�����$�1�����
�B�����W���

�i¤o£oy�~�v�pz¥¨n
curl curl Ẽ+ − k2Ẽ+ = 0

y�u
W±.

eg~(¯ ��pzpzvabdcdrz_�c c*ºqy|psrtc.u��.c�~�§��8����xzr
σ0 ⊂ σ

pzv���_¹rz_���r�rz_ac�p³vaxz§ ���.c�bdcW��pzvaxtc�~�§
σ0

y�p+ua~�r
0��u���p³v���_�rz_ �(r

[(curl E)T ]
Π

= 0
~�u

σ0
« Q
c*r

W0
¤ c9��u8~�� cWu��.~�uauacP��rtcW��p³va¤ p³c.r�~�§

W
pzv���_Zrt_��(r

W0 ∩ σ 6= ∅ ��u��
(W0 ∩ σ) ⊂ σ0

«Tloy�u��*c
[(curlE)T ]

Π
= 0

��u��
[(E)T ]

Π
= 0

~�u
σ0
 3~�u�c _���p

curl curl E − k2E = 0
y¨u

W0
��u � ��¥|p³~

[(curl E+)T ]
Π

= 0
��u��

[(E+)T ]
Π

= 0
~�u

σ0
«�^0_�c.xtc*§±~�xtc! 

curl curl Ẽ+ − k2Ẽ+ = 0
y¨u

W0
«"lqy¨u��.c

W0
y�p9�.~�uau�cW��rtcW�� \rt_acCvauay|{�v�cd�.~�uArzy�uov��(rty¨~�u´�axty¨u �*y��a¥¨c

cWu�pzvaxzcPp9rt_ac.u?rz_���r
E = Ẽ+ y�u

W0
��u�� rt_ac�pt��bdc��axzy�u��.y¨�a¥�c�c.u�pzvaxtcWp9rt_��(r

Ẽ+ = E
y¨u

W− «
71~�u�pzcW{Avac.uArt¥¨n  

[(curl E)T ]
Π

= 0
~�u

σ
��u � §±xt~�b :I)W)�<+~�uac���c.rtp+rz_���r

RGM = 0
 L¯�_ay|��_?y|p"y|p

�.~�uArzx����ay��*rzy�~�uZ¯�y¨rz_�rt_ac9_onA�M~�rt_acWpzy|p0~�§
rt_ac9¥�c.bdb��a«
2ip2y¨u�rz_ac��W��pzc+~�§1rz_ac !�cW¥¨bd_a~�¥µr$#dcW{Av��(rty¨~�u� $v�pzy¨u���pz~�bdcdp³�McW�.y���¥�rtcWp³r2§±vau���rty¨~�u�p

V
~�uacd�.��u

c.ºq�a¥¨~�yµr :I)W)�<"rt~ xzcP�*~(£�c.xCrz_acT��¥���uac
Π

��u �
[(curlE)T ]

Π

« 5a~�x
(θ, p̂) ∈ C3 × R3 � �qy¨xtcW�*rzy�~�uq·

�M~�¥|��xty0#W�(rty¨~�u��.~�va�a¥�c! q¯�c9�qc � uac

V (x; θ, p̂) := p̂ exp(iθ · x) x ∈ R
3.

5�~�x
θ · θ = k2 ��u �

p̂ · θ = 0
 
V (·; θ, p̂)

pt�(rty�p'��cPp�h°�(ºq¯1cW¥¨¥�� p)cP{�v �(rzy�~�u p���u���rt_ac.xtc*§±~�xzc
V (·; θ, p̂) ∈

HM(Ω)
« ¢ c���¥|p³~d_��6£�cgrt_��(r

curlV (·; θ, p̂) ∈ HM(Ω)
«

�() �Z½   Á�* ½ ��+�, .
[(curl E)T ]

Π

« ¢ c���ptp³vabdc�_acWxzc rz_���r
Π

y|p9Åoua~(¯�u ��u�� y|p��qc ��uacW� ¤on�rz_ac
cP{Av��(rty¨~�u Y

x · N̂ = γ
¯�_�c.xtc

N̂
y�pi�dvauay¨riua~�xzb���¥$rz~

Π
��u��

γ
y|p�����y¨£�c.uT�*~�u�p³rt��uArP« Q
c*r

ξ ∈ R3  
ξ 6= 0

 
ξ · N̂ = 0

  ��u����qc � uac

θ(ξ) = ξ −
√

k2 − |ξ|2N̂ ��u��
p̂(ξ) = N̂ × ξ̂,

¯�_�c.xtc
ξ̂ = ξ/|ξ| « ^0_acWu¸rz_ac°�.~�va��¥¨c

(θ(ξ), p̂(ξ))
pt�(rty�p'��cWp

θ · θ = k2 ��u��
p̂ · θ = 0

« loy¨u �*c
p̂(ξ) × N̂ = ξ̂

 a~�uac9�qcW�av��*cPp0§±xz~�b : ) )�<1rz_ �(r

RGM(V (·; θ(ξ), p̂(ξ))) = exp(−iγ
√

k2 − |ξ|2)
∫

Π

(

[(curl E)T ]
Π
· ξ̂
)

exp(iξ · s) ds.

:I)P�W<

�iu�rz_�c9~�rz_�c.x�_���u��� �pzy¨u �*c
ξ · N̂ = 0

 

θ(ξ) × p̂(ξ) = |ξ|N̂ +
√

k2 − |ξ|2ξ̂.
!gc.u��.c! 

(θ(ξ) × p̂(ξ)) × N̂ =
√

k2 − |ξ|2ξ̂ × N̂
��u��

RGM(curl V (·; θ(ξ), p̂(ξ))) = i
√

k2 − |ξ|2 exp(−iγ
√

k2 − |ξ|2)
∫

Π

(

[(curl E)T ]
Π
· (ξ̂ × N̂)

)

exp(iξ · s) ds.

:I)W� <
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������� �	��
��
�������������������	������
��	��� ) )

5�~�x2��¥�¥
ξ ∈ R3  ξ 6= 0

��u �
ξ · N̂ = 0

 Mrz_acd����y¨x
(ξ̂, ξ̂ × N̂)

§±~�xtb�pi��u°~�xzrz_�~�ua~�xzb���¥�¤���pzy|pg~�§
Π
«

^0_�c.xtc*§±~�xtc! oy¨§3~�uac9p³c.rtp

A(ξ) = RGM(V (·; θ(ξ), p̂(ξ)))
��u�� B(ξ) = RGM(curlV (·; θ(ξ), p̂(ξ)))

:I).� <
y¨r�§±~�¥�¥�~(¯�p)§±xt~�b : )6�1<0��u��?: )P�W<1rz_ �(r

F
(

[(curl E)T ]
Π

)

(ξ) = exp(iγ
√

k2 − |ξ|2)
(

A(ξ) ξ̂ − i
B(ξ)

√

k2 − |ξ|2
(ξ̂ × N̂)

)

.
:I)P�W<

^0_�y�p�y|�qcWu�rtyµrsnªua~(¯��axt~(£Ay|�qcPpCrz_acWu¶��u c*ºq�a¥�y|�*y¨r xzcP�*~�u psrtxzv��*rzy�~�u¸~�§
[(curlE)T ]

Π

¤on?r���Åoy�ua� rz_ac
y�uo£�cWxtpzc�5a~�v�xzy�c.x9rtxt��u�p³§±~�xtbk~�§0rt_ac xty¨��_�r"_���u�� pzy|�qc�«.2��.�.~�x��qy�ua��rz~Trt_ac �axtc.£oy�~�v�p"Q
c.bdb��  3rz_�y�p
��¥¨¥�~(¯�p�v�p�rz~�xtcW�.~�u�p³rzxtv��*r

σ
yµ§3rz_�c9¤ ~�vau��a��xzn £(��¥¨vac

F
y�pgp³v���_�rz_ �(r

RGM 6= 0
«

� ) �Z½   Á�*M½ ��+-,/. ��� ½ , Á � � � $
N̂
� eg~(¯E¥�c*r

S
¤Mc2rz_ac9vau�yµrgpz�a_acWxzc9��u ���qc ��uac2§±~�x

p̂ ∈ S
 

Λ(p̂) = sup
θ∈k S; θ⊥p̂

|RG(V (·; θ, p̂))|.

�1½ � � ���/��� ���	����
 �"�
�\���	��
�� ���W�	� �����H� � �
� E �$�
�\�4�
�����D��� �
�\�B
1�����1���
�
�U����� 
����

1�B��$ ���

2k
�1� �


V���N
1�D��$ ���
η � 0 ≤ η < 2k � F([(curl E)T ]

Π
) · w

���V�	
�� � � ���E� �����1���H� �=���$
3
�� E �/�\���$� w
������� �

�1������������
��&
 �M��� � 
����

��V��$ ��� 
 � E � � � �
� ±N̂
�1��� �
�\� 
��E�H� �=�
��
�� 
 �

Λ �
� ��
�
I� � ¢ c � xtp³r�ua~�rzy|�*c�rz_���r

Λ(±N̂) = 0
pzy¨u��.c

RG(V (·; θ, p̂)) = 0
§±~�x8��¥�¥

θ ⊥ N̂
« eg~(¯

��pzpzvabdc2rz_�c+c*ºqy|psrtc.u��.c�~�§
p̂ ∈ S

pzv���_8rz_���r
p̂ 6= ±N̂

��u �
Λ(p̂) = 0

« 5axt~�b:rz_ay|p�¯�c+�qcP�qv��*c+rz_���r
RG(V (·; θ, p̂)) = 0

§±~�x���¥�¥
θ ∈ k S

pzv���_Zrt_��(r
θ · p̂ = 0

«
^0_�c.xtc*§±~�xtc! A§±~�x���¥�¥

θ ∈ k S
p³v���_�rz_ �(r

θ · p̂ = 0
 
RG(V (·; θ, p̂)) = 0

« !gc.u��.c! av�pzy�ua�.:�)W)�<�¯�c9_��6£�c

exp(i(θ · N̂)(x0 · N̂))

(
∫

Π

[(curlE)T ]
Π

exp(ix · ξ)dx

)

· (p̂ × N̂) = 0
: )=C <

¯�_�c.xtc
x0

y�pgp³~�bCc2�M~�y�uAr0y�u
Π
«

E = {θ − (θ · N̂)N̂ ; θ ∈ kS; θ ⊥ p̂} y|p8��u¶cW¥¨¥�y¨� p³c �*cWu�rtc.xtcW�¶��r�rt_ac¹~�xty¨��y¨u¶~�§�b��(�s~�x8�(ºqy|p

w = 2k
p̂ × N̂

‖p̂× N̂‖
��u�� ~�§�bdy¨u�~�x��(ºqy|p�~�§�¥�c.u���rz_

2|p̂ · N̂ |k < 2k
:Rp³y�u��.c

p̂ 6= ±N̂
<*«LhT~�xtc.~(£�c.x  E:I)�C <

noy�c.¥|�ap F([(curlE)T ]
Π
) · w = 0

~�u E  a¯�_ay|��_8�*~�uArtxt���qy��*rtp1rz_�c9_Ano�M~�rt_acWpzy�p0~�§�rt_ac9¥�c.bdb��a«
� ) �Z½   Á�*M½ ��+-,/.¸��� ½�
 $ � , ½

Π
« ¢ c���ptpzvabdcC_�c.xtc+rt_��(r

N̂
y�p2Åoua~(¯�u¹��u��¹pz_���¥�¥L�qc*rtc.xtbdy¨uac

rt_ac+�M~�pzy¨rzy�~�u´~�§Lrz_ac"�a¥|��uac
Π
«9^0_ay|pi��bC~�vauArtp�rz~�rz_ac"c.£(��¥�v��(rty¨~�u´~�§Irt_acd�*~�u psr���uAr

γ = x · N̂ §±~�x
��¥¨¥

x ∈ Π
«

�1½ � � ���/� � ���	����
 � ��� ���
N̂

��� ���	
��U�.��� � ��� �1� �
�\� ��
1��� �W�1��� � ���4�
F
��� ���\���D�
�\���

RGM 6= 0 �
� �\��� γ

���"���\���
�\�
�H� �W�
� �
� 
B���	��� �
� ��
�
I� � loy�u��*c

σ ⊂ Ω
��u��

Ω
y�p0¤M~�vau �qcW�� �~�uac9�.��u�~�¤qrt��y¨u8�C�axty¨~�xzy\¥�~(¯1cWx0��u���va�a�Mc.x�¤M~�vau �ap

γ−��u��
γ+ ~�§

γ
«

Õ�Õ�Ñ�Z\[�]�^�_



)6� �����������W���
	V�����$�1�����
�B�����W���

loy�u��.c
RGM 6= 0

 ort_ac.xtc2c*ºqy�p³rtp
θ ∈ k S

��u��
p̂ ∈ S

pzv���_Zrt_��(r
RG(V (·; θ, p̂)) 6= 0

«I^0_acWxzc.§±~�xtc! 
[(curl E)T ]

Π
6= 0

��u�� F([(curlE)T ]
Π
) 6= 0

«3hT~�xzcW~(£�cWx� 6rt_acgpzva�a�M~�xzr)~�§
[(curl E)T ]

Π

y|pL�.~�bd�����*r� 
pz~ F([(curl E)T ]

Π
)
y|p���u���¥¨nArty���~�u

R
2 « !gc.u��.c2rz_acWxzc2c.ºoy|p³rtp θ ∈ k S

pzv���_Zrt_��(r

0 < (γ+ − γ−) |θ · N̂ | < π
��u�� F([(curl E)T ]

Π
)(ξ) 6= 0

¯�_�c.xtc
ξ = θ − (θ · N̂)N̂

«
lqy¨u��.c F([(curl E)T ]

Π
)(ξ) 6= 0

 �rz_acWxzc9c.ºqy�p³rtp
w ∈ R3  w · N̂ = 0

p³v���_�rt_��(r F([(curlE)T ]
Π
)(ξ) ·

w 6= 0
« ¢ c1rz_acWu"pzc*r

p̂ =
θ × w

‖θ × w‖
«�^0_ov�p3¯�c)_��6£�c

RG(V (·; θ, p̂)) 6= 0
« ¢ c�pzc*r

θ′ = ξ−(θ ·N̂ )N̂
«

fip³y�ua�.: ) )�<�~�u�c���c*r�p

RG(V (·; θ, p̂)) = c exp(iγ(θ · N̂))
��u �

RG(V (·; θ′, p̂)) = c exp(−iγ(θ · N̂))

¯�_�c.xtc
c = (

∫

Π

[(curlE)T ]
Π

exp(is · ξ) ds) · (p̂ × N̂)
« ^0_ac��*~�u psr���uAr

γ
y|p+rz_acWxzc.§±~�xtc vauay|{Avac.¥�n

�ac*rzcWxzbdy�uacW��y�u
[γ−, γ+]

¤on rz_�c9xt��rzy�~

RG(V (·; θ, p̂))/RG(V (·; θ′, p̂)).

� � 	87 �0���*�1%+, �.7 �8,*��7 ���"��%2���*�+�-%�� � �����
	�,����

�iu�¥¨n�rt_ac����.~�v�p³rzy|�2�.��p³c2¯�y�¥¨¥$¤Mc+�*~�u�pzy��qcWxzcP� y�u�rz_ay|p�pzcW��rty¨~�uÍ« ¢ c9v�p³c9pznou�rt_ac*rty��9���(rt�"rt_��(rg�.~�xtxzc.·
pz�M~�u��apgrz~�rz_�cdpt�.��r³rtc.xty¨ua�Z~�§)y�u��*y|�qcWu�r2�a¥|��uacC¯0�6£�cWpW«2^0_ac+§±~�xz¯0��x��Tpz~�¥�£�c.x�y|pg¤���p³cP�´~�u´xzc.§±~�xtb+vq·
¥|�(rty¨u��8rz_acZpt�.��r³rtc.xty¨ua�8�axt~�¤�¥¨cWb���p+��u y¨uArtc.��x���¥)cW{Av��(rty¨~�u v�p³y�ua�´�T�q~�va¤a¥�c*·»¥��6n�c.x2�M~�rzcWuArzy|��¥U«�^0_ac
xtcWpzva¥¨rzy�ua�dcW{Av���rzy�~�u�y�p��qy|pt�*xtc*rzy0#.cP�Zv p³y�ua�

P 1 cW�q��c2c.¥�c.bdc.uArtpW«

����� �	��

�����������������������������! #"%$&��'(�)��*,+-�!�. /�	 0�.'��!

�
^0_�c.xtc+��xtc+pz~�bdc�uovabdc.xty��W��¥3�qy21 �.va¥µrty¨cPp�¥¨y�uaÅ�cP�8¯�yµrt_´rt_ac"���a�a¥�y��W�(rzy�~�uT~�§Irz_ac"y¨uo£�c.x�p³c+pt��_acWbCc"�qc*·
pt�*xty�¤ cP��y¨u�p³cP��rty¨~�u��o«I^0_ac ��x�psr0~�uaciy�p0��pzpz~q�*y|�(rzcP�d¯�yµrt_ rt_ac��ac*rzcWxzbdy�u��(rty¨~�u ~�§
rz_ac�ua~�xtb���¥ rz~"rz_ac
_�~�p³rL�a¥���uac

Π
«�^0_�cgp³cP�*~�u��d�qy21 �.va¥µrsnd��xty|p³cPpI¯�yµrt_drz_ac��qc*rtc.xtbdy¨u���rzy�~�ud~�§\rt_ac�ua~�xzb���¥arz~9rt_ac��a¥|��uac

�.xt����Å
Π
«�^0_ac.xtc1y|p�ua~2���axzy�~�xtyop³cW¥¨cP��rzy�~�uC~�§�rz_ac0bdcW��p³vaxtc.bdcWu�r�p :±yU« c�«�¤M~�vau �a��xtn��a�(r�� <
rz_ �(rIy¨u p³vaxtcWp

rt_ac���ptp³v�bC�arzy�~�u°~�u F([u]
Π
)
xzcP{Avay¨xtcW�°¤onT¥¨cWbCb��T�q«Ô�o«V!�~(¯�c.£�cWxgrt_ac�p³v�1��.y¨cWuAr2�.~�u��qy¨rzy�~�u¹��y�£�cWu

y�uZxtc.b���xzÅ��q«Ô�9y|p)y�u § ����r0cW��p³y�c.x)rz~d��_acW��Åduovabdc.xty��W��¥�¥¨n�«�lqy¨u��.cgrt_ac.xtcgy|p� opz~�§ ��x� oua~+rz_acW~�xtc*rty��W��¥M¥¨y�uaÅ
¤Mc*rs¯�c.cWu�rz_�y�p0�*~�u��qy¨rzy�~�u���u�� rz_ac2��_a~�y|�*ci~�§$rt_aci¤M~�v�u��a��xtn��a�(r��  Arz_�ci~�ua¥¨n�pznqpsrtc.b��(rty���psrtxt��rzcW��nCy�p
rtxzy|��¥q��u��+cWxzxt~�x3¤on�£(��xtnoy¨ua�irz_�c�uovab"¤ cWx

k
~�x3rz_ac0¤M~�vau�����xtn��a�(r��

f
«�¬­uCpt�.��r³rzcWxzy�ua���axt~�¤a¥�c.b�p� (rz_ay|p

rtxzy|��¥���u���c.xtxt~�x0¯1~�va¥|��u�~�r�¤Mc��*~�p³rz¥�n�pzy�u��*c9uovabdc.xty|�.��¥$c.ºq� cWxzy�bdc.uArtp�pz_a~(¯�cW�Zrz_���r�rz_�y�p��.~�u��ayµrty¨~�u
_�~�¥|�ap2§±~�x,%³��¥¨¥+("§±xtcW{AvacWu��*y�cWp

k
��u�� ��¥¨¥1y¨u��.y��ac.uAr"�qy�xzcP��rty¨~�u�p

d̂
u�~�u ~�xzrz_�~���~�u���¥�rt~

N̂
«.!�~(¯�c.£�c.x  

�´¤ c.r³rzcWx���_a~�y|�*c ¯�~�v�¥�� ¤Mc rt_acZv�pzcZ~�§�¥¨~(¯ §±xtcW{AvacWu��*n
k
:Ï§±~�x"c.ºq��bd�a¥¨c

k < 2π/D
¯�_ac.xtc

D
y|p

rt_ac��qy|��bdc*rtc.x�~�§
rz_�c��*x�����Å <�«�^0_ay|p���_a~�y|�*c��axtc.£�c.uArtp0_ay���_�~�pt�*y�¥�¥���rzy�~�u�p�~�§
[u]

Π

:Rp³cWc 53y���vaxtc )�<0��u �
rt_ac.xtc*§±~�xzc2��¥�¥�~(¯�p���u�cW��pzy�c.x��qc*rtc.xtbdy¨u���rzy�~�u�~�§3rz_acM#Wc.xt~�p�~�§�rz_ac2§±v�u���rty¨~�u���¥

Λ
«
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������� �	��
��
�������������������	������
��	��� )P�

^�~?xtcW�.~(£�c.x rz_ac�� ~Ap³y¨rzy�~�u¶~�§9rz_ac¹�a¥|��uac�~�uac�_���p rz~ªp³cWc.Å
θ
pt�(rzy|p³§±nAy�ua�(:R�W<*« ¬­u pz�W�(r³rtc.xty¨u��

c.ºq� cWxzy�bdc.uArtpi~�uac"�.��u°cWp³rt��¤�¥¨y|p³_��Zpznop³rzcWb��(rzy|�+��_�~�y|�*c�~�§
θ
§±~�x���uon�§±xzcP{Avac.u��.n8yµ§Irt_acC�ay¨xtcW�*rzy�~�u

d̂~�§
rt_ac9y¨u �*y|�qc.uAr��a¥|��uac2¯0�6£�c�y�p�¯1cW¥¨¥Í��_a~Ap³cWuÍ«�¬­u8����xzrzy|�*va¥|��x  Art��Å�c�rz_ay|p��qy�xtcW��rty¨~�u�pz~Crz_���r

0 < |d̂ · N̂ | < π/k(γ+ − γ−).

^0_�c.u
θ = kd̂

pt�(rty�p'��cPp3rz_ac ��x�p³r�xtcW{Avay�xtc.bdc.uArI~�ud�*~�u��qy¨rzy�~�u.:R�1<*«U5axt~�b : J <3¯�c�_ �6£�c
RG(v(·, θ)) =

4πu∞(−d̂)
« 5axt~�b rt_ac9~��qrty��W��¥\rt_ac.~�xzcWb�~�uac2_���p

=(u∞(−d̂)) =
k

4π
‖u∞‖2

L2

¯�_�y���_´pz_a~(¯�p0rt_��(r
RG(v(·, θ)) 6= 0

pzy¨u��.c
u∞ 6= 0

:
d̂ · N̂ 6= 0

<�«�^0_acWxzc.§±~�xtc
θ = kd̂

pt�(rty�p'��cWp�rz_ac
�.~�u��ayµrty¨~�u?:U�W<�«

Q
c*r�v�p0ua~�rzy|�*c�rz_���r�y¨u��ax�����rty��.ciy¨r�y|p1bd~�xzc2�*~�uA£�c.uay�c.uAr�rz~���_���ua��cgrz_ac2§±xtcW{AvacWu��*n ��u��Zu�~�r0rz_ac
y�u��.y��qcWuAr��qy�xtcW��rty¨~�uÍ« 2gp3bdc.uArzy�~�uacP��¤Mc*§±~�xzc  (uAv�bCcWxzy|�.��¥oc*ºq� cWxzy�bdc.uArtp�pz_a~(¯�cW�2rt_��(r

RG(v(·, θ)) 6= 0y¨§
θ
y�p+ua~�u ~�x³rt_a~���~�u���¥3rz~

N̂
«Teg~(¯ y¨§�¯1c�§±v�x³rt_ac.x�cWu�pzvaxzc

k < π/(γ+ − γ−)
rt_ac.u ��uon

θ
ua~�u

~�x³rt_a~���~�u���¥�rt~
N̂

¯�~�v�¥���¤ c��.~�uo£�cWuay�c.uArW«
^0_ac � xtp³rL�qy21 �.va¥µrsn"y�p�¥�y�uaÅ�cP�+rt~�rz_ac�cW£6��¥¨v �(rzy�~�uC~�§ F([u]

Π
)
~�vqr�p³y|�qc�rz_ac��ay�pt�0~�§Mxt���qy¨v p

k
«3^0_ay|p

�ay21 �*v�¥µrsn9�qcWxzy�£�cPp\§±xz~�b rz_ac1y¨¥�¥µ·»�M~�pzcW�quacPpzp
~�§qrt_ac)y�uo£�c.x�pzcI�axz~�¤a¥�c.b8«�hT~�xzc)�axzcP�*y|p³cW¥¨n  .rt_ac�c.£(��¥�v��(rty¨~�u
~�§ F([u]

Π
)
y¨uo£�~�¥�£�cWp9rzcWp³r�� c.¥|�ap

v(·, θ(ξ)) ¯�yµrt_��*~�bd�a¥¨c.º¹£(��¥¨vacP� £�cP��rt~�x�p
θ(ξ)

«�^0_ac�uAv�bCcWxzy|�.��¥
cW£(��¥�v��(rty¨~�u�~�§

RG(v(·, θ(ξ))) y�p�vau�p³rt��¤�¥¨c�¤McW�W��v�pzcd~�§0rz_ac�c.ºq� ~�uac.uArzy|��¥L§ ����rt~�x
e−

√
|ξ|2−k2(x·N̂) «

¬­uZrz_ac�§±~�¥¨¥�~(¯�y¨u��+uovabdc.xty��W��¥ rzxty���¥�p1¯�civ�pzc2�+xt~�va��_�xzcW��va¥|��xty|pz��rzy�~�u��axt~q�*cWptp1¯�_ay���_��*~�u�p³y|p³rtp1y¨u�rz_ac
rtxzv�u��.��rzy�~�u ~�§�rt_ac85�~�vaxty�c.x�rtxt��u�p³§±~�xtbk¤on c.£(��¥�v��(rty¨u�� F([u]

Π
)
§±~�x |ξ| < k

��u�� y�uo£�cWx³rty¨ua�°yµr"rz~
~�¤qrt��y¨u8��u8�����axz~6ºqy�b��(rzy�~�u�~�§

[u]
Π

«

����� �	��

����������� � �.��� �  
¬­uEy¨bd�a¥�c.bdc.uArty¨ua�ª��u y|�qc.uArty+� �W�(rty¨~�uE��¥���~�xzy¨rz_ab ¤���pzcW�¸~�u¶bdcW��p³vaxtc.bdcWu�r�p�~�u�c°_���p�rz~?Å�c.cW�¶y�u
bdy�u��Trt_��(r9bdcW��p³v�xzcP�´�a�(r�����xzcCp³v�¤q�scW�*rirt~�ua~�y�pzc! Mrt_acdc *\cW��r�p�~�§)¯�_ay|��_°_ �6£�c�rt~�¤Mc�psrtv��qy�cW�$«+¬­u
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~Trt_ac?��
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 �	
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5�~�xd��¥�¥)rt_ac�uovabdcWxzy|�.��¥)rtxzy|��¥|p  

∂Ω
y|p�r���Å�cWu rz~¹¤Mc rz_�c�pz�a_acWxzc�~�§gx����qy�v�p

1
�*cWuArzc.xtcW�?�(rCrz_ac

~�xzy���y�uÍ«
^�~ZrtcWp³rirt_acdxzcP�*~(£�c.xtnZ~�§)rz_acC_a~�p³r2�a¥���uac

Π
¯�c+r���Å�c"��p2��u´c*ºa��bd�a¥�cd�Zpt{�v ��xtc*·­p³_���� cP�´�*x�����Å
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√
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Π
«I^0_ac
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[u]
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k = 40
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pz_���� c�«

53y���vaxtc ),G�Y�}�c.xzrzvaxt¤McW� ��·­pz_����McW� �.xt����Å Y

z(x, y) = 0.02 sin(2π(2x2 +3xy−4y2−x+
2y))

5�y���v�xzcV)�J\Y3��cP�*~�u�psrtxzv ��rzcP� bd~q�qva¥�v�p�~�§
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