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Introduction

The general motivation of this thesis is the Non-Destructive Testing (NDT') by ultrasonic waves.
NDT is a non-intrusive technique used to detect potential defects in a piece, for example a
hole, a crack, or a corrosion area. The principle is simple: a transmitter produces ultrasonic
waves that propagate inside the piece and interact with the defect (if there is any), and a sensor
monitors the scattered waves. From this information, one tries to detect, and if possible localize
and describe the defects. Such a technique is used in many industries, for example in nuclear
engineering, aeronautics, or oil and gas industries.

Such NDT techniques can be developed and optimized by using numerical simulations, before
being used in real life situations. At this aim, different numerical tools have been implemented
in the CIVA platform of CEA LIST. In order to simulate the whole process, one has to treat the
different aspects: emission/reception of waves, propagation, and interaction with the defects.
The propagation can be efficiently modeled by analytical approaches (rays in volume pieces,
modes in waveguides like bars or plates) but the interaction with the defect needs more versatile
techniques, like Finite Elements Method (FEM) that can handle any kind of defect. The
collaboration between POEMS and CEA LIST is devoted to this last aspect. Two theses (the
one of V. Baronian [9] and the one of L. Taupin [67]) were devoted to the interaction of modes
with a localized defect in an infinite waveguide (with one infinite direction). Similar methods
coupling FEM and modal decomposition have been developed by several authors for isotropic
[33, 47, 48] and anisotropic [10] elastic waveguides.

The objective of this thesis is to model the scattering by localized defects in an elastic plate,
with a finite thickness. To focus only on the interaction with the localized defects and not on
the border, we assume that the plate is infinite in the two other directions. There are two main
difficulties in this problem: a theoretical one concerning the definition of the physical solution,
and a practical one concerning the numerical computation of the solution since the problem is
posed in an unbounded domain.

To obtain a physical solution, we usually define it as the only solution of a well-posed
problem. Scattering problems are in general not well-posed in the L? framework due to the
slow decay of the solution at infinity, while in the L; . framework there exist infinitely many
solutions. Therefore, one has to select the "outgoing" solution to obtain the well-posedness.

Concerning the computation of the solution, numerous methods have been developed to
tackle similar difficulties in the simpler acoustic case. The usual approach is to implement a
coupling between the Finite Element Method (FEM) for a bounded region where the defects
are located and another method to treat the exterior domain. However, these methods cannot
be extended easily to treat the problem at hand. Let us take a closer look to these methods.

1. The Perfectly Matched Layers (PML) method.

This method was firstly introduced by Bérenger [15] for transient Maxwell equations, and
has been studied extensively for other equations and also for time-harmonic problems
[18, 62]. The idea of the method is to englobe the domain of interest (typically where the
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defects or the support of the source term are located) by layers that absorb the waves that
are scattered to the exterior of this domain of interest. These waves are absorbed and
not reflected back, thus mimicking the behavior of the waves at infinity. The absorbing
layers are modeled by a complex dilation in the direction of the propagation so that the
outgoing waves are attenuated.

Unfortunately, it is known that cartesian PMLs fail in some complex configurations. This
is due to the fact that phase and group velocities do not have the same direction, and
PMLs only consider the phase velocity, which is not the relevant quantity. In anisotropic
infinite media, it has been proved in [14] that cartesian PMLs may be unstable in the time
domain. In the frequency domain, PMLs may create spurious effects. It is also well-known
that PMLs are unstable in the time domain for the 2D problem even in an isotropic elastic
layer. The reason is the presence of the so-called backward propagating Lamb modes,
which have phase and group velocity with opposite directions [18, 63]. This time, the
counterpart in the frequency domain is that PMLs will converge, but to a wrong solution.
In the problem we are interested in, which is the case of an anisotropic elastic plate, both
difficulties mentioned above are expected to occur.

One can also mention the connection of the PML method and the ones based on pole
conditions to select outgoing waves [46, 60|, like the Hardy space infinite element method
[40, 41, 45]. This method has been applied successfully to isotropic elastic waveguides
with one infinite direction and also to isotropic elastic plates [42], even in presence of
backward propagating modes. But up to our knowledge, it does not allow to treat the
case of anisotropic elastic plates that we want to consider here.

. Boundary Integral Equation (BIE) method.

This method is also a popular choice, used when the exterior of the domain of interest
is homogeneous. The integral method exploits the fact that the solution of the exterior
domain can be expressed as an integral representation involving some potential functions
living on the boundary of the domain and the Green’s function [8, 17, 22, 51]. Thus,
instead of considering the infinite space, it is enough to find these potentials and apply
the integral formula. With this integral formula, the formulation is exact in the exterior
domain and thus some numerical dispersion can be avoided.

However, the BIE method requires the knowledge of the Green’s function of the medium.
In isotropic media, the Green’s function can be obtained easily and we have an explicit
formula for it. Moreover, it only depends on the distance between two points. In an elastic
plate, computing the Green’s tensor becomes more expensive, one of the reason is because
it cannot be expressed in a closed form. In the isotropic plate, the Green’s tensor depends
on the respective position of the two points in the thickness. In a general anisotropic
plate, it also depends on the position of the two points in the horizontal plane [71]. The
computation of the Green’s tensor becomes as expensive as solving the problem itself.

The list above is far from being exhaustive, and there exist a lot of different approaches
(OSRC, FMM, ...) [3, 13, 30, 34, 39, 43] to treat the case of homogeneous isotropic infinite
media that we do not investigate here, since they seem not appropriate to the problem we have
in mind.

In view of these difficulties, the CEA LIST and POEMS (CNRS - INRIA - ENSTA) have

decided to develop a new approach. This was started during the thesis of A. Tonnoir [68]. The
idea was to adapt to the case of elastic plates a method firstly introduced in the 2D periodic
case by S. Fliss and P. Joly [31, 32]. This led finally to the so-called Half-Space Matching (HSM)
Method which was applied by A. Tonnoir to 2D acoustic and elastic homogeneous media, and
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then by J. Ott [57] to 2D junctions of open waveguides. A theoretical analysis of the continuous
formulation has been given by A.-S. Bonnet-Ben Dhia, S. Fliss, and A. Tonnoir [19] in the
dissipative case (that is for a complex frequency).

The idea of this method is to decompose the exterior domain in several overlapping half-
spaces. For each half-space, we use the analytic expression of the solution in terms of the trace
on the border of the half-space. The analytic expression of the solution is obtained by applying
the appropriate transform, for example the Fourier transform for a homogeneous domain. By
imposing that the half-space representations have to match where they coexist, we obtain some
compatibility relations imposed on the traces via Fourier integral formula. Finally, we have
a system of equations involving several unknowns: a volume unknown in a bounded domain
around the defect and the traces on the infinite lines bordering the half-spaces.

My contribution to this study is the extension of the method to the elastic 3D plate. This
extension is not immediate; there are several difficulties that rise up which were not encountered
in the previous cases. We address these difficulties one at a time in each chapter of the thesis.
The thesis plan is as follows.

0. Principles of the HSM Method

This chapter is a short summary of the method described in the thesis of A. Tonnoir [68]
as a reminder on the principles of the method. The method is presented to solve the
simple model problem of a Helmholtz equation with a localized obstacle.

1. Numerical analysis of the HSM Method

We continue with the numerical analysis of the HSM Method for a problem set in the
exterior to a polygon with a Robin boundary condition for a complex frequency. We first
show that the continuous formulation is of Fredholm type. The difficulty comes from the
cross-points between the infinite lines, which are responsible for the non-compactness of
the integral operator. Precise estimates are derived using the Mellin transform which
allow to prove the well-posedness of the formulation. To prove the convergence of the
discretization, the difficulty is that the previous approach, used in for the continuous
problem, does not work anymore for the discrete one, because of the Fourier integral
truncation. The idea is then to apply the Mellin calculus to a decomposition of the traces
in symmetric and antisymmetric parts, with respect to the cross-points. Indeed, this
decomposition is stable with respect to the Fourier truncation. At the end of the chapter,
we derive error estimates with respect to the different discretization parameters.

2. Scattering problem in 2D plane

While the previous chapter was devoted to the dissipative problem (with a complex
frequency), we consider here the scattering problem by localized obstacles with a real
frequency. We show several possible HSM formulations to treat this problem based on
the choice of the unknowns which can be written on the total field or the scattered field.
These formulations are derived formally since there is no theory for real frequency. We
show that although the theory is only established for a complex frequency, the simulations
work well for real frequencies up to a finer discretization in the Fourier variable.

3. Elasticity problem in 3D plates

This chapter is devoted to the main objective of the thesis, which is the extension of the
HSM method to 3D elastic plates. First we introduce a decomposition of the infinite plate
into a bounded region which contains the defects and four semi-infinite half-plates. The
principle of the method is again to derive semi-analytical representations of the elastic field
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in the half-plates and then to impose the compatibility between different representations in
the overlapping zones where they coexist. A difficult part of the work consists in deriving
these semi-analytical representations. A natural idea is to apply first a Fourier transform
in the infinite direction. Then, for each value of the Fourier variable &, the elastic field
can be represented as a modal expansion, involving specific modes that we call the "Lamb
¢ modes". The properties of these modes are carefully studied, and a bi-othogonality
relation is derived. This bi-orthogonality relation is then used to compute the modal
amplitudes in the modal expansion. A main difference compared to the scalar case is that,
due to the form of the bi-orthogonality relation, these modal amplitudes are functions
of both the traces of the displacement and of the normal stress on the boundary of the
half-plate. That is why we have to introduce a multi-unknown HSM formulation with 3
different types of unknowns: the volume unknown in the bounded region, the displacement
traces, and the normal stress traces on the infinite strips, that are the boundaries of the
half-plates. The theoretical difficulties induced by the presence of the two Cauchy traces
(displacement and normal stress) are not studied here, but they are described and partially
analyzed in a simpler scalar case in chapter 4. The challenge here is to implement and
solve a problem which is much larger than the 2D acoustic case considered in chapters 1
and 2 because it is at the same time 3D, vectorial and with twice as many trace unknowns.
Finally, some numerical results are presented in the isotropic case.

. Multi-unknown Half-Space Matching method

The formulation developed in Chapter 3 raises several theoretical difficulties, one of them is
that two types of traces are used to obtain the half-plate representations. To focus on this
difficulty, we study and justify our formulation with two types of traces, but for a simpler
acoustic model problem. The main difficulty comes from the fact that the unknowns are
in Sobolev spaces H'/? and H~'/2, while the formulation is naturally given piecewisely,
thus "cutting" the traces. We show that a particular choice of test functions, different from
the unknowns, allows to derive a correct mathematical formulation of the compatibility
equations. We show the equivalence of the multi-unknowns problem with the original
problem by using the analytic continuation of the representation in a Riemann-surface-like
domain. However, we did not succeed to prove the well-posedness, which is still an open
question. At the end we also show that the multi-unknown formulation can be rewritten
using the Green’s function in which no Fourier transform is used. Thus, instead of looking
for a representation in half-spaces, we can consider subdomains whose boundaries are not
necessarily straight lines.

. Complex-scaled Half-Space Matching method for the non-dissipative case

This is a part of a collaborative work with Christophe Hazard from POEMS and Simon
Chandler-Wilde and Karl-Mikael Perfekt from University of Reading. So far, the theoretical
analysis for the HSM method was only developed for the dissipative case. For the non-
dissipative case, an analysis similar to that of the dissipative case cannot be conducted
because the traces are not in L?. However, the numerical results show that this method
works well for the non-dissipative case. To overcome this difficulty, the solution that
we have explored is to design a slightly different formulation of the HSM method that,
contrary to the classical one, can be theoretically validated in the non-dissipative case.
The idea of the method is to apply a complex scaling on the traces (similar to the PML
method), so that the new unknowns decay exponentially and the L? framework is recovered.
This comes with a price: the half-space representations are replaced by representations
which are valid only in a subregion of the half-space, depending on the complex scaling
parameter (the bigger the parameter is, the faster the trace decays but the smaller the
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subregion is). We show that Fredholm alternative also holds for this problem through an
analysis similar to the one done in Chapter 1.

Throughout this thesis, I have obtained all the numerical results by implementing the
methods in XLiFE+4++, a C++ Finite Element library developed by POEMS and IRMAR [50].

Chapter 1 is also published as a chapter in the following book:

A.-S. Bonnet-BenDhia, S. Fliss, and Y. Tjandrawidjaja. Numerical analysis of the Half-
Space Matching method with Robin traces on a convex polygonal scatterer. Radon Series on
Computational and Applied Mathematics 24, De Gruyter, May, 2019.
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Résumé détaillé de la these

La motivation générale de cette these est le controle non destructif (CND) par ondes ultrasonores.
Le CND est une technique non intrusive utilisée pour détecter les défauts potentiels dans une
piece, par exemple un trou, une fissure ou une zone de corrosion. Le principe est simple : un
émetteur produit des ondes ultrasonores qui se propagent a l'intérieur de la piece et interagissent
avec le défaut (le cas échéant), et un capteur mesure les ondes diffractées. A partir de ces
informations, on essaie de détecter, et si possible localiser et décrire les défauts. Une telle
technique est utilisée dans de nombreuses industries, par exemple dans les industries du génie
nucléaire, de I'aéronautique ou du pétrole et du gaz.

Ces techniques CND peuvent étre développées et optimisées a I’aide de simulations numériques,
avant d’étre utilisées dans des situations réelles. Dans ce but, différents outils numériques ont été
mis en ceuvre dans la plateforme CIVA du CEA LIST. Afin de simuler I’ensemble du processus,
il faut traiter les différents aspects : émission/réception des ondes, propagation et interaction
avec les défauts. La propagation peut étre efficacement modélisée par des approches analytiques
(méthodes de rayons dans des pieces volumiques, modes dans les guides d’ondes comme les
barres ou les plaques) mais I'interaction avec le défaut nécessite des techniques plus polyvalentes,
comme la méthode des éléments finis (MEF) qui peut gérer tout type de défaut. La collaboration
entre POEMS et le CEA LIST est consacrée a ce dernier aspect. Deux theses (celle de V.
Baronian [9] et celle de L. Taupin [67]) ont été consacrées a l'interaction des modes avec un
défaut localisé dans un guide d’onde infini (avec une direction infinie). Des méthodes similaires
couplant la MEF et la décomposition modale ont été développées par plusieurs auteurs pour les
guides d’ondes élastiques isotropes [33, 47, 48] et anisotropes [10].

L’objectif de cette these est de modéliser la diffraction par des défauts localisés dans une
plaque élastique, d’épaisseur finie. Pour se concentrer uniquement sur l'interaction avec les
défauts localisés et non avec la frontiére, nous supposons que la plaque est infinie dans les deux
autres directions. Il y a deux difficultés principales dans ce probleme : une de nature théorique
concernant la définition de la solution physique, et une de nature pratique concernant le calcul
numérique de la solution car le probléme se pose dans un domaine infini.

Pour obtenir une solution physique, nous la définissons généralement comme la seule solution
d'un probléme bien posé. Les problemes de diffraction ne sont généralement pas bien posés dans
le cadre L? en raison de la décroissance lente de la solution & l'infini, tandis que dans le cadre
L;,., il existe une infinité de solutions. Par conséquent, il faut sélectionner la solution "sortante'
pour obtenir le caractere bien posé.

Concernant le calcul de la solution, de nombreuses méthodes ont été développées pour
faire face a des difficultés similaires dans le cas plus simple des ondes acoustiques. L’approche
habituelle consiste a implémenter un couplage entre la MEF dans un domaine borné contenant
les défauts et une autre méthode pour traiter le domaine extérieur. Cependant, ces méthodes
ne peuvent pas étre étendues facilement pour traiter le probleme en question. Examinons de
plus pres ces méthodes.



CONTENTS

1. La méthode des couches parfaitement adaptées (PML pour Perfectly Matched Layers en
anglais).
Cette méthode a été introduite par Bérenger [15] pour les équations de Maxwell transitoires,
et a été étudiée de maniere approfondie pour d’autres équations et également pour les
problémes harmoniques temporels [18, 62]. L’idée de la méthode est d’englober le domaine
d’intérét (typiquement la zone qui contient les défauts et le support du terme source)
par des couches qui absorbent les ondes qui sont diffractées a 'extérieur de ce domaine
d’intérét. Ces ondes sont absorbées et non réfléchies, imitant ainsi le comportement des
ondes a l'infini. Les couches absorbantes sont modélisées par une dilatation complexe dans
le sens de la propagation de sorte que les ondes sortantes sont atténuées.

Malheureusement, il est connu que les PML cartésiennes échouent dans certaines configu-
rations complexes. Cela est dii au fait que la vitesse de phase et la vitesse de groupe n’ont
pas la méme direction, et les PML ne prennent en compte que la vitesse de phase, qui
n’est pas la quantité pertinente. Dans les milieux infinis anisotropes, il a été prouvé dans
[14] que les PML cartésiennes peuvent étre instables dans le domaine temporel. Dans le
domaine fréquentiel, les PML peuvent créer des effets parasites. Il est également bien
connu que les PML sont instables dans le domaine temporel pour le probléme 2D méme
dans une couche élastique isotrope. La raison en est la présence des modes de Lamb
inverses, qui ont des vitesses de phase et de groupe de directions opposées [18, 63]. Cette
fois, la contrepartie dans le domaine fréquentiel est que les PML convergeront, mais vers
une mauvaise solution. Dans le probleme qui nous intéresse, qui est le cas d’'une plaque
élastique anisotrope, on s’attend a ce que les deux difficultés mentionnées ci-dessus se
produisent.

On peut également mentionner le lien entre la méthode PML et celles utilisant la "pole
condition" pour sélectionner les ondes sortantes [46, 60], comme la méthode des "Hardy
space infinite elements" [40, 41, 45]. Cette méthode a été appliquée avec succes aux guides
d’ondes élastiques isotropes a une direction infinie et également aux plaques élastiques
isotropes [42], méme en présence de modes inverses. Mais a notre connaissance, cela ne
permet pas de traiter le cas des plaques élastiques anisotropes que nous voulons considérer
ici.

2. La methode des équation intégrales (BIE pour Boundary Integral Equation en anglais).
Cette méthode, également tres répandue, est utilisée lorsque 'extérieur du domaine d’intérét
est homogene. La méthode intégrale exploite le fait que la solution du domaine extérieur
peut étre exprimée comme une représentation intégrale impliquant certaines fonctions
potentielles vivant sur la frontiere du domaine et la fonction de Green [8, 17, 22, 51]. Ainsi,
au lieu de considérer 1'espace infini, il suffit de trouver ces potentiels et d’appliquer la
formule intégrale. Avec cette formule intégrale, la formulation est exacte dans le domaine
extérieur et ainsi une certaine dispersion numérique peut étre évitée.

Cependant, la méthode BIE nécessite la connaissance de la fonction de Green du milieu.
Dans les milieux isotropes, la fonction de Green peut étre obtenue facilement et elle a une
formule explicite. De plus, elle ne dépend que de la distance entre deux points. Dans une
plaque élastique, le calcul du tenseur de Green devient plus cher, notamment parce qu’il
ne peut pas étre exprimé sous une forme explicite. Dans la plaque isotrope, le tenseur de
Green dépend de la position respective des deux points dans I’épaisseur. Dans une plaque
anisotrope générale, il dépend aussi de la position des deux points dans le plan horizontal
[71]. Le calcul du tenseur de Green devient aussi coliteux que la résolution du probleme
lui-méme.

La liste ci-dessus est loin d’étre exhaustive, et il existe de nombreuses approches différentes
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(OSRC, FMM, ...) [3, 13, 30, 34, 39, 43] pour traiter le cas des milieux infinis isotropes homogenes
que nous n’étudions pas ici, car ils ne semblent pas appropriés au probleme que nous voulons
résoudre.

Face a ces difficultés, le CEA LIST et POEMS (CNRS - INRIA - ENSTA) ont décidé
de développer une nouvelle approche. Cela a commencé lors de la thése d’A. Tonnoir [68].
L’idée était d’adapter au cas des plaques élastiques une méthode d’abord introduite dans le
cas périodique 2D par S. Fliss et P. Joly [31, 32]. Cela a finalement conduit & la méthode
dite Half-Space Matching (HSM) qui a été appliquée par A. Tonnoir aux milieux homogenes
acoustiques et élastiques 2D, puis par J. Ott [57] aux jonctions 2D de guides d’ondes ouverts.
Une analyse théorique de la formulation continue a été développée par A.-S. Bonnet-Ben Dhia,
S. Fliss et A. Tonnoir [19] dans le cas dissipatif (c’est-a-dire pour une fréquence complexe).

L’idée de cette méthode est de décomposer le domaine extérieur en plusieurs demi-espaces
qui se recouvrent. Pour chaque demi-espace, nous utilisons I’expression analytique de la solution
en fonction de la trace a la frontiere du demi-espace. L’expression analytique de la solution est
obtenue en appliquant la bonne transformation, par exemple la transformée de Fourier pour
un domaine homogene. En imposant que les représentations de demi-espace doivent coincider
la ou elles coexistent, nous obtenons des relations de compatibilité imposées aux traces via
une formule intégrale de Fourier. Nous obtenons finalement un systeme d’équations impliquant
plusieurs inconnues : une inconnue volumique dans un domaine borné autour du défaut et les
traces sur les lignes infinies correspondant aux bords des demi-espaces.

Ma contribution a cette étude est I'extension de la méthode a la plaque élastique 3D. Cette
extension n’est pas immédiate ; plusieurs difficultés qui n’ont pas été rencontrées dans les cas
précédents apparaissent. Nous abordons ces difficultés une par une dans chaque chapitre de la
these. Le plan de la these est le suivant.

0. Principes de la méthode HSM

Ce chapitre est un bref résumé de la méthode décrite dans la these d’A. Tonnoir [68]. La
méthode est présentée pour résoudre le probleme modele simple de ’équation de Helmholtz
avec un obstacle localisé.

1. Analyse numérique de la HSM Method

Nous poursuivons ’analyse numérique de la méthode HSM pour un probleme posé a
I'extérieur d'un polygone avec une condition aux limites de type Robin et pour une
fréquence complexe. Nous montrons d’abord que la formulation continue est de type
Fredholm. La difficulté vient des points de croisement entre les lignes infinies, qui sont
responsables de la non-compacité de I'opérateur intégral. Des estimations précises sont
dérivées a l'aide de la transformée de Mellin qui permettent de prouver le caractere
bien-posé de la formulation. Pour montrer la convergence de la discrétisation, la difficulté
est que "approche précédente, utilisée pour le probleme continu, ne fonctionne plus pour
le probleme discret, a cause de la troncature de 'intégrale de Fourier. L’idée est alors
d’appliquer le calcul de Mellin a une décomposition des traces en parties symétriques et
antisymétriques, par rapport aux points de croisement. En effet, cette décomposition est
stable par rapport a la troncature de Fourier. A la fin du chapitre, nous dérivons des
estimations d’erreur par rapport aux différents parametres de discrétisation.

2. Probléme de diffration dans le plan 2D

Alors que le chapitre précédent était consacré au probleme dissipatif (avec une fréquence
complexe), nous considérons ici le probleme de diffraction par des obstacles localisés avec
une fréquence réelle. Nous montrons plusieurs formulations HSM possibles pour traiter ce
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probleme en fonction du choix des inconnues qui peuvent étre écrites sur le champ total ou
le champ diffracté. Ces formulations sont dérivées formellement car il n’y a pas de cadre
théorique pour la fréquence réelle. Nous montrons que, bien que la théorie ne soit établie
que pour une fréquence complexe, les simulations fonctionnent bien pour des fréquences
réelles a condition d’utiliser une discrétisation suffisamment fine des intégrales de Fourier.

. Probléme d’élasticité dans les plaques 3D

Ce chapitre est consacré a l'objectif principal de la these, qui est ’extension de la méthode
HSM aux plaques élastiques 3D. Nous introduisons d’abord une décomposition de la plaque
infinie en une région bornée qui contient les défauts et quatre demi-plaques semi-infinies.
Le principe de la méthode est a nouveau de dériver des représentations semi-analytiques
du champ élastique dans les demi-plaques puis d’imposer la compatibilité entre différentes
représentations dans les zones de recouvrement ou elles coexistent. Une partie difficile
du travail consiste a dériver ces représentations semi-analytiques. Une idée naturelle est
d’appliquer d’abord une transformée de Fourier dans la direction infinie. Ensuite, pour
chaque valeur de la variable de Fourier &, le champ élastique peut étre représenté a 'aide
d’une décomposition modale, impliquant des modes spécifiques que nous appelons les
"modes Lamb &". Les propriétés de ces modes sont soigneusement étudiées et une relation
de bi-othogonalité est démontrée. Cette relation de bi-orthogonalité est ensuite utilisée
pour calculer les amplitudes modales dans la série modale. Une différence majeure par
rapport au cas scalaire est que, du fait de la forme de la relation de bi-orthogonalité,
ces amplitudes modales sont des fonctions a la fois des traces du déplacement et de la
contrainte normale & la frontiere de la demi-plaque. C’est pourquoi nous devons introduire
une formulation HSM multi-inconnue avec 3 types d’inconnues différents : I'inconnue
volumique dans le domaine borné, les traces de déplacement et les traces de contraintes
normales sur les bandes infinies, qui sont les bords des demi-plaques. Les difficultés
théoriques induites par la présence des deux traces de Cauchy (déplacement et contrainte
normale) ne sont pas étudiées ici, mais elles sont décrites et partiellement analysées dans
un cas scalaire plus simple au chapitre 4. Le défi ici est de mettre en ceuvre et de résoudre
un probleme qui est de beaucoup plus grande taille que dans le cas acoustique 2D considéré
dans les chapitres 1 et 2 car il est a la fois 3D, vectoriel et avec deux fois plus d’inconnues
de traces. Enfin, quelques résultats numériques sont présentés dans le cas isotrope.

. Méthode HSM multi-inconnues

La formulation développée au chapitre 3 pose plusieurs difficultés théoriques, I'une d’elles
est que deux types de traces sont utilisés pour obtenir les représentations de demi-plaque.
Pour nous concentrer sur cette difficulté, nous étudions et justifions notre formulation avec
deux types de traces, mais pour un probleme modele acoustique plus simple. La difficulté
principale vient du fait que les inconnues se trouvent dans les espaces de Sobolev H'/? et
H~/2 alors que la formulation est naturellement donnée par morceaux, "coupant" ainsi les
traces. Nous montrons qu’un choix particulier de fonctions de test, différent des inconnues,
permet d’écrire une formulation mathématique correcte des équations de compatibilité.
Nous montrons 1’équivalence du probleme multi-inconnues avec le probleme de départ
en utilisant le prolongement analytique de la représentation dans un domaine de type
surface de Riemann. Cependant, nous n’avons pas réussi a prouver le caractere bien-posé,
qui reste une question ouverte. A la fin, nous montrons également que la formulation
multi-inconnue peut étre réécrite en utilisant la fonction de Green et en n’utilisant plus
de transformée de Fourier. Ainsi, au lieu de chercher une représentation de demi-espace,
on peut considérer des sous-domaines dont les frontieres ne sont pas nécessairement des
lignes droites.
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5. HSM Method avec une dilatation complexe pour le cas non dissipatif

Cette partie s’inscrit dans le cadre d'une collaboration avec Christophe Hazard de POEMS
et Simon Chandler-Wilde et Karl-Mikael Perfekt de I’Université de Reading. Jusqu’a
présent, I'analyse théorique de la méthode HSM n’a été développée que pour le cas
dissipatif. Pour le cas non dissipatif, une analyse similaire a celle du cas dissipatif ne peut
étre effectuée car les traces ne sont pas dans L?. Cependant, les résultats numériques
montrent que cette méthode fonctionne bien pour le cas non dissipatif. Pour surmonter
cette difficulté, la solution que nous avons explorée est de concevoir une formulation
légerement différente de la méthode HSM qui, contrairement a la méthode classique, peut
étre théoriquement validée dans le cas non dissipatif. L’idée de la méthode est d’appliquer
une dilatation complexe sur les traces (similaire a la méthode PML), de sorte que les
nouvelles inconnues soient exponentiellement décroissantes et que le cadre L? soit récupéré.
Cela a un prix : les représentations du demi-espace sont remplacées par des représentations
qui ne sont valables que dans un sous-domaine du demi-espace, en fonction du parametre
de la dilatation complexe (plus le parameétre est grand, plus la trace décroit rapidement
mais plus le sous-domaine est petit). Nous montrons que I'alternative de Fredholm est
également valable pour ce probleme grace a une analyse similaire a celle effectuée dans le
chapitre 1.

Tout au long de cette these, j’ai obtenu tous les résultats numériques en implémentant les
méthodes dans XLiFE 4+, une bibliotheque d’éléments finis C ++ développée par POEMS et
IRMAR [50].

Le chapitre 1 est également publié en tant que chapitre dans le livre suivant :

A.-S. Bonnet-BenDhia, S. Fliss, and Y. Tjandrawidjaja. Numerical analysis of the Half-
Space Matching method with Robin traces on a convex polygonal scatterer. Radon Series on
Computational and Applied Mathematics 24, De Gruyter, May, 2019.
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In this chapter, we briefly recall the main features of the Half-Space Matching Method which
has been developed in [68].

0.1 Introduction

We consider a time-harmonic wave equation (also known as the Helmholtz equation) in an
infinite 2D domain with localized obstacles O:

—Ap(x) —w?p(x) = f(x) nQ:= RO,

0.1
Vp-n=20 on 012, (0.1)

where w is called the frequency and f is a compactly supported source term. To simplify the
problem, we will consider the dissipative case, modeled by a complex frequency w:

Re(w) > 0,Im(w) = > 0.

Thanks to the dissipation, the problem is coercive in H*(R?\©). The case of a real frequency
will be discussed in Chapter 2 and 5.

13
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0.2 The Half-Space Matching method

The idea of the method is to use a Finite Element representation in a bounded domain where
the support of the source term and the defects are located. To treat the exterior of this bounded
domain, we cover it with 4 overlapping half-planes and represent the solution in each half-plane
from the trace on the boundary. Coupling these different representations, we have a system of
equations where the unknowns are the volume unknown on the bounded domain and the traces
of the solution on the boundaries of the half-planes.

0.2.1 Some notations

For the rest of the chapter, we use some notations described here. Let us note

Qu = (—a,a)*\O and Q% = R*\(—a,a)?,

Oy = (=b,b)*\O and Q = R\ (=b, b)?, (0.2)

where a and b are strictly positive real numbers with a < b, £:=b—a >0, O C (—a,a)?, and
supp(f) C (—a, a)®. We call the domain €, the interior domain and Q the exterior domain.

22
7l
gt ]
Zl
2 yU
T
B @ 200 | T L o
2
Yy
53 supp f
Qy
ryi‘l
23
EO

Figure 1: Geometry of the problem.

We define a local coordinates system for each j € {0, 1,2, 3}:

x’ B cos@jA sin@j. x
| |—sin® cosb| |y

Using the local coodinate systems, we define the half-planes as

, where ¢/ = —

Qf = {2’ > a} x {y € R},
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and the lines that border the half-planes and the segments

2, = {27 =a} x {y €R},

Ezm = {‘rj = CL} X {yj S [—CL,(I]}-
Finally, the boundary of €2, is decomposed into 4 segments

Shy = {7 = b} x {y’ € [-b,0]},

and the union of these segments are denoted as
3 .
Yoo = U Y
j=0
3

Sy = U -
5=0
Remark 0.2.1. Here we define a domain decomposition with overlap between the interior
domain Qy, and the half-planes Q. If we take a = b, there is no overlap between €, and 2.
The formulation with overlap has several advantages from a theoretical point of view, although
numerically both formulations work well and give the same results qualitatively. For more details,

see [68].
0.2.2 The half-space representation
In this section, we derive the half-plane representation, meaning that we want to have an explicit

formula of thle solution of the half-plane in terms of its trace on the boundary. More explicitly,
given ¢ € Hz(X7), we want to find P?(y) € H* () that satisfies

AP/ +w?P/ =0 in Qé
, , (0.3)
P =1) on .
We define the Fourier transform in 1’ as
A 1 ; P
_ Ne %Y do7 . 0.4
9E) = o= [ ey (0.4)
Taking the Fourier transform of (0.3), we obtain an ordinary differential equation in 2’
d2p7 s oA
‘ - )P = 7>
@y T ) o (0.5)

The general solution of this equation is
ISJ(,Z‘7€) = A(é’)eZ\/WQ—E?(xj—a) + B(f)e_l /W2_§2(Ij—a)7

where we take the convention Im /z > 0 for all z € C. Since we are looking for an H'($), B
has to be 0. Thus, the unique solution is

Pi(al, ) = d(gerveieme,

Taking the inverse Fourier transform, we obtain
j P 1 0 j j
PI() () = ——= [ eV e e qg, (0.6)
V21 JR

In addition, we also define the trace of p in X7:

Soj = p|231 \V/] S {07 17 273} (07)



16 CHAPTER 0. THE PRINCIPLE OF THE HALF-SPACE MATCHING METHOD

0.2.3 The half-space matching formulation

We define the restrictions of the unknown p in several subdomains:
e in the bounded subdomain €, we define the restriction p° = p\Qb which satisfies

—Ap® —w’p’ = f in O,

0.8
Vp®-n =0 on 90O. (0.8)

e in the 4 half-planes, we define the restriction p/ = p|Q£ which satisfies
‘—Apj — W) =0in O, j€{0,1,2,3}. (0.9)

By definition of the restrictions in 2 different half-planes Q7 and Q/*!  these two restrictions
have to coincide in the quarter plane where they coexist:

P = p*in QF A Q7 (0.10)

To ensure this, we impose a compatibility condition on the boundary of this quarter plane:

P =p™= on 0 (2N, (0.11)
»2 52
a a \ 0 .
P’ =p' pe=>r
Py >,
[2) — (2
3 supp f 3 supp f
%0 >0

Figure 2: Zone where representations for Q° and Q! coincide.

To be able to write the compatibility condition (0.11) in terms of the traces, we define the
following operator.

Definition 0.2.2. The operator DIEL s the continuous operator from HY?(X2) to HY?(XI% N
Q) defined by

D#ELy, — Pi(y) Con YIE N QI (0.12)

i1
IEINQL

The operator D?/*! has the following explicit expression:

DI a) = = [ G(Q)eVITEE e (0.13)

i

21
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With this operator, the compatibility relation (0.11) can be written in terms of the traces ¢’:
@) = DIFHIE on I N QIE for j € Z/AZ. (0.14)

In Q, N, we also need to ensure the compatibility
P’ =p)in QN Q. (0.15)

There are several possible compatibility relations that can be imposed on the boundary of this
zone. We choose for example:

pb = p] on E{m, (016)
Vpl-n=Vp -n on ¥, Vj € {0,1,2,3}. (0.17)
2 ¥2
! !
— pb =p
(o) 4. — [2)
D
53 supp f p=p 53 supp f
Vet -n=Vp -n
0 0

Figure 3: Zone where representations for (, and € coincide.

The compatibility condition (0.16) can be expressed in terms of the traces as
p’ =’ on X7 . (0.18)

The compatibility condition (0.17) can also be written in terms of the traces ¢’ using the
following operator.

Definition 0.2.3. The operator A’ is the continuous operator from HY?*(X7) to H™Y*(%1,)
defined by

Ny = VPI()-n|_. on Xl (0.19)

j
Ebb

This operator A7 has the following explicit expression

A A 1 A i
Nl ) = o= [ D€t — eV ag, (0.20)
where ¢ = b — a. We can write the compatibility condition (0.17) as

Vp®-n = ANyl on %, (0.21)
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Remark 0.2.4. In the case without overlap { = b — a = 0, the segments X2 coincide with ¥3,.
Thus, the two conditions are imposed on the same segments. Furthermore, the definition of
the operator NV becomes more intricate. In this case, the operator N is a priori defined from
HY2(29) to H-Y2(X9) but its restriction in X7, is not in HY2(XI ) .= (HY?*(X7 ), where
HY(X7 ) consists of functions in HY?(X? ) which, when extended by 0, are in HY*(%,,). For
more details, see [68].

Finally, gathering equations (0.8, 0.14, 0.18, 0.21), we have a system of equations

Find p” in H'(Q) and (¢?)c(0.1,23 in H%(Eﬂ) such that

—Ap® — Wt =f in
Vplon= on 00
Vo' = Ay on ¥, (0.22)
P = on 3,
@) = DL on ¥ N QI

Formulation (0.22) can be shown to be equivalent to the original problem (0.1). Moreover, in
[19], this problem is shown to be well-posed (Fredholm type or coercive + compact).

0.3 Discretization

To discretize the system of equation (0.22) by Finite Element method, we need to write the
variational formulation, and writing one with ¢’ in H /2(%7) would be intricate. Instead, we
consider looking for solution ¢’/ in L*(3?). We define the following space

V= {(g 0% 4" 0% 07), g € H'(),V5 € {0,1,2,3} &7 € L*(2]),q = v/ on 2, } . (0.23)

Remark that the operators A’ and D**! are well-defined and continuous from L*(¥7) in L*(X7,)
and L*(X7) in L*(X*') respectively. Therefore, we have the variational formulation satisfied by
(0.22):

Find (p°, ¢°, ', p?, ¢*) € V such that V(q,°, ', ¢? ¢*) € V

3
/Q Vpb - V§— wp’q — Z/E] Nl
' =0T (0.24)

3 —
+ / i — DIELI it :/ 7
]Z_:o L o= | fa

To discretize the variational formulation, we introduce an approximation to the unknowns. First,
it is necessary to truncate the infinite lines 37 where the traces live and we define the segments:

So={' =ay),-T <y <T},

with 7' > a. Then, we approximate the ¢’’s with 1D P1 Lagrange elements with h as the
discretization step. For the volume unknown p’, we approximate it with 2D P1 Lagrange
elements. We look for an approximate solution:

Ny
ph(z,y) = Ppu(z,y) in Q,
k=1



0.4. NUMERICAL VALIDATION 19

Z o) swr(y’) in Y

where v, and wy are the basis functions of the Lagrange elements, P i, CD‘,jl,k € C, and N,

and N; are the numbers of discretization points in {2, and on ¥/ respectively. We define an
approximation space of (0.23):

Vh = {(qmw%wi?wi?wh) Qh x y ZQh kuk T y) (025)

Vi€ {0,1,2,3}, ¥l (v’ Z <I>h L Wi (Y =] on X4, where Qs @{L’k € (C} :

Finally, we also need to approximate the integral operators by truncating the Fourier integral
which appears in several operators A7 and D!, These integrals on & € R are replaced by
integrals on £ € [-1',T] with T" > 0:

D%jil @D(l’ﬂ ia \/w2—§2(xj—a)6:|:z§ad€’

m/
AG (b, r/ B(E) 1yfu? — Ve g,

To compute these Fourier integrals, we implement a quadrature formula:

. , 1 . :
DS Fa) = = 3 wi () eV e,
7 T ereQ

A%,Q vby) = T {;Q Wk &(fk)l\/uﬂ — 5;361\/‘“2_5§4615kyj.

where &, denotes the quadrature point in a set Q and wy, denotes the weight. Remark that these
integral operators lead to dense blocks in the matrix.

0.4 Numerical Validation

To validate the method, we consider a domain €2 with a unit disk as an obstacle
—Ap(x) — w?p(x) =0 in Q:=R\O,

1
= 4—ZH(()1) (w\/xQ + yz) on 01,

where HO is the Hankel function of the first kind. The exact solution of this problem is

1
p= Z@H (w\/x2+y )

which is the fundamental solution of the Helmholtz equation in the plane. We take w =1+ 0.1z,
a=4,b=06,T =10, and T = 10 and 3rd Gauss-Lagrange quadrature in 1000 intervals. In
Figure 4 we show the numerical solution obtained by the HSM method. We compute the relative
error on X}  as

ngz _' Spéxact

J
Pezact

)

LA([-T.71)

ETTrel = ‘
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1072

exact solution

e computed solution

~10 _5 0 5 10
y

Figure 4: On the left: the real part of ©°, both the exact solution and the computed solution.
On the right: the real part of p° in .

and similarly for p° in Q. In Figure 4 (a) we compare the real part of the computed solution
and the exact solution. Visually, the computed solution of () matches the exact solution ¢°.
The relative error for ¢’ is 0.82%. In Figure 4 (b), we show the real part of the solution in 2.
We obtain a relative L? error 1.71%.

Once we obtain the traces ¢}, we can use Formula (0.6) to reconstruct the solution in each
half-plane. In the overlapping zone, we have 2 possible choices of representations, for example
in Q2 N Q! we can reconstruct the solution by using either P(¢°) or P'(p'). We show that
these different representations give the same results, up to a discretization error. In Figure 5,
we show the representations in Q2, Q! and the modulus of the difference in Q2 N QL. The values
of solutions are in the range [—0.23,0.31] while the modulus of the difference |P° — P| is in the
range [0,0.05]. We conclude that the representations coincide in the quarter plane.

i =N
C

Figure 5: The real part of the representations of the solution in €, and (a) Q2, (b) QL. The
modulus of the difference P° — P! is shown in (c).

Finally, we can reconstruct the solution in the whole domain 2, as shown in Figure 6.

The convergence of this method based on the discretization parameters is studied in Chapter
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Figure 6: The real part of the representations of the solution in €.

0.5 Extension to the anisotropic case

In this last section, we show that the HSM method developed previously can be easily extended
to anisotropic problems. We consider the anisotropic Helmholtz equation

|—V - (AVp) —w’p = f in Q :=R\O,

2
Vp-n =20 on 0, (026)

where A is a 2 X 2 symmetric positive definite matrix which models the anisotropy. This matrix
satisfies

e c
A= (cl c3> , where ¢, ¢, > 0 and ¢jcy — (¢3)? > 0,
3 Co

and it is supposed to be constant in the exterior domain 2. By having this condition, Problem
(0.26) is well-posed for Im(w) > 0.

The half-space representation is derived in a similar manner as the one in the isotropic
case. Given any 1y € HY?(%7), j € {0,1,2,3}, the solution P? € H*(Q) satisfies the half-space
problem

V- (AVPY) + w?P? =0 in
. (0.27)

P? =) on 3.

By applying Fourier transform and taking the H'(€) solution, we have a unique solution

Pi(ad / e (O —a) ey 0.28
@) = = 3 (0.28)
where the r7/’s are defined as:
0 =2 = T80 4 3 with dy(g) = LA (e~ ()¢
. o e 029
_ 2\ ¢2 :
P o = B e with dy(e) = £ (e~ (@)
c1 (c2)
We derive the definition of the operators D?/*! and A7 in the same manner as before:
Dj,j:i:l l,]) j :i:CL / 17‘] &) (z7—a) :I:zﬁad ’ 0.30
¢ (@, y \/ﬂ 3 (0.30)
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and

Nl (27 = b,y7) )etr? Oy’ ¢ (0.31)

m/“)

Finally, we obtain the same formulation, (0.22). The well-posedness of this formulation is
shown in [19].

To show that the method works for the anisotropic case, we consider the matrix:

1 —06
A= (—0.6 1 )

and a source term f =1 in a disk centered at (0,0) with a radius of 1, without any obstacle. In
Figure 7, we represent the solution in €2, and the reconstructed solution in €2/.

Figure 7: Representations of the real part of the solution in €, and (a) Q0 and !, (b) in all 4
reconstruction domains.
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1.1 Introduction

1.1.1 Motivation

This study takes place in the general framework of the development of numerical methods for
the simulation and the optimization of ultrasonic Non-Destructive Testing (NDT) experiments.
NDT consists in detecting defects in an elastic structure by measuring the ultrasonic echoes
produced by these defects, when they are illuminated by some incident ultrasonic wave. In
particular, one needs to simulate the interaction of a given incident wave with a compactly

23
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supported defect in an infinite medium. When this medium is homogeneous and isotropic, there
exist several efficient methods to solve this problem, like Perfectly Matched Layers or integral
equations. However, difficulties arise in more complex configurations [18, 70, 14]. Among them,
one important case which remains unsolved is the case where the infinite medium is an infinite
elastic plate made of an anisotropic homogeneous material.

A new method called the Half-Space Matching (HSM) method (inspired by [32]) has been
introduced recently in view of tackling this problem. As a first step, the method has been
applied in [19] to the acoustic scalar problem in R?  showing that anisotropy can be taken into
account easily, without any additional cost. The method mainly relies on a decomposition of
the infinite domain, exterior to the obstacle, into the union of several overlapping half-spaces,
where a Fourier-integral representation of the solution is available.

In this first version of the method, the unknowns of the Fourier-integral equations are the
Dirichlet traces of the field on the boundaries of the different half-spaces. But with this choice,
the method cannot be extended to the case of the elastic plate, where both the traces of the
displacement and of the normal stress are required to derive the half-plate representations. This
is a first motivation of the present paper where we consider still a scalar problem but with
different types of traces, including Neumann, Dirichlet, and Robin traces.

The content of the present paper is the following. We first derive the HSM formulation
for general types of traces. Then we prove the well-posedness of the continuous problem by
adapting the arguments used in [19]. More importantly, the main contribution of this paper is
the numerical analysis of the discretized formulation which is not straightforward and has never
been addressed in previous works.

The model problem that we consider is presented in the next subsection. The corresponding
HSM formulation is the object of Section 1.2. Section 1.3 is devoted to the theoretical analysis
of the formulation: we use Fredholm theory, the main tools being the Mellin transform [29, 52]
and Hilbert-Schmidt operators [58, p.210]. The discretization aspects are detailed in Section
1.4 and error estimates are derived for an appropriate Fourier discretization. Some numerical
results are finally presented in Section 1.5.

1.1.2 The model problem

The problem that we consider is the 2D Helmholtz equation in the exterior of a compact convex
polygonal obstacle O, with a boundary condition of Robin type. More precisely, the problem
takes the following form where w, o and [ are some complex constants whose characteristics are
specified below, v denotes the outgoing normal to O and the data is a given function g defined
on the boundary of the obstacle 0O:

Ap+w?’p=0 in Q=R*O,

0 1.1
ozp—i—ﬁa—fj:g on 00. (1)

In the sequel, we will use the following assumptions:
Imw >0, 8#0,Im (;‘) >0, and g € L*(00), (1.2)
w

which lead to several results as follows.
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1. Since Imw > 0 (which can be justified in a dissipative medium), we will look for a solution
p which belongs to H'(€2). More precisely, p is exponentially decaying at infinity and
satisfies

Ve < Im(w), (z,y) — p(a,y) eV e HY(Q). (1.3)

However, we emphasize that the numerical method also works in the non-dissipative case,
that is when w € R™. In this latter case, p is chosen as the outgoing solution of (1.1)
(defined as the unique solution satisfying the Sommerfeld condition) .

2. As B # 0, the problem (1.1) admits the following variational formulation:

Find p € H'(2) such that for all q € H'(Q)
_ (1.4)
/Vp Vg -w /pq—*/ Pq=—75 | 9%
Using the fact that for p € H*(Q):

( (1702 ol =5 [ 1)) -

/IVp\2+Im /|p|2+1m (5 ) p|?,

\wP

o
one deduces, due to the assumption that Im 6— > 0, that the bilinear form is coercive.
w

Then the problem is well-posed by Lax-Milgram theorem.

Remark 1.1.1. For the data g on the boundary, we make the assumption g € L*(00), which is
convenient for our approach, and which differs from the natural one (g € H’%(a(’))) that would
be used in a variational approach. In particular, since g € L*(00), we know from classical
reqularity results [35] that p € H**(Q).

Remark 1.1.2 (The Dirichlet case). Taking f = 0 and a # 0 in (1.1), one simply recovers
a Dirichlet boundary condition (a case which has been already treated in [19]). In that case,
the natural hypothesis in a variational approach would be g € H%((?O). We point out that
our approach allows to consider more general Dirichlet data which are only in L*(00). As a
consequence, the solution may not be in H' up to the boundary (see [{] for a similar problem,).
Note that the numerical analysis performed in Section 1.4 is also valid in the Dirichlet case,
which is illustrated numerically in Section 1.5.3.

1.2 The Half-Space Matching formulation

The Half-Space Matching method consists in coupling several analytical representations of the
solution in half-planes surrounding the obstacle.
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1.2.1 Geometry and notations

Let us consider a convex polygon O with n edges Eé, J=0,...,n—1. For convenience, we
introduce Z/nZ the ring of integers modulo n. For j € Z/nZ, the angle between X, and 2{;1
is denoted as #7T or equivalently 6’717, Because of the convexity, one has

0< @7t <. (1.5)
22 23 22
ol \
0,1
>/ / yd 07\
y
© o ot 0
D 3
o0 »o POE o

Figure 1.1: Examples of polygons O for n = 3,4 and 6 and associated notations.

To define the half-spaces, we introduce several local coordinate systems (z7,y’). The ori-
gin of all of them is the centroid O of the polygon O. We choose the reference Cartesian
coordinate system (O, e, ey) such that e? is orthogonal to X% and oriented to the exterior
of the polygon, while the axis e0 is 7/2 counter clockwise to e?. The other local coordinate

systems (O, e/, eg/) are defined recurswely as follows:

e‘;ﬂ = —cos Qj’j“efC + sin 0““%,

Vi € Z/nZ
elt! = —sinf*lel — cos I tlel.

(1.6)

If we define I’ as the distance of the centroid of the polygon to the edge Zé, each half-plane )’

is defined in the local coordinate system (O, e, e]) as

VjeZ/nZ,, @ ={a? >V} x{y eR},
and its boundary denoted by ¥’ is given by
Y ={2 =V} x {3y €R}.

1.2.2 Half-space problems

The ;" half-space problem is defined as follows: given ¢/ € L*(X7), PJ(¢7) is the unique
solution in H*(Q) of
AP/ +W?P7 =0, in Y,
By , (1.7)

OCPJ‘FB%_wJ OHE].
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This problem is well-posed under assumptions (1.2) for the same reasons than the ones detailed
in Section 1.1.2. Remark again that in the usual framework, we would take ¢/ € H —12(x9),
but here we take ¢/ € L*(%7). Applying the Fourier transform in 3’ defined as

vyl e LA(S7), (¢ NoT / P (y)e ™ dy (1.8)

we obtain the following ordinary differential equation in 27, parametrized by the Fourier variable

&

2Pj ) )

(gwﬂ) + (w? —§)Pj—0 x>,
(1.9)

J ~. . .

aPi + 5—81) W, 4l =1,

whose unique L? solution is given by
Pi(a7,€) = A()e Ve 2@ =), (1.10)

where Im /w? — &2 > 0 and

(a8 —€2) 49 = 09(&) (1.11)

One can check that, thanks to assumptions (1.2), the quantity a + 181/w? — &2 never vanishes

for ¢ € R. Finally, by taking the inverse Fourier transform, the solution P?(¢?) of (1.7) is given
by

Pl(?,y’) = w/27r a+zﬁ\/wﬁ)2 WS g, (1.12)

1.2.3 Half-space matching integral equations

For the solution p of problem (1.1), let us define the Robin traces

, 0
Vi€ Z/nZ, ¢ = (ap—i—ﬁ a;)
>

(1.13)

Note that ¢ e L3(XY) since p € H¥*(Q). Our objective is to derive integral equations linking
the ¢’ by using halt-space representations of Section 2.2 and the fact that the halt-spaces (¥
overlap. First, the restriction of p in €/ is the solution of (1.7) for ¢» = ¢’ . By uniqueness,

Pl = P/(¢7). (1.14)
Then the quantity

dp
SiEl N QI
is equal both to 4
@ sis1nq;  ( by definition of ¢/*1)

and to OPi ()

i (I

aPI(p) 4 f—=—Tt v ( by (1.14)).

dx SiEL A Q

This provides the compatibility relations
: 4 J 4 .
P = aPI(7) + ﬁ Pr(g?) on YE N QI Ve Z/nZ. (1.16)

8:&1
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Figure 1.2: Robin traces on £' N Q" and ¥* N Q°.

Remark 1.2.1. e Such compatibility relations have been firstly introduced in [32, 16] for
Dirichlet traces in the case of periodic media.

o Here we have used the overlap of two consecutive half-spaces Q and Q'='. This will
be sufficient for our formulation, even for polygons with more than four edges where
non-consecutive half-spaces may overlap (see Figure 1.1 on the right).

This leads to introducing the following integral operator

DIFEL L (57) — LA N Q) (1.17)

oo arito s 2P0 015

SiEINQI

which can be expressed, using (1.12), as a kernel operator acting on the Fourier transform

[D39+1y)] (r) \/_/ K (r,€) p(€) dg, >0 (1.19)
with the following kernel

o+ 6( COS(QJ ]il) &Y w? — 52 + Sln(gjjil)lg) l\/w2—527"51n(97 7i1) lf(a +r cos(67 ]il))
a+ 18wt — €2
(1.20)

Here, a}t denotes the ordinate of the intersection point of 37 and ¥/*! in (z7,%7) local coordinates
and r is the radial variable of the polar coordinates centered at this intersection point. If
791 = 7 /2 (which holds for instance for all j when O is a rectangle), the previous operator
has the simpler form

B, ) =

V2r [ f@fﬁ%ze’v e (€)de. (1.21)

It is not so difficult to see that the operator D?#3%! s continuous from L?(X7) to L?(Q7 N ¥+,
Indeed, if ¢» € L*(X7), we can show that P?(v), the solution of the half-space problem (1.7) in

D] (r) =
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O, is in H¥?(Q¥). Tt suffices then to use the continuity of the trace operators. Let us remark
that it is less obvious when using directly the expression (1.19-1.20) of D?7*! but this will be a
by-product of the next section.

Summing up, we have finally the following system of coupled equations satisfied by the ¢/’s:
DiTbipi=t on N Qi
o =<y on X, Vj € Z/nZ (1.22)
Dj—i—l,jgpj—i-l on YV N Qj"'l’
where we have used the boundary condition satisfied by p on d0. The system of equations
(1.22) can be written in a matricial form as

I-D)d=aG, (1.23)

where .
eV ={( ¢ ....e" e[ L&)} (1.24)

=0

I corresponds to the identity operator, G is given by

. o
G:=(4"¢g"....g" )€V whereg’ = g on < (1.25)
0  otherwise,
and D is given by
o DY o0 .. 0 D107
p* o D* ... 0 0
o DY 0 ... 0 0
D=1 . : . : . , (1.26)
0 0 0o ... 0 pr—tn=2
o>t 0o 0 ... D 0 |

where for all j € Z/nZ we have identified a function of L*(%/ N’ *1) to a function of L*(X7)
by extending it by 0. Remark then that for all ® in V', D ® is in V' where

Vi={d=@"%¢",....0" eV, ¢ =0on X}, VjcZ/nZ}. (1.27)

Remark 1.2.2. If we want to make the extension by 0 explicit, we have to replace in I, D?*!
by EHEDIIEL yhere
BV LS N Y) = LA(S)
. (1.28)
Y= B
with ‘ 4
prasy, _ [P on X O |

0 on YXIEL\ (XE N Q).

All the properties of D**E also hold trivially for E?E D3EY In order to enhance readability,

we have chosen to drop these extension operators.

Lemma 1.2.3 (Equivalence). Let g € L*(00). If p € H'(Q) is solution of (1.1) then
d = (0 0", 0" ) where ¢’ is defined by (1.13) belongs to V and is a solution of (1.23).

Conversely, if ® € V is a solution of (1.23), then p satisfying (1.14) for all j € Z/nZ is
a function defined "unequivocally” in 2. Moreover, p € H'(Q) and is solution of (1.1).
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Proof. The first assertion is true by construction. Conversely, suppose that ® = (%, 0" Y e
V' is solution of (1.23). This implies that the ¢’’s satisfy the system of coupled equations (1.22).
Now, let us introduce P(’) € H'() for all j € Z/nZ, the solution of the half-space problem
(1.7) with ¢» = ¢’. By definition:

apﬂ J

o =aPi(p) +s20 )
b}

Because the ¢’’s satisfy the first set of equations of (1.22), we have by definition of D7*! that

(1.29)

i j£1, j+1 apjil(ﬂpjil) j 1 .
@ =aP’F () + BT on ¥ N Y, VjeZ/nZ. (1.30)
x
From (1.29) and (1.30), we have that
or(¢’) ESUBNES OPTH ()
PJ =abP’ J _ .
PP+ =5 0r7  |zinqitt “ (P +8 O’ %I N Q!
In particular, the previous relations for 7 = 0 and + = + and for j = 1 and + = — yield to
OP°(°) OP (1)
PO — Pl
aP’(¢) + f—5 5= I DB o
e 0P () OP(s")
P! b — aP%(L° ¥ ‘
aP () +B—g |, =P @)+ b=
Let

Q= P'") — P(p") inQ°NQ.
Because P%(°) and P'(¢') satisfy the same Helmholtz equation and because of the previous
relations, () satisfies the problem
AQ+w?Q =0 in Q°NQL,
0
aQ + BaQ —0 ondQ°NQY,
v

where v is the interior normal to Q° N Q'. This problem is well-posed under assumptions (1.2)
for the same reasons as the ones detailed in Section 1.1.2. So Q = 0 in Q° N Q' which means
that P%(") and P'(¢') coincide in the overlapping zone Q° N Q'

Similar arguments enable us to show that for all j € Z/nZ, P?(¢’) and P+ (™) coincide in

the overlapping zone QY N Q"' We can then define unequivocally a function p by
Vj € Z/nZ, ploi = P().

Because the half-space solutions coincide two by two in the overlapping zones, the function p is
in H'(Q) and is solution of the Helmholtz equation in Q. Moreover, by definition

Vi € Z/nZ, (ozp—l—ﬁaJ) 2'25:< (¢7) + 55’P’(¢”)>

where the last equality is obtained by using the second set of equations of (1.22). Hence, the

— —
j _QO j _ga
o 7

function p is then solution of (1.1). O
Writing 3
=G+ P (1.31)
where @ is in V, we obtain an equivalent system
(I-D)®=DG. (1.32)

This system constitutes the Half-Space Matching formulation which will be analyzed in Section
1.3.
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1.3 Analysis of the continuous formulation

In this section, we consider the general problem
FinddeV, (I-D)d=F, (1.33)

where V is defined in (1.27), D is defined in (1.26), and F € V. Denoting £(A) as the set of
bounded linear operators of a vector space A, we show in this section the following main results.

Theorem 1.3.1. The operator (I —D) € L(V) is the sum of a coercive operator and a compact
one. Moreover, Problem (1.33) is well-posed.

A naive idea would be that D € £(V) is compact, but it is not. However, it can be decomposed as
the sum of an operator of norm strictly less than 1 and a compact operator. This decomposition
is linked to a similar decomposition of the operators D!, Inspired by the proofs for the
Dirichlet case shown in [19], we prove the properties of the operators for the Robin case in
Section 1.3.1 and finally show the theorem in Section 1.3.2.

1.3.1 Properties of the operators D’//*!

Let us concentrate first on the operator D%! and similar properties will be given, without proof,
for all the operators D+ at the end of this section. To simplify the notation, we denote in
this section, D' = D, 2° = z, ¢° = y. We will identify, when necessary, £° to R, its upper
part X0 N Q! to (af, +00), its lower part 2N Q" to (—oo,ay) and finally ' N QY to RY. Let
us also introduce for any open interval [ included in J, an open interval of R, the restriction
operator xr
xr: L*(J) — L*(J)
Xrp =¢onl
v xrp=0on J\ I

In the sequel, we are going to decompose the operator D progressively in order to isolate a
compact part and a part for which we get the norm explicitly.

First, from the definition (1.17), we can decompose simply D as

D = Dp+ Dy (1.34)
where
Dp: L*(X°) — L*='nQY Dy : L*(X°%) — L*X'n QY%
0
b = aPY(y) and v 58P (¥) ' (1.35)
1nQo oxl »1A00

Lemma 1.3.2. The operator Dp : L*(X°) — L*(X! N Q°) is compact.
Proof. By definition of Dp, we have
Vi€ L), Dpw(r) = [ ko(§,r)i(€)de

with
\/ i +
14/ w2 —€2r sin 091 625(6”0 +7"c0590’1).

kD(f,T) = Oé—f—lﬂ\(;me
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Using Fubini’s theorem, we obtain

CY|2 —2Im w2—£2)rsin 601
ol sy = [ [, —— e E s g g
RJR ‘a—l—zﬁ\/w?—f?’

o]

= d
B 2Im(y/w? —€2) sind )a +18Vw? — 52‘2 ¢

< +00.

This proves that Dp is the composition of the Fourier operator ¢ > @/A) and of a Hilbert-Schmidt
operator [61]. The lemma follows. O

Let us focus now on Dy. For all ¢, Dyt is, up to the parameter 3, the normal trace on £' N Q°
of the half-space solution P°(¢)) in Q° with a Robin data 1 on the boundary X°. Because the
half-line 2! N Q° touches 3°, the operator Dy is not compact. The lack of compactness is
precisely due to the intersection point. So let us isolate the intersection point by decomposing
Dy thanks to restriction operators:

DN = X(U,b)DN + X(b,+oo)DN, with b > 0. (136)

(07 CLS_) - *@p\

0
Figure 1.3: Decomposition of the operator Dy into x5 Dn and X (s 4e0)Dn
with a regular triangle as the obstacle.
Lemma 1.3.3. For any b > 0, the operator X +00)Dn : L*(£%) — L*(Q° N is compact.
Proof. By definition of Dy, we have
W€ L), Dyw(r) = [ k(€ r)d(©) ds
with

_ 2 _ ¢2 0,1 : 0,1)
5( 1Ww? —E2cos V" +1€sind o/ —Ersin 601 ag(af 4+ cos 001)

kN(gar): O["f_lﬁ\/m

(1.37)
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Again by Fubini’s theorem, we get for b > 0

0 2| _ 2 2 0,1 0,1
//+ 15| ‘ 1/w? — 2 cos 0% + 1€ sin 6% ‘e QIm(W)TSiHGO’Ideg
o o=eT
2
2| _ 2 _ ¢2 0,1 0,1
_ 1B ‘ 1Ww? — &2 cos 0 +1€sin 6 ‘ 26—2Im(\/0-)2——f2)b51n90’1d€
B 2Im(y/w? — £2) sin 9! ’a + 18V w? — 52‘

< +00.

1 (€ 7)1 222 00

We conclude as in the proof of Lemma 1.3.2. O

As you can notice, this proof requires that b > 0. To analyse the non compact part x (oD,
inspired by the Dirichlet case [19] and more generally by the singularity theory [52], we decompose
finally x (05 Dn as

X6 DN = X(0p) Ly + X(0p) (DN — Ly)

where Ly is obtained by taking w = 0 and « = 0 in the expression (1.37) of ky(&,7)

Lyt(r \/_ / D(E)(— cos 091 —1sgn (&) sin OO 1) e Elrsin™ giélag +reose®qe 5 0 (1.38)

The operator Ly is similar to Dy, but it is associated with the Laplace operator. Indeed, it
can also be defined as

Ly : L3(2%) — L2(21 nQo),

Ly == 2=v(¥) , (1.39)

»1nQo

(9171

where, for all ¢ € L*(X°), v(1) is the solution (at least in the distributional sense) to

—Av = in Q°,
62:: = on 2V

We refer to Appendix A for the precise definition of the appropriate functional framework
for this problem.

Lemma 1.3.4. The operator X (Dn — L) is compact.
Proof. 1t is a kernel operator whose kernel is given by

k(& r) = <01 (&)e'Vv w?—gPrsing®l _ 02(5)6_&71311100’1) gté(at+reos6®1)
where from (1.37) and (1.38), we have that
0 &1 (5)
c1, 2, 1/co € L(R), and @ — 1 when £ — +00
C2

Consequently
(&, 7)| = |ca ()] e lrsine®!

C1 (5) e—q(g)r sin %1 o 1‘
Cz(f)
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where )
1
4(8) = Y&~ el = = 0().
e %
We deduce that
|k’<f,7“)| < C|q(€)| 6_|f‘7‘sin9071
which enables us to conclude as in the proof of Lemma 1.3.2. O

Finally, let us focus on the properties of Ly which are summarized in this fundamental lemma.

Lemma 1.3.5. The operator Ly is continuous from L*(X°) to L*(X' N Q°) and its norm is
bounded by 1. Moreover, we have

¢ 3C€(0,1), VoeL*(X), [ILnX(ut+o0?ll < CllXs 4oyells

° LNX(foo,ag) 18 a compact operator.

We give the proof which is quite technical in Appendix A. As we will see in the proof of Theorem
1.3.1, it is not sufficient to know that the norm of Ly is bounded by 1. This is the second part
of the lemma which will enable us to conclude that I — D is a sum of a coercive operator and a
compact one. As indicated in Appendix A, the constant C' is linked to the angle %! between
¥? and 2! N Q%

C = cos(6*'/2).

When 6% tends to 0, this constant tends to 1.
Gathering all the results of this section, we can show the following properties of D.

Proposition 1.3.6. The operator D is such that D — L is a compact operator from L*(X°) to
LS N Q°) where L is a continuous operator from L*(X°) to L*(S' N Q°) which satisfies

¢ 3C€(0,1), Ve LT, [LX(ut 100l < CliX(ar 4oyells

° LX(_oo,ag) 1S a compact operator.

Proof. The operator L is nothing else but x () Ly. Indeed, using all the operators introduced
in this section, we write

D — x5 Ly = X0 (DN — L) + X(b,400) PN + Dp.

From Lemmas 1.3.2, 1.3.3 and 1.3.4, we have that the operator D — x (o) Ly is compact. As
Ly satisfies Lemma 1.3.5, the operator x (o) Ly inherits similar properties. O]

Finally, we have obviously similar results for all the operators D?7*! for j € Z/nZ. Again, we
will identify, when necessary, ¥’ to R, its upper part ¥/ N " to (aj, +00), its lower part
TNt to (—oo, a; ). Finally, in order to give a short statement of the following theorem, we
use the notation
Vj, (a;,—00) = (—00,a;).

Theorem 1.3.7. The operator Dj:’j:ﬂ is such that D?WE — [ g g compact operator from
L2(X7) to LA(X7* N Q7)) where L% is a continuous operator from L*(X7) to L*(X7*' n Q)
which satisfies
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o 307 € (0,1), Vo € LA(Y), L7 Nt ooy Il < P (et oy 2

o [JJE1 X(aF 5o0)

is a compact operator from L*(X7) to L*(X7*! n Q7).
Remark 1.3.8. The constant C**! s linked to the angle 679! between Y7 and L7 N Q7.
More precisely, we can show, as in Appendiz A, that

CHIEL = cos(979%1 /2).

Remark 1.3.9. Theorem 1.3.7 has links with classical analysis for second kind boundary
equations on non-smooth domains. Indeed, using the notation x? = (27,97), DWIEL can be
written in layer-potential form as
o 1 . Ple . o o
DW= (x) = —= | | aG(x, %))+ f——(x, %)) | ¢/ (x))dx!, =xe¥X* N/, (1.40)
6] 2J< O+l )

where G is the Green’s function for the Helmholtz equation satisfying the Robin condition on
Y (see for instance [24] for a characterization of G). Formula (1.19) is nothing else but the
Plancherel equality applied to (1.40). As G is a smooth perturbation of the Green’s function
of the Laplace equation with Neumann boundary condition on X7 [{9], and as Im(w) > 0, the
properties of D’EY can be deduced from those of the double layer potential operator defined by

‘ ;%(x, xDl (x)dx?,  x € WE N,
si Ox

where 1
Go(x,x) = o log(]x — x'|).

This operator, as an operator acting on L* functions on the sides of a bounded polygon has been
discussed and analyzed in [23, 7]. Let us mention that in [23, Lemma 1], the same bound for
the norm of the operator L¥*! has been found.

1.3.2 Proof of Theorem 1.3.1

Let us prove now that the operator I — I is the sum of a coercive operator and a compact one
in V. Using Theorem 1.3.7, and the following obvious decomposition

VO = (¢, ¢,....¢g" N eV, VjeZ/nZ, §F = X(<s0a7) &+ X(a +00) @

we can decompose the operator D as follows

VO €V, D® =L+ K, (1.41)
where
r 1,0 n—1,0
0 L7 X (—0ar) 0 o 0 L X 0t o)
L X(af o0 0 LN (o) 0 0
. 0 LYY (ot 4o0) 0 e 0 0
0 0 0 0 LX)
0,n—1 n—2n—1
_L X(—oo,ag) 0 O L X(a2727+00) 0
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and ) }
0 KY 0 ... 0 Ko
K1 0o K> ... 0 0
0 K2 0 ... 0 0
0 0 0 ... 0 Knln=2
K%t 0 0 ... KrR 0
with

Vj € Z/nZ, K7 = (DIFN — LFEN) 4 [Ny (1.44)

Gt ,£00)

From Theorem 1.3.7, we get easily that the operator K is compact in V.

Moreover, by Theorem 1.3.7, for all j € Z/nZ, we have that for all ¢/ € L*(X7) such that
@j Y =0

]

HLj7j_l ( 00,a; 90 H2 + HL]]+1 (a ,4-00) 90 H2 < 02 HX —o0,a; SD H2 + ”X +oo)<10 H

= C2| &[22y,

where C; = max(cos(677/7! /2), cos(6#*7*!/2)). Consequently the norm of the operator L is strictly
less than 1. This implies that the operator T — L is coercive in V, its coercivity constant being

given by
Qi+

a=1— max cos (1.45)

JEZ/NZ

Let us now show that Problem (1.33) is well-posed. Since it is Fredholm of index 0, it is sufficient
to show the uniqueness. We will suppose that F' = 0 and show that the corresponding solution
® € V necessarily vanishes. By Lemma 1.2.3, we can define unequivocally a function p satisfying
(1.14) for all j € Z/nZ. Moreover, p € Hl(Q) and is solution of (1.1) with g = 0. Problem (1.1)
being well-posed, p = 0 and then P’(¢’) = 0 for all j. Consequently ' = 0 for all j € Z/nZ.

1.4 Discretization

1.4.1 The discrete problem

To get a discrete problem that we can solve numerically, we use three main ingredients:

1. We truncate the integrals which appear in the definition of the integral operators D7+

the integral for £ € R is replaced by an integral for |¢| < T' for some T' € R™.

2. Then, we introduce finite dimensional subspaces Vi, of V on which a Galerkin approximation
is computed. To define the space V4, we truncate the infinite lines >/ as follows:

o= {(ad =V, ), ~T; <y <T}} (1.46)

and we mesh these truncated lines into segments [M;, M7,,], i € {1,...,N;} whose

maximum length is h;. Let T" = min7; and h = maxh;. Finally, the space V4 with
j j

h = (7, h) built with Lagrange finite elements of degree [ (I € N*) is given by:

{(1/1?1, Y €V, V), 4 is polynomial of degree I on [M7, M7,,], i € {1,... ,Nj}},
(1.47)
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and Vi, = Vi N V. Let us emphasize that of course

VU eV, inf | — W] —s 0. (1.48)
UneWh h— (400,0)

3. Finally, quadrature formulae have to be used to evaluate the Fourier integrals which

appear in the variational formulation.

In what follows, we will study the error due to points 1 and 2 but not the quadrature formulae.

For this purpose, we consider the three following variational problems:

0. The exact ~plroblem:
Find ® € V such that o ) ) )
(Bo, V)= (DG, V), YVeV, (1.49)

where B =1 —D, D is defined by (1.26), V by (1.27), G by (1.25), and (-,-) denotes the
L? scalar product in V. We have the expression

V(@0 eV, DO,T)= Y </E Dbt i 4

JEZ/NZ

D] W) '
(1.50)

NI+l [ SinQi—1 [

with
VieZnz, WoelX(P). [DHIu]() = —= [P 10
m
and k71 (r, €) is given by (1.20).

1. The semi-discrete problem (truncation of the integrals):
Find ®; € V such that
(]BT i)T, ﬁ/) = (DT G, \i/), \V/\i/ c ‘7, (1.51)
where B =1 — ID; and D4 is defined by

v@wev, @ew= Y ([ [Dptet] v e Dy i),

$inQi—1 [ T

jezjnz N ENQIH
(1.52)
where
L T R
Pﬁ%miéﬁwwwmawo (1.53)

2. The discrete problem (truncation of the infinite lines > and meshing):
Find (bT,h € V4 such that

(B ®7.3, Un) = (D Gu, Un), VI, € W, (1.54)
where Gy, € V4, is the interpolate of G.

Our first objective is to prove that for Tand T large enough, and for h small enough, the above
discrete problem is well-posed. The second objective is to prove that the error [[® — @4, ||
(where Qrp = CIZDTA?h + Gp,) tends to 0 when T — 400, T — +00, and h — 0. And finally if the
©”’s are regular enough (whose precise definition will be given later), we will also estimate the
convergence rate.

Remark 1.4.1. As in [55], the difficulty of the numerical analysis comes from the fact that the
operator appearing in the discrete problem is the sum of a coercive part and a compact part,
which both depend on T'.

As a first step, we will derive the same type of result but only for the semi-discrete problem.
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1.4.2 Numerical analysis of the semi-discrete problem

For T > 0, we denote by II; the projection operator on LQ(]R) defined by

T . .
Vo e L2(R). M) = = [ i@ (1.55)
In other words, - X
Vo € L*(R), Tp(€) = x_p3 ()Y (E)- (1.56)

Then, we denote by IIL; the projection operator on V' defined by
VO = (% ...,0" ) eV, M;® = (", ... " "). (1.57)

Using Plancherel and Lebesgue theorems, one can easily check the following properties that will
be used in the sequel:

[TL; @[l < [[@]lv, (1.58)
VO, U eV, (I;® 0)= (0 I0,P), (1.59)
Vb eV, |T1;®—®|y —0 whenT — +oc. (1.60)

Using this definition, we have D; = D 1IL;, where D is defined by (1.52). The main results of
this section are given in the following theorem.

Theorem 1.4.2. ].A[Staibility] There exists Tmin such that the semi-discrete problem (1.51)
s well-posed for T' > Tiin.

2. [Convergence| The solution (fT of the semi-discrete problem (1.51) tends to the ezvact
solution ® of (1.49) when T tends to infinity.

3. [Error estimates] Let ® = d + G = (¢°,. .., 90."’1), where ® is the solution of (1.49). If
there exists s > 0 such that for all j € Z/nZ, ¢’ € H*(¥?), we have
HS(Ejl))

(1.61)

- - C 1 ;
1o = Pplly < = > (W“I

Hs(Xi+1) + ; ||g0j—1|
T JEL/NZL sin(f7+1) \/W

The rest of this section is dedicated to the proof of this theorem. To do so, we will need
several lemmas:

e the two first lemmas give properties of the operators L/ I1; for the L7 +LJ appearing in
(1.42). These results are the equivalent of the two properties stated in Theorem 1.3.7, but
they are not a straightforward consequence of this theorem. The difficulty comes from the
fact that, in general, for a function 1, the support of II;% is not the same than the one of
1. These lemmas enable us to deduce properties of the operator D IlI;, used in Lemma
1.4.6 as a basic tool for the stability and the convergence result.

e To establish the error estimates, we will use finally Lemma 1.4.7.
Lemma 1.4.3. For all j € Z/nZ, the operator L*Y appearing in Theorem 1.3.7 satisfies

3CIEY € (0,1), Yo € LA(X*Y),  ||LFV 1L, X(a¥,, 700 Pl < CT X w3, 700yl

ESE

where CIFI = max (sin (jSl’j/Q) , COS (6’jil’j/2)).
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Proof. As explained in the proof of Lemma 1.3.6, L%' = X(0,5)Ln where Ly is defined by (1.39).
It suffices then to show that

VT > 07 vw S L2(EO) HLNHTX(U,S—,-i-OO)wH S CHX(aS’,—l—oo)wH (162)

with
C = max (sin (90’1/2) , COS (90’1/2))

to obtain the result for L%'. A similar proof can be applied to other L/*.

We stress again that (1.62) is not a direct consequence of Lemma 1.3.5 since IL; X(at, ooy 18

not supported in (ag, +00).

We introduce the linear operators S and A of £(L*(R)) defined by

1 1
Ve L(R), Su(y) =5 (¥(y) +¢2af —y))  and Av(y) = 5 (¥(y) — (25 )
We have obviously S+ A = Id.
The key point is that I1; commutes with S and A. Indeed, from

S (€) €2%5¢ = 54 (=€),

we deduce that 175 is symmetric with respect to ag:
;5% (207 —y) = —— | | S0 (e vag
A ag —Y) = —F— e
T 0 Yy \/ﬁ _p
1 T S —iy€ q
= — —_ [ v
75z |, 50 (-0 a
1 T S e
= — e
75 |, 50 @eag
= ;59 (y).
Similarly, we prove that I1; A% is anti-symmetric with respect to ag :
;A (205 —y) =~ 49 (y).
Finally, gathering all these properties, we get
1
Sl (y) =3 (T34 (y) + Tz (205 — )

= ; (HTS¢ (y) + 1Lz AY(y) + 155 (2a8 — y) + Hp A (2ad — y))
= 1159 (y),

and the same result can be obtained for A. To summarize, we have
HTS@D = SHT@D and HTA@ZJ = AHT@D (163)
Now let us apply all these properties to our purpose. Since S + A = Id, S? = S and A% = A:

LyTly = Lyla(S + A)
= LyTL;(S? + A?)
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= LySIL;:S + Ly AlL: A
so that

Vi € L(2°), | EnTipX(at 1o | < IENSIITANIS X0 ooyl + IENATITLA N Ax g 1oy

(1.64)
Moreover, since for any ¢ € L*(R),
IT1z]] < 1 and (1.65)
[t 00y oy = 1400 0% oy = \}5 T (1.66)
we get
| LT X o] < jﬁ ULx ST+ IZNAD X ooyl (1.67)

Finally, the estimates (A.12) and (A.13) proven in Appendix A enables us to show (1.62).
[l

Remark 1.4.4. Let us emphasize that the key property (1.63) is true because in the definition
of I, the Fourier integral has been truncated to a symmetric interval [=T",T.

Lemma 1.4.5. For all T, the operator Ljﬂ’jHTAX(ail 1oo) IS compact.
S

Moreover, let ¢, be a sequence of LA(X7EY), for T, — 400 and for j € Z/nZ such that
Y converges weakly to 0 in L*(X7=), then

LT X2, doy¥n = 0 in LP(37 0 Q7).
J k)

Proof. As explained in the proof of the previous lemma, it suffices to show the result replacing
L’* by Ly to deduce the one for L% and in a similar way the one for the other L/*!.

Again, the difficulty is that, in general, for a function v, HTAX(foo,ao—)lb is not supported in
(—00, ay ), so that the results cannot be deduced from the second point of Lemma 1.3.5.

We decompose
LNHTX(—OO,QO) LNX( 00,a, )+LN (H _[) X( OOQO)

From Lemma 1.3.5 we know that LNX( 00,05 is compact. We show in the rest of the proof that
Ly (I = 1) x - sc.a;) 18 @ Hilbert Schmidt operator and that Ly Iy = 1) X(—oo az) — 0 when

T — 400, and the results of the lemma follow.
Using the expression of Ly in (1.38), we get:
2 0,1 — 0,1

where, for ¢ € L*(X°)

1 i 1 g (at —y+rcos 0L
Rpd(r) = 277/ df/_oodyegrs‘“eo 'élag —ureost™ Dy ().
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By Fubini’s Theorem, we deduce that

Reglr) = 5 [ Ketry)vio) dy

with )
efT(r sin Bovliz(agnyrr cos §01))

+ _
kT (7’, y) -

rsin @91 Fo(ag — y + rcos 1)’

Since the denominator never vanishes for r > 0 and y < a; < ag, one can easily check that
+oo  rag
Lo

is finite and tends to 0 when 7" — +00. O

2
k;ﬁ(r, y)‘ dy dr

From these two lemmas, we deduce the following result.

Lemma 1.4.6. For all T > 0, the operator B; is the sum of a coercive operator and a compact
operator in V.

Moreover, there exists v > 0 and T'im such that for T > Toim
VO eV |Bp®| > v||®l (1.68)
Proof. Let T > 0. Let us remind that B; = I — DII;. By the definitions (1.26) of D and

(1.57) of Iz, the operator D I1; is nothing else but (1.26) with the terms D7#Y replaced by
DFYI T, Finally, as in (1.41-1.42-1.43), we have the decomposition

BT :H—]D)]HT where D]HT :LT+KT
with

e L having the form of (1.42) where the terms LiEL X(Q;Filv:l:oo)

Using Lemma 1.4.3 and the same arguments as in Section 1.3.2, we can show that the
norm of L is strictly less than 1, the norm being mdependent of T'. Therefore I — L; is

coercive in V with a coercive constant 5 independent of 7',

are replaced by L/ IL; X(aF,, Fo0)"

e K; has the form of (1.43) where the terms K’/*'J are replaced by K %ﬂ’j with

K3 = (DY — DY) Ty o+ DY T y

; (1.69)

SIRE ,to0)"

By using Theorem 1.3.7 and Lemma 1.4.5, K%ﬂ’j is compact. The operator K; is then

also compact in V.

We have then proven the first part of the lemma. We show the second part of the lemma by
contradiction. We suppose the existence of a sequence ®,, € V and a sequence T, — +o0o such
that ||®,||y = 1 and B ®, — 0 in V. Using the first part of the proof, we have

Bp, = ([ —Lg) — Ky,

where the operator (I — Ly ) is coercive with a coercivity constant 4 independent of n and K;,
is compact. Rearranging the terms and taking the scalar product, we have

(B, @n, @) + (Kyp, @, @) = ([— Ly, )@y, @) >4 >0, (1.70)
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and we will show that the left hand side tends to 0 with n to establish the contradiction.

Since ®@,, is bounded in the Hilbert space V, it admits a weakly convergent subsequence that

we denote also by ®,: &, — & in V. By (1.59) and (1.60),
VO eV, (I @, )= (D, I; T —T0)+ (0, V) — (&, 7),
which means that 1T (ID — @. As a consequence,

B, &, = &, — DII; &, ~ & — DO = BE.

Since by hypothesis, B ®,, — 0, we conclude that B® = 0 which implies ® = 0 because B is
invertible (see Theorem 1.3.1).

On the other hand, as written in (1.69), each operator K%ﬂ’j involved in the definition of
Kz, is the sum of two operators such that

o (DIFN — Ljil’j)HTn<,5n — 0 when @, — 0 since Il @, — 0 because of (1.60) and
(D73 — [J%13) is compact because of Theorem 1.3.7;

o [JEYITL, X(a%,, o0)Pn — 0 when @, — 0 because of Lemma 1.4.5.
n J b

Consequently, as ®,, — 0, we have Kz ®,, — 0 in V when n tends to +oo.

Gathering all these results, we have (B ®,,®,) + (KTn(I)n,i)n) tends to 0 with n. This
contradiction finishes the proof.

O

To establish the error estimates of Theorem 1.4.2, we need the following lemma.

Lemfna 1.4.7. Let s > 0 and ¢ € H*(XY). There exists a constant C > 0 independent of 1)
and T such that o

L2 = s sin(@7J+1)

| DIENT = Tiz ) 1 125 (1.71)

Proof. By definition (1.19-1.20) of D?/*! we have, by Cauchy-Schwarz inequality, Fubini’s
Theorem, and by the Fourier definition of the Sobolev spaces [1]:

/+oo kmil 7’ 5 ’2

Sare) (1.72)

[ =)o < ol [

le|>T

Moreover, an easy calculation gives

+oo kwil rf ’2 B
/§>T/ (1+€2)s fdr—/|§|>TF(f)d§,

et B cos(89E)i/T € + sin(895 i) |
" 2o+ i8I B (Vi 8 (614 (1 + €2
C
F(€) < €25+ gin (G57%1)

for some constant C' depending only on «, 3, w, and s. The result follows. O

where

is such that
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Proof of Theorem 1.4.2.

1. By Lemma 1.4.6, B; is the sum of a coercive and a compact operators. By Fredholm
alternative, it is invertible if and only if it is injective. Again by lemma 1.4.6, we have
that there exists Tmln such that for 7' > Tmm, B; is injective.

2. From B® = DG and B §>T = DIIT;G, we deduce:
B; T CDT

#(® —&7) = B® — (B - B;)¢
=D(I-11 )(‘i)+ G)
= D(I - I1;)®

which tends to 0 when 7" tends to +oo by (1.60). Lemma 1.4.6 then implies that

|

which proves that &)T tends to ® when 7' tends to +o0.

&8, < [B(@ - )

b

3. The previous step provides also the following inequality:
- 1
[P — @4 < 5 DI — Mz) @ (1.73)

Combined with Lemma 1.4.7, we get the estimate (1.61).

1.4.3 Error estimate for the discrete problem

The main result of this section is given in the following theorem.

Theorem 1.4.8. 1. There exist Toins Tonin and huas such that the discrete problem (1.54) is
well-posed for T > Thin, T > Twin and h < hyax.

2. The solution &th of the discrete problem (1.54) tends to the exact solution ® of (1.49)
when T — +oo and h = (T, h) — (+00,0).

3. If®=®+ G is such that @' € H(X) for j € Z/nZ with s > 0, there exists C > 0 such
that

. C .
[ — ®p |l < s + Ce™*T 4 ¢ pmin(stHl) (1.74)
where € s given by (1.3).

To show this theorem, we will use the following lemma (which is the discrete equivalent of
Lemma 1.4.6).

Lemma 1.4.9. There exists v > 0, Tmm, Tiin and hyax such that for T 2 mins 1 > Tin and
h S hmaX)

Vo, € Vi sup > *y’Hi)hH.

\i/hef/h,\ih;éo H\IIhH
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Proof. We proceed as in the proof of Lemma 1.4.6 and prove the result by contradiction. We
consider a sequence hy, h, — 0, a sequence T),, T, — +00, a sequence T,,, T, — +00, and a
sequence @7 €V, hy, = (hy, T,) such that

- - - 1 -
||¢)Tn,hn” = 1 a’nd V\Ilhn e th7 S ﬁ”ll}hn“

Bz, P4, 1> Un,)

Since (ifn n, 1s bounded in V, it admits a weakly convergent subsequence that we denote also
by &)Tn h, &)Tn h, ®. Moreover, for all ¥ € V and all ¥y,, € V4, we have

|(BTnéTn,hnv 0| < |(BTn(i)Tn,hn7 Up,)| + |(BTnéTn,hn7 U — 0y,

1 - .
CAh, N 1B, [ = T, |

IN

Since ||By, || is bounded by a constant independent of n, we deduce from (1.48) that

Ban)Tn,hn -0 in ‘7
We can then continue the proof as in Lemma 1.4.6 which results in the contradiction. O

Proof of Theorem 1.4.8.

1. This is a direct consequence of Lemma 1.4.9.

2. Let ® be the solution of the original problem (1.49), <I~>T the solution of the semi discrete
problem (1.51) and @, the solution of the discrete problem (1.54). We have that

VTh €V [ — @yl < 118 — Tull + [T — & (1.75)
For all 'fh € V4, and all \i/h € Vh, we have
(B(Th = ®71,), Un) = (B4(Th — B4), Un) + (D4(G — Gn), Un).
By Lemma 1.4.9 and by the continuity of D; and B}, we get
Y[Th = @441l < C (IG = Gullv + |85 — Tull) - (1.76)

Gathering (1.75-1.76), we deduce that there exists C' > 0, such that
[~ bl < C (1= dpll 4G~ Gallv +_nt [B-Tull). )
Th€Vh, Trh#0

By Theorem 1.4.2, the first term of the right hand side tends to 0. G} being the interpolant
of G in V4, (1.48) ensures that the two last terms tend to 0 when h — (+00,0).

3. Let now suppose that ® = ® + G = (¢°,...,¢" 1) the solution of (1.49) is such that
for all j € Z/nZ, ¢’ € H*(X) for a certain s > 0. Then we deduce from Theorem 1.4.2
an estimation of the first term of the right hand side of (1.77). For the second term, it
suffices to use classical results of the interpolation error for Lagrange FE of order [:

3C >0, ||G— Gylly < CpmnEHD,
Finally for the last term, let us introduce the function @7 € V defined by

&)T = q)T — G where q)T = (X(—TO,TO)QOO7 e ,X(_Tn_th_l)gOn_l).
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We get

_onf ([ —Tu[| <@ =Dy +_ inf  [ldp — Ta
Th€Vh, Trh#0 Th€EVh, Th#0

where using (1.3), we can show that
|® — &p|| < CeeT
and using again the results on interpolation error of Lagrange FE

] jnf~ H(fT . Th” < Chmin(s,lJrl).
Th€Vh, Trh#0

This ends the proof of the theorem.

Remark 1.4.10. This error estimate has been obtained for simple reqular mesh. A more
sophisticated discretization method could be used as done in [25] for scattering problems.

1.5 Numerical results

The numerical results presented in this section are obtained using the Finite Element library
XLiFE++ [50].

1.5.1 Qualitative validation of the method

In order to validate the method, we consider a particular data on a triangle given by

1 oH
9= (ozH(m/sc2 ) + B (wyfa? + y2)>

with w =14 0.12, « = 2, f = —0.5 and H(.) denotes the zeroth Hankel function of the first
kind [2]. The exact solution of this problem is

1
p= EH(w\/xQ + y?).

On Figure 1.4 we represent on the interval (—7',T') the real and imaginary parts of the exact
solution ¢” (blue line) and of the solution ¢} (red dots) computed by using P1 finite elements

with h = 0.1, T' = 20, T = 10, and a 3rd order Gauss quadrature with 1000 intervals. We get
an L? relative error:

j
EO

H<PO - @%7h"L2(Z%)

HSOOHH(EOT)

of 0.090%. On Figure 1.5 (left), we represent the Fourier transform of the computed solution.
Remark that the behavior of this Fourier transform justifies the truncation of the Fourier integral
and requires a precise quadrature especially near £ = w.

Once we obtained the cpf;ﬁ L S, we can reconstruct an approximation of the solution p of (1.1)

in each by Formula (1.12). Here, we compute the solution in the domain Q) represented in
Figure 1.5 (right), where the white lines represent the position of the ¥’. In the overlapping
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Figure 1.4: Real (left) and imaginary (right) part of the computed solution ¢}  (red points)
and the exact solution (blue line) on X,

Figure 1.5: On the left: real part of the Fourier transform gﬁ% - On the right: reconstruction of
the solution in €.

zones, we can choose indifferently one of the available half-plane representations, since they
coincide up to the discretization error. Remark that although the solutions ¢’ are not close to

zero at i’ = +£T, the reconstructed solution is accurate, with an L?(Q) relative error equal to
0.030%.

The same results can also be obtained when the obstacle is a rectangle or a pentagon. The
reconstruction results are shown in Figure 1.6. For a rectangle obstacle, the L? relative error
for the lines is 0.042% and the L? error on the reconstructed domain is 0.043%, while for a
pentagon, we get 0.074% L? relative error on the lines and 0.054% L? relative error on the
reconstructed domain.
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Figure 1.6: Reconstruction of the solution in €2 with rectangle and pentagon.

1.5.2 Quantitative validation of the error estimation

After this qualitative validation, we validate the error estimation derived in Section 1.4 by
studying the influence of the different parameters. Since the triangle is regular, it suffices, by
symmetry, to only consider the error on X°. We still consider a = 2, = —0.5, and except in
Section 1.5.2, w =14 0.1s.

Influence of the length of the lines (parameter 7T')

From (1.74), we expect that the error will decay like e ' where ¢ is the imaginary part of the
frequency. That is why, in this section (and only in this section), we consider different values
of e € {0.05,0.1,0.2}. We fix the other parameters to h = 0.025, T'= 10 and use a 3rd order

Gauss quadrature with 1000 intervals.

—-1.5 & —=w=1+0.05
= w=1+0.12
o w=1+0.2

log,, err

5 10 15 20 25 30 35 40
T

Figure 1.7: Influence of the length of the lines 7" for various values of ¢ = Im(w).

In Figure 1.7, we represent log (Hgoo - 90%,11’

Q as a function of 7. The errors ngo - (p%hH
decrease exponentially, depending on ¢ with t

e following behavior

—eT
L2(x9) ~e ’
T

- 0 0

before finally becoming constant, which is due to the other discretization parameters.
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Influence of the discretization in space (parameter h)

We plot the error log <‘g00 — goOT hH) as a function of log h. We use the P1 and P2 finite elements
and the following parameters: R
T =40, T = 10,

and a 3rd order quadrature with 1000 intervals.

—0.5 4
—1}|—=P1
—15 = P2
_2 1
—25 |
_3 1
—35 |
_4 1
—45 |
_5 1

log,, err

5 1 1 1 1 1 1 1 1 |
—1.412-1-0.80.6-0.4-0.2 0 0.2 04
logyo h

Figure 1.8: Influence of the space discretization h.

Figure 1.8 shows that the error decreases following
err ~ bt

before becoming constant because of the other discretization parameters.

Influence of the truncation of the Fourier integrals (parameter 7')

Finally, we plot the error log (ngo — ngT hH) with respect to T and we use T = 40, h = 0.1, and
a 3rd order quadrature with 100 x T intervals.

From Figure 1.9, we see that the error decreases exponentially due to the C* regularity of
the Hankel function.

The influence of the angles of the polygon

Refering to the Theorem 1.3.7, we investigate the influence of the angles of the polygon on the
computation of the solution. Remember that the coercivity constant tends to zero when one of
the angles tends to zero (see (1.45)).

We represent the reconstruction of the solution around three different triangles with one
angle becoming smaller and smaller (min(¢7*!) = 0.337,0.167,0.037). Qualitatively, the
results look similar and the L? relative error are of the same order (respectively 1.01%, 0.88%,
and 1.23%). The condition number of the finite element matrices are 1617.27, 2482.05, and
4647.19 respectively, meaning that it is only slightly affected by the smallness of one of the
angles.
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Figure 1.10: Reconstruction of the solution in €2 with triangles that becomes more and more
flat.

1.5.3 Extension cases

Non-regular Dirichlet data

In this section, we consider the Dirichlet case, namely (1.1) with « = 1, 8 = 0 and we use the
Half-Space Matching formulation (1.22) where the (’’s correspond to the Dirichlet traces of p on
the ¥7’s. As mentioned in Section 1.1.2, our formulation allows to consider a data g € L*(00)
but g ¢ HY?(90O). In the following test, we take

(1.78)

)1 if 2°=0,4">0o0r 2! =0,y' <0,
9= 0 otherwise.

We use P1 discontinuous finite elements since we have a discontinuous boundary condition
on 0O. The real part of the go%h and the Fourier transform are given in Figure 1.11. As the
data is less regular than the previous example, the Fourier transform @%h decays more slowly
than in the previous example (pay attention to the scale).
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50

®  Exactsoution

Figure 1.11: On the left: real part of the computed solution ¢ (red points) on X°. On the
right: the Fourier transform ¢° for g defined in (1.78).

The reconstruction in €2 is shown in Figure 1.12. The result is good as there is no visible
jump on different reconstructions from different ¢’.

Figure 1.12: Real part of p with a = 1,5 =0, w = 1, with ¢ given defined in (1.78).
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This chapter focuses on the 2D acoustic scattering problem by localized obstacles in the
non-dissipative case. We revisit several aspects of the HSM formulation and point out several
difficulties compared to the dissipative case. Although we are not able to show the well-posedness
of the HSM formulation, we still derive the formulations formally. The scattering problem can
be written with either the total field or the scattered field as the unknowns. Several HSM
formulations are constructed depending on this choice and validated numerically. Finally, based
on the direction of the incident field, it is outgoing in some half-spaces and ingoing in the others.
We can then develop some formulations where we consider the total field in some half-spaces,
and scattered field in the others. We show that the numerical solutions obtained are compatible
up to a finer discretization compared to the dissipative case.

2.1 Introduction

The problem setting in this chapter is the following: given an incident field, we are interested in
the perturbation induced by some localized obstacles, denoted by 0. We take a plane wave for
the incident field

Pinc(X) = “*™ in Q := R\ O, (2.1)

where n is the direction of the propagation and w € R*. The perturbation wave is called the
scattered field, denoted as p. The total field p;o; is defined as the superposition of the incident
field p;n. and the scattered field p

Diot = P + Dine- (22)

51
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VN
L2

oz

nc

Figure 2.1: Scattering problem in infinite 2D domain.

The total field satisfies the homogeneous Helmholtz equation

(2.3)

—ADior — W2ptot = 01in ,
Piot = 0 on 00.

Remark that the boundary condition on O can be replaced by another boundary condition
(for example a Neumann or Robin boundary condition) without any additional difficulty.

This problem as it is now is not well-posed since there exist infinitely many solutions. A
condition at infinity should be added to make this problem well-posed. Classically, we impose
the Sommerfeld radiation condition defined as

. 0 X
TEIJPOO VT (87“ — 2w> P (rHXH> =0, (2.4)

with r = ||x]|, x = (z,y) € Q. Remark that this radiation condition is satisfied by the scattered
field p. This condition makes sure that the scattered field is unique and physical in the sense that
the energy scattered from the obstacles must go to infinity and that there is no source at infinity
[64]. Completed with this radiation condition, the problem is well-posed for p;o; € Hj..(€2).

If we rewrite the Sommerfeld radiation condition for the total field, we get

. 0 X
TEI_POO \/; (87“ - ZW) (ptot - pzrw) <T|lx|l> - O

Notice that the incident field p;,. which is the given data, appears only in the radiation condition.

If we write a formulation with the scattered field p as the unknown, we find

Find p € H,, () such that
—Ap—w?p=0 in €2,
P = ~Pinc on 90, (2.5)

: 0 X
() (g ) =0

By using the scattered field p as the unknown, the incident field p;,. appears as a source term.
Thus, we have two possible formulations to model the scattering problem.

2.2 The Half-Space Matching Method

To solve this scattering problem, we couple a Finite Element (FE) representation and 4 half-space
representations, as described in Chapter 0. We also use the same notations as in Chapter 0



2.2. THE HALF-SPACE MATCHING METHOD 93

(see Figure 2.2). In the following, we show that there are several difficulties that arise in the
non-dissipative case that we did not encounter in the dissipative case. We derive the formulation
formally and show some numerical results in the end.

22

vl

21

Y
2
’ (T @ Ega Egb L 5(;0

[y

3

s
X o
p a

inc

Figure 2.2: Geometry of the problem.

2.2.1 Half-space representation

In this section, we revisit the half-space problem for the scattered field p. We denote again ¢’
the trace of the solution p on X7 Vj € {0,1,2,3}. Since now p is only in H}. () and not in
H' (), the trace ¢ is only in H1/2(Eg) and not in HY2(%7), and it is not even in L*(¥7) due

loc

to its slow decay at infinity (it behaves like 7 at infinity). Furthermore, since ¢’ is not in L?,
r

the Fourier transform ¢’ is not in L? either. From the property of the fundamental solution of

the Helmholtz equation i.e. the Hankel function of the first kind, ¢’ tends to infinity as £ tends

to +w. However, ¢’ is still integrable in &.

We consider now the following problem: for all ¢/ € H l10/62(2£) such that ¢’ € LY(R), P?(¢)
satisfies

AP’ +w*P? =0, in Q7
(2.6)

Pl =17 on ¥,
For simplicity we consider the half-space Q, the same computation can be done in all the other
half-spaces. Taking the Fourier transform, we obtain an ODE in x, and the general solution is

given by
PO(2,6) = AeV 60 4 pem/ui=giaa)
where we take the convention
ww? — €2 = Z\/szf2 fOlrw2—§2207
_\/éiw2 for w? — €2 < 0.
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To choose the outgoing solution in x direction, we take B = 0 and finally take the inverse
Fourier transform to obtain

P a) = = [ (e in ) 2.7

Remark that formula (2.7) is well-defined because ¢° is integrable in &.

2.2.2 The half-space matching formulation

To obtain the HSM formulation, we derive compatibility conditions thanks to the overlap as it
is done in Chapter 0. Again, we take different restrictions of the solution:

P’ i=pin O

P=pinQ, Vje{0,1,23}
and we define ¢’ as the trace of p on ¥
¢ =plg, Vie{0,1,2,3}. (2.8)

The half-space restriction P’ can be written in terms of its trace ¢’ by Formula (2.7). We define
the same operators D% and A7 as in Chapter 0 to establish the compatibility conditions
between the different representations. We obtain the following formulation:

for a given pine, find (p°, ©°, @', 2, %) such that

—Ap® — W =0 in €,
pb = —Dinc on 00
o’ . .
— =AN¢ on Y
on s, 1 bb (2.9)
. b .
Plog, =Py, O Haa

o Al i ,
Y= =D ! on X NQL

This formulation poses several difficulties. First, the operators D?’*!’s are not from L?*(%7)
to L2(X7*' N ). Thus, the analysis done in Chapter 1 does not extend to the non-dissipative
case. Another difficulty of this formulation in the non-dissipative case is that we have not been
able to show the equivalence of the HSM formulation with the original problem. By construction,
we know that if p is the solution of (2.5), then (p°, ©°, ¢!, 2, »*) is the solution of (2.9). However,
we cannot show the converse statement. The difficulty comes from the inability to show that
Pi(p?) = P*H(7*Y) in QF N Q7. Indeed, for example taking the difference v := P" — P it
satisfies the Helmholtz equation in Q° N Q' with homogeneous Dirichlet boundary condition

Av+w?v=01in Q2N QL
v=0onXN
v=0o0nX)NQ.

Unfortunately, this problem is not coercive in the non-dissipative case. Moreover, P° satisfies
the radiation condition only in the direction of positive z, and P satisfies it in the direction of
positive y. To obtain v = 0, we need to have the radiation condition in all outgoing direction
of the quarter plane Q2 N Q.. Due to the lack of this condition, we cannot conclude to the
equivalence. The same difficulties are also encountered in the other formulations that we develop
in the following sections. Despite these difficulties, we show that numerically it works well.
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Figure 2.3: The incident field appears as the source term on the boundary of the obstacle for
Formulation (2.9).

2.2.3 Different choices of representation

As the scattering problem can be written with the total field p;,; or the scattered field p as the
unknown, the HSM formulation can also be written with different unknowns. The simplest
formulation is the one where we take the scattered field for all of the unknowns (p°, /) which
is given by (2.9). In this formulation, the incident field p;,. appears as the source term at the
boundary of the obstacles. In many more complicated configurations, it is usually not easy to
define the incident field (for example in a junction of waveguides). In such cases, we have no
choice but to use the total field as the unknown. With this motivation, we would like to derive
some formulations with the total field as the unknowns.

Total-scattered formulation

Let us now start by constructing an HSM formulation with the total field p, on the bounded
domain €, but the scattered field ¢’/ on the lines as the unknowns. The restriction p?, satisfies
the same problem as pyq;

—Aply — WPy =0 in

2.10
pl, =0 ondO. (2.10)

Since we take the scattered field traces on the lines, they satisfy the same equations as the one

from Formulation (2.9)
@ = DIIEL G on LIEL N QY

However, the compatibility relations between p?, and ¢/ are a little bit different. We have

(pj

b
5i = DPtot s - pinc|2£a .

To write the compatibility relation involving the operator A7 on Ezb, we should first notice that
this operator is defined from the operator P/, which only gives the outgoing solution in the
half-space (/. By definition, the scattered field is outgoing in all half-spaces. On the other
hand, the incident field is only outgoing in some half-spaces depending on the direction of

the propagation n. Therefore, the total field, which is the superposition of the scattered field
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and the incident field, is not always outgoing in all half-spaces either. Hence, we write the
compatibility relation for the scattered field

0 b N oPI
% <ptot Eib - pzna'zib> — 787’2, . .
bb
The right hand side can then be written by using the operator A’ and we obtain

J [, . .
n (ptot 51 pmc|zib> =Ny’ on Xj,.

Finally, we obtain the total-scattered formulation

find (pgoﬁ (1007 9017 (1027 803) such that

_Apgot - w2p1lf)ot =0 in (%
=0 on 00
O (1 A j
an \Protlgy = Pinelyy, ) = Moo on Xy, (2.11)
: b .
@’ si = Prot|gy — pinclzga on X? .
gpjil = Dj’jﬂcpj on Eiﬂ N,
22
21

o) e (b~ i) = A

300 = pft)ot — Pinc

0
Pine Za

Figure 2.4: The incident field appears on the squares ., and Y, in the compatibility relations
in the total-scattered HSM formulation.

Total-total formulation

We can take one step further by considering the trace of the total field ¢l,, on the lines
too. The equations satisfied by plt’gt is (2.10). Remark again that the half-space representation
P? is defined for outgoing solutions. We write the compatibility relations between the traces for
the scattered field

JE1 ) C_ dgEL (0 , jE1 J
Piot — pmc|2f1ilmﬂfl =D Prot — pinc|zgL on Ea N Qa-
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From the same reasoning, the compatibility relations involving the operator A7 is

0 o .
o (Phalyy = Pinclsy ) = 4ol = Pincly) on S
bb
Finally, we also have
j b
Qpiot 5 = Diot s
Summing up, the total-total formulation is
ﬁl’ld (pi)otn Spgota @%ot? (p?otv gog)ot) SllCh that
_Api?ot - wzp?ot =0 in Qb
p,=0 on 00
o [, o .
% (ptot Egb'b - pinc|zjb'b> = A3<90got - pinc|zé) on Zib (2‘12)
. b :
Qogot 5 = Diot i, on Zéa

VES! ) R SV ES J . JEl J
Ptot — pinc|2£ilmglﬂl =D Ptot — pinc|zlﬂl on Za N Qa-

2
> 0 10 (. 1
Prot — pinc|ggmgcl1 =D (gptot - plnc|261l)

X 3

nc

Figure 2.5: The incident field appears on the squares Yy, and the half-lines Y= N Q7 in the
compatibility relations in the total-total HSM formulation.

2.3 Numerical aspects

2.3.1 Discretization

In order to solve the HSM formulation numerically, we write the variational formulation and
then discretize it. The variational formulation for the scattered-scattered formulation (2.9) is

find (p°, ©°, 0", ©*, %), p" = ¢/ on B, and p* = —pinc on DO, such that for all (¢, 4%, ", ¢*, 4?),
g=1’ on ¥’ and ¢ =0 on 00,

/ Vpb-Vq—prbq—/. Npig =0,
o, 7,

2.13
[, 7505 - DI 20,V € 24 o
$IFNQI
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The variational formulation for the total-scattered formulation is

find (p?ota@()’@lu@Q’SO ), ptot Pine = ¢’ on E' and pfot = 0 on 00, such that for all
(6177#0,%01,%027%03)7 q — Pinc = wj on 2] and q = 0 on a@

aplnc
/ Vb, Vg —wpl g — / Nylg = Z /
o 7,

j+1,,5+1 Jgt+1 g5+l
/Ejﬂmjso Y= =D = = 0.

(2.14)

Finally, the variational formulation for total-total formulation is

find (ptotaSOtotaSOtotv‘PtotﬂDtot) pft)ot = ‘Pgot on Zia and plt)ot = 0 on 90O, such that for all
(q, 0%, ¥t ? ?), ¢ =7 on ¥/ and ¢ = 0 on 90O,

8pznc ]
/ VDot + V4 = W Ptord — / Nl = Z / = | APinct;
b (2.15)

j:l:l yES 3, jE+1, J == j£1 J,jE+1 JjE1
. Ptot ¢ - D ¢t0t¢ - pzncw - D pznc¢ .
Eailﬂﬂj Eﬁil QJ

For the discretization, we use the same ingredients as in Chapter 0:

e we truncate the lines ¥/ to a segment > o7 and discretize the traces with 1D P1 Lagrange
elements with h as the discretization step,

e we discretize p® with 2D P1 Lagrange elements,

e we truncate the Fourier integrals from R to [—T, T] and apply a quadrature formula to
approximate the integral operators.

Remark that the total-total formulation is a little bit more intricate due to the incident
field data that appears in the integral operators A’ ( pinclzj) and DHIET ( pinc‘2j>, in which its

Fourier transform has to be computed. For example, let us consider the operator D!

Dol (pmc|zg) (x,a) \/_/ pmc|20 w/w2_£2(z—a)ez§ad£.
The incident field is a plane wave as given in (2.1). Taking n = (cos 6, sin G)T, we obtain

zwacosG zwysm@ on 227

Pinc(a,y) =
and its Fourier transform is a Dirac distribution
@(f) = \/ﬁew‘lcos%@ —wsinf).
A priori, we cannot compute this distribution numerically. However, due to the truncation of
the line X!, the approximate Fourier transform becomes regular

— 1

pmc|zg’T(f) = E
2 psin(§ —wsinO)T

wa cos

:\/27r ¢ —wsind

In Figure 2.6 we illustrate the Fourier transform pj,.|s0  for different values of T'. As T tends to
a,T

T )
ewa cos 0 / ety sin 9€—z§ydy
-T

infinity, the peak of the Fourier transform at £ = wsin g also tends to infinity as it is approaching
a Dirac distribution. Thus, thanks to the discretization, the Fourier transform of the truncated
incident field can be computed but a finer discretization in £ around wsin @ is needed when
larger T is used.
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5” — T =1
— T =2

4,, T =6

3,,

2,,

Re(pmc‘zgj)

Figure 2.6: The Fourier transform of the truncated incident field for different values of the
truncation parameter 7'

2.3.2 Numerical results

For a numerical simulation, we consider a unit disk centered in (—1,1) and a square centered
in (1.5,—1.5) with sides of length 1 as the obstacles O. For the geometry, we take a = 4,
b = 6, and the lines are truncated into segments with 7" = 10 and discretized with A = 0.1.
We take 7' = 10 and a 3rd order Gauss quadrature with 1000 intervals to compute the Fourier
integrals. Furthermore, we consider an incident field with n = (cos7/3,sin7/3)" and w = 1.
This parameters are used for all formulations, unless stated otherwise. Since we do not have
the exact solution of this problem, we will only show several numerical results for different
formulations and compare them qualitatively.

Scattered-scattered formulation

In Figure 2.7 (a), we show the diffracted field obtained by Formulation (2.9). By simply
superposing the diffracted field and the incident field, we obtain the total field in €2, as given in
Figure 2.7 (b).

In addition to the scattered field in €2,, we also obtain ‘P%Zh on ¥/, In Figure 2.8 we show
the trace gp%h and its Fourier transform @%Jl. The Fourier transform spikes higher than the one
for the dissipative case, which means that a finer quadrature is needed for the non-dissipative
case. These peaks theoretically tend to infinity as 71" tends to infinity.

Once the traces gojfh are obtained, we can reconstruct the scattered field in the half-spaces
Q) by using Formula (2.7). By simply adding the incident field, we can also obtain the total
field in the whole domain 2. We reconstruct the solution in

Q' = [-10,10]2\0.

In each overlap zone (for example in Q° N Q7 or in Q7 N Q7*), we can choose any representation
that we like because they coincide up to some discretization error. In the following results,
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Figure 2.7: Real part of the (a) scattered field and the (b) total field in €2, obtained by
Formulation (2.9).

Real part of the solution ‘Real part of the Fourier transform of the solution

w

Re(phic)
Re(phic)

position x

Figure 2.8: (a) Real part of the scattered field 9., and (b) the real part of the Fourier transform

A0
PTh-

we choose the representation in Q° (in the overlap Q° N Q7), the representations in Q° (in the
overlap Q° N Q! and Q%N Q?) and Q2 (in the overlap Q* N Q' and Q* N Q?).

Figure 2.9 shows the scattered field and total field completed with the half-space representa-
tions obtained from the traces go’f,h in Q. Remark that there is no apparent discontinuity in the
solutions between two different representations in two different half-planes. We conclude that
the representations coincide in the overlapping zone.

Comparison with total-scattered and total-total formulations

For the total-scattered formulation, once we solve (2.14), we obtain the total field in €,
and the scattered field on X7, The scattered field in €, can be obtained by simply subtracting
the incident field p;,. from the computed total field p?,. To reconstruct the scattered field in
the half-space €/ from the scattered field trace ¢/, we use the same formula (2.7), and the total
field is obtained again by adding the incident field in the half-space.

For the total-total formulation, we do the same thing to obtain the scattered field in €.
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Figure 2.9: Real part of the (a) scattered field and (b) total field obtained in Q' for the
scattered-scattered formulatmn.

Contrary to the total-scattered formulation, now we directly obtain the total field trace on 7.
However, to obtain the total field in the half-space, we a priori cannot use directly the operator
P7 due to the same reason i.e. the operator P? only produces outgoing solutions while the
total field is not always outgoing. Thus, we need to first reconstruct the scattered field in the
half-space by taking the scattered field trace

P (thot)(xJ?y \/—/ Sotot melEJ)( ) ’ w2—§2(mj—a)ez§yjd£‘ (216)

The total field can then be obtained by adding the incident field

Ptjot(SOgot)( 5 y \/— / QOtOt pznc|2] )( ) 4/ w2—£2(xj_a)eZ§yj dé’ _|_ pinc($j, yj) (217)

In Figure 2.10 we show the real part of the scattered field and in Figure 2.11 the total
field for all 3 formulations in ©'. Qualitatively, there is no apparent difference from these 3
formulations and there is no apparent jump between different representations. Once again we
conclude that the representations coincide in the overlapping zones.

Figure 2.10: Real part of the scattered field for the (a) scattered-scattered, (b) total-scattered,
and (c) total-total formulations.




62 CHAPTER 2. SCATTERING PROBLEM IN 2D PLANE

Figure 2.11: Real part of the total field the (a) scattered-scattered, (b) total-scattered, and (c)
total-total formulations.

2.4 Extension: mixed formulation

As it is mentioned before, the incident field is outgoing in some half-spaces depending on the
direction of the propagation. Indeed, if we take for example the direction

n = (cosf,sinf)”, where 0 < 0 < g, (2.18)

Pine i then outgoing in Q0 and ), but ingoing in Q2 and Q3. Thus, taking for example the

ol

EQ inc
a| outgoing in )

21
ingoing in €2 outgoing in €2,
23

g I

inc

ingoing in Q2
Figure 2.12: The incident field with n = (cos#,sin#)” for 0 < 6 < g It is outgoing in Q0 and
Q! but ingoing in Q2 and Q2.

trace of the incident field on ¥ and plugging it in P’, we want to obtain pj,. in Q). Indeed,
direct calculation shows (with an abuse of notation by treating a distribution as a function)

1 e — — s
P0<pmc|23)(x’y) - \/%/Rpmcbg(g)@z' W= e-a)g §yd§
1
= _271. /R \ /27Tezwacos95(£ — wsin 9)6“ /w2_§2(m—a)ez§yd€

— ¥ cos Bezwy sin 6
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= pinc(xv y) in Qg

However, in 2, we have

P (pmc|23) x y ‘/pznc’23 w?— 52( z—a) zfydé-

_ \/%/ \/_ —zwac0506(€ CUSlIlQ) 1/ w2—€2(—z—a) zﬁydg

_ e—zw(m+2a) cos Gezwy sin 6

7£ pinc(x7 y) in Q?L
Thus, plugging the trace of the incident field to P*, we obtain a wrong solution in €.

Since pip. is outgoing in Qg and Q}z, we can establish a mixed formulation where we take
the total field trace as the unknowns on %0 and X!, but the scattered field trace on %2 and
»3. Furthermore, since ¢?, and ¢}, are outgoing, the compatibility relations can be written in
terms of the total field

Voot = D01 on X’ NQY,
Pror = D™ 0y on X' NQ.

The compatibility relations involving the operator A7 can also be written as

) - o
%p?ot = Ajgpiot on 2?)()7] € {07 1}

The other compatibility relations are written for the scattered field as before.

Therefore, we obtain the following mixed formulation

_Apfot - w2p7lf)ot =0 in Qb
P, =0 on 00
0 o P
%p?ot = Aj(pgot on Eébv.] € {07 1}
0 o .
5,7 (Prot = Pine) = M7 on X}, j € {2,3}
Phot = Dhot on %7,.j € {0,1}
ij = pff)ot DPinc on Ziaaj € {2’ 3}
SOtot =D" OSOtot on 22 N Qzlz (2-19)
SOtot =D 1<Ptot on 2(11 N Qg
Piot — Pine = D*'¢” on Xl nQ?
Py — Pine = D00 on 20N Q3
902 = D172 (Sotlot - pznc) on Z?z N Q(ll
903 = D073 ((pgot - pznc) on 22 N Qg
p* = D2y on 2N}
©® = D*3p? on 33 N Q2

In Figure 2.14, we show the scattered field and the total field obtained by mixed formulation
(2.19), but the solution in the half-spaces are reconstructed by using (2.16 - 2.17). Contrary
to what we expected, we see that the solution has a slight discontinuity between different
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(p2 = DLQ (90%075 - pznclE}l)
52 Poot = D01

1 2,1 2 1 _ 0,10
Oior — Pine = D™ Prot = D Py

21

23

P = D32

903 - DO’3 (Qogot - pinc|gg)

Dine 902 = D3’2503 22

0 13,0 .3
Piot — pz‘nc|zg =D

Figure 2.13: The compatibility relations for the traces on 7 N Q%!

representations. This is due to the incident field trace on X0 and X} which are truncated. We
do not have the equality on the discrete level

0

% (pinC»T’hlEgb) 7& A,Jf (pmc’T’h|Zib) on Ezb,j S {O, 1}
pinC»T7h|EgnQ(1L # D' (pinc,T,h|2é) on X* N Q!

0,1 1 0
pinc,T,h|2(llng 7£ D (pinc,T,hlzg) on X N 0.

Finally, based on the same argument that p;,. is outgoing in Q0 and Q!, we can a priori
directly use ¢}, to obtain the total field in the half-space instead of (2.17) by using

Pt{)t(@got)( 7y /Sptot l w2 52(953—(1) Zgyjdf (220)

Figure 2.14: Real part of the (a) scattered field and (b) total field obtained in ' obtained by
mixed formulation (2.19).
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We want to verify whether this reconstruction formulation works. In Figure 2.15, we represent
the total field in (a) Q, U Q" and (b) Q, U Q. Again, we see a discontinuity between p® and the

Figure 2.15: Real part of the total field in (a) ©, UQ° and (b) ©, U Q3 obtained by Formula
(2.20).

half-space solution P?(¢’). Notice in particular that the representations do not match in the
overlapping zone Q° N Q3. Compared to the results obtained by the previous formulations, the
representation P, (¢?) is a better solution than P_, (4! ,) in QYNQ3. This is because the incident
field in P2,(p") is taken into account exactly, while the incident field in the representation
PY.(Y.,) is approximated.

In conclusion, for the same discretization parameters, the formulations in which we use the
trace of the scattered field yield better results compared to the ones obtained from the trace of
the total field. We suppose that to obtain similar solutions by using the total field trace, it is
necessary to take finer discretization to capture the incident field. Thus, when the incident field
of the problem is known, it is more advantageous to consider a formulation for the scattered
field and superpose it with the incident field.

In the end of Chapter 4 and in the perspectives, we mention a scattering problem for
which a hybrid formulation as above can be useful. It is the case of the scattering of a plane
wave by the "stair' boundary of a "half-plane". In that case, the scattered field satisfies a
non-homogeneous boundary condition on an infinite boundary (the "stair" boundary). To get a
compactly supported data, one has to modify the definition of the incident wave, introducing
different incident fields in the different half-planes.
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Elasticity problem in 3D plates
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This chapter is dedicated to describe in details the elasticity problem in 3D plates. We
consider a time-harmonic elastic wave equation posed in a locally perturbed plate which is
infinite in 2 directions and bounded in the direction of the thickness. To treat this problem, we
will adapt the Half-Space Matching method. In this 3D case, the 2D half-planes introduced in
the previous chapters will be replaced by 3D half-plates. The main difficulty is to derive an
explicit representation of the solution in these half-plates. The idea is to combine a Fourier
transform in the infinite direction with a modal decomposition in the thickness. Whereas in
the 2D case only one trace of the solution is used to express its restriction in a half-space, two
traces will be used in the 3D case: the trace of the displacement and the trace of the normal
stress. As we will see in Section 3.3.2, this is due to the lack of orthogonality relation between
the elastic modes. However, bi-orthogonal relations which involves both the displacement and
the normal stress can be used to determine the modal amplitudes in the modal expansion of the
half-plate solutions.

We start the chapter by briefly introducing the problem and the notations. Afterwards, we
have a short section about the modes in elastic plates since they have a central role in the problem.
Indeed, the half-plate representations are obtained by combining a Fourier transform in the
direction parallel to the plate and a modal decomposition in the width of the plate. The modes
involved in the representation correspond to the Lamb modes described in Section 3.2, considered
in a direction given by the Fourier variable. With these half-plate representations involving the
traces of the displacement and the normal stress on the boundary, we establish the complete
formulation by exploiting some compatibility relations between different representations. We
finish the chapter with some numerical results.

67
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3.1 Introduction

In this chapter, we are interested in solving the time-harmonic elastic wave equation completed
with a free-surface boundary condition in a perturbed 3D plate © := R? x (—d, d)\O,d > 0 (see
Figure 3.1) where O is a localized defect.

Figure 3.1: The geometry of the unperturbed plate.

More precisely, for a given frequency w € R™, the displacement field, denoted by u =
(ug, uy, u,), satisfies the equation (see [59])

—div(o(u)) —pw*u=f inQ,

(0(w)n =0 on »=+d and 9O, (3.1)

where n is the outgoing normal, p is the density of the medium, f is the volume source term,
and o(u) is the stress tensor which is given by:

U(U)ij = Z Cijkleklv with Z?] € {I‘,y, 2}7 (32)

kle{z,y,z}

where € and C are the strain and the rigidity tensors. By using the small deformation model,
we have

1 T
€= 5 (Vu + AV u)
o Optty + Oyt Oy, + O uy
Optly —;— Oyy oy, Oy —;— 05uy (3.3)
Oty + O uy  Oyu, + O.uy
0,u,
2 2
Due to physics laws, the rigidity tensor C verifies the symmetry property
Cijii = Criij = Cjak, where ¢, 5, k1 € {z,y, 2}, (3.4)
and it is positive definite:
Vé € R¥3 Ja > 0 such that Cynéiién > allé]® = al&y]* (3.5)

By using the symmetry property, the writing of the rigidity tensor can be simplified by using a
6 x 6 matrix C with the Voigt notation

Cofiiyatet) = Cijt, (3.6)
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where p(i, j) = p(j, i) and

(3.7)

By using the same notation, the deformation and stress tensors can as well be simplified and
be written as vectors

T
é(u) = (em €yy €x2 26y, 26, 263@) , and

(3.8)

T
g(u) = (am Oyy Ozz Oys Ogy awy)

In the following we will consider 3 types of material: isotropic, orthotropic, and anisotropic.

The rigidity tensor C for each type is given in Figure 3.2. Thanks to the symmetry, the

Ci1 Ci2 €13 Cig Ci5 Cig ci1 ci2 ¢z 0 0 0 ci1 ci2 ¢z 0O 0 0
Ci2 C22 C23 C24 C25 Co6 Cl2 Cyp C3 O 0 0 ci2 ¢1 c2 0 0 0
C13 Co3 (33 C34 C35 C36 c13 3 c3 0 0 0 ciz ¢2 cn 0 0 0
Cila Co4 C34 Cq4 C45 Cyp 0 0 0 Cyq4 0 0 0 0 0 Cyq4 0 0
Ciy C25 C35 C45 Cs5 Csg 0 0 0 0 Cs5 0 0 0 0 0 Cqq 0
Cig C26 C36 Cia6 Cs56 Cgs 0 0 0 0 0 Ce6 0 0 0 0 0 Cq4
Anisotropic Orthotropic Isotropic

Figure 3.2: The ridigity tensor C for different materials.

rigidity tensor for anisotropic, orthotropic, and isotropic materials depend only on 21, 9, and 2
parameters respectively. More precisely for isotropic material, we have

ci1 =A+2u, cio=A\, and cyy = p,

where A and p are called Lamé parameters. These parameters can also be represented as

Ev FE

A AT M= sa Ty

where E is the Young modulus and v is the Poisson ratio of the elastic material. In more details,
the operators o(u) and div(o(u)) for isotropic media are given by

MOty + Oyt + Oru) + 200, Uy

AOzug + Oyuy + 0.u) + 210 uy,

A Oyuy + Oyuy + O,uy) + 210, u,
p(Oyu; + Oxuuy) ’
p(Opu, + 0yuy)

POty + Oyuiy)

5(u) = (3.9)

P(Opztly + Oyytty, + Oz2uy) + (A + 1) 04 (Opuy + Oyuy + 0,u)
div(o(u)) = | p(Opatiy + Oyyuy + 0z2uy) + (A + )0y (0puy + Oyuy, + Oyu,) | . (3.10)
p(Opztty + Oyt + Ozpuy) + (A + )0, (0ptty + Oyuy + 0 u)

Equivalently to the Helmholtz problem in Chapter 2, Problem (3.1) should be completed
with a radiation condition at infinity to make it well-posed. Indeed, we have to select the
outgoing solution. This can be done through a radiation condition (see [24] for the isotropic
case). In our approach, it will be done in the definition of half-plate representations.

In the following, we impose several hypotheses:
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1. the source term f is compactly supported,
2. the rigidity tensor C is constant in the exterior of a bounded domain,

3. the density p is strictly positive in {2 and constant in the exterior of a bounded domain.

Remark that our method is easily generalizable to stratified plates, where C' and p in the exterior
of a bounded domain are functions of z only.

3.2 Modes in elastic plates

First, let us consider a homogeneous elastic plate without any defect

div(c(U)) + pw?U =0 in R? x (—d,d),

3.11
c(Un=0 onz==+d (3:11)

The modes are particular solutions of (3.11) of the form:
U(z,y,z) =U(z)e" ="y Y £ 0. (3.12)

If o, and «, are real, the associated mode propagates in the direction (a,, ay)T without attenu-
ating. We call such mode a propagative mode. Otherwise, the associated mode vanishes at least
in one direction. It is called an evanescent mode.

Plugging this form into (3.11), we obtain

div® ™ (g% (U)) + pw*U =0 for z € S := (—d,d), 513

o (U =0 on z==+d, (3.13)

where 0% and div®®® are the operators o and div with the derivative with respect to x

and y replaced respectively by wo, and 2cy,. Looking for the modes corresponds then to looking
for (e, ,) € C? such that

JU#0, Ao, o) U =0, (3.14)

where the operator A(a,, o) is given by

| A(ag, o)V = divee® (g% (V) + pw?V,
D(A(a, o)) = {V € H*((—d, d)),0***(V)n = 0} .

It can be written by using (3.2 - 3.3) as

2 2 2
Az, ) = €107 + 10200 +1c30,0, — c40;, — C50r, —

Cep(ry + pw?Is, (3.15)
where cq, cg, C3, C4, C5, and cg are symmetric 3 X 3 matrices depending on C. Let us remark that
for instance, for a fixed «, and a fixed w, (3.14) corresponds to a quadratic eigenvalue problem
in a,. In the sequel, when (o, ) is such that (3.14) is satisfied, we say that (o, o, U) defines
a mode by using (3.12).

Proposition 3.2.1. If (o, oy, U) is a mode, then (—a,, —a,,U) is also a mode. Moreover,

there exists V such that (a0, @y, V) and (—ay, —ay, V) are also modes.
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Proof. If (o, oy, U) is a mode, then
A(ay, o )U = 0.
It suffices to take the conjugate of the previous expression and to use (3.15) which implies
Alag, ay) = A(=0, =)

to conclude that (—a,, —@,,!) is also a mode. It can be shown that for all (a,, ay), Aoy, o)
is a Fredholm operator. Consequently,

ker (A(ay, o)) # 0 implies ker (A(a, o))" # 0.
By using (3.15), we can show that
(*A(O‘z? ay))* = A(@m,ay).

This suffices to conclude that there exists V such that (@,,@,, V) is a mode. By using the first
part of the proposition, we obtain that (—a,, —ay, V) is also a mode. O

The particular case of the isotropic plate

In the isotropic case, the operator A(ay, o) can be written by using (3.2 - 3.3) as

p 0 0 0 0 (A + )y
Alag, o) = [0 p 0 0% + 0 0 (A + )y, | 20,
0 0 A+2u A+ p)a; A+ p)ay 0 316
(A +2p)0 + pal, — w? (A + p)oay 0 (3.16)
- (A + p)ogay (A +2p)0 4 pa — w? 0
0 0 p(al + o) — w?

The particular feature of the isotropic case is the fact that knowledge of the modes in one
direction enables us to construct the modes in any direction.

Proposition 3.2.2. Suppose that (k,0,U) is a mode with k # 0. Then, ¥(ay, a,) such that
o + Ozz = k%, (ag, a,, V) is a mode where

V=RU,
with
ay/k —ay/k 0

R=|a,/k oa,/k 0
0 0 1

Proof. This proposition is due to the fact that
A(ay, ay)R = RA(K,0),

which can be obtained by a simple computation.
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Figure 3.3: The real part of the x—component of (left) a propagative and (right) an evanescent
mode.

Note that thanks to this proposition, we can deduce other properties on the modes than
the ones obtained in Proposition 3.2.1. Indeed, we see easily that if (a,,ay,U) is a mode,
(0, —y, V), (—ay, oy, W) are also modes, where V and W can be obtained easily from U.

Thus, thanks to Proposition 3.2.2, in order to compute all the modes of the isotropic plate,
it suffices to solve Problem (3.14) replacing c, by 0 which corresponds to a quadratic eigenvalue
problem in «,. In Figure 3.3, we represent an example of a propagative and an evanescent mode
for ay = 0.

Finally, we can categorize the modes thanks to their polarization:

1. The SH (from shear horizontal) or transversal modes, which are polarized in the horizontal
direction.

2. The Lamb or P-SV wave (from pressure - shear vertical) modes, which are polarized in
the vertical plane (which contains e, and the propagation direction). Lamb modes can be
classified into two different families relative to the symmetry of the displacement in the
thickness of the plate: symmetric (S) and antisymmetric (A) modes [53, 54].

In Figure 3.4 we represent the different types of modes by representing the deformation of the
plate.

Remark 3.2.3. This kind of computation can be used to compute explicitly the waves radiated
by a localized source in unperturbed elastic isotropic plates [69] and its far-field [70].

Slowness diagram and dispersion curves

In this section, we focus on the propagative modes, i.e. the solutions of (3.14)
ker A(ay, a,,) # 0 such that (o, a,) € R?.

For a given w, the set

S = {(% O"’) € R? ker A(ay, ay) # 0} (3.17)

w W

is called the slowness diagram. Figure 3.5 shows slowness diagrams associated to various
materials (the isotropic, orthotropic, and anisotropic materials) whose characteristics are given
in Table 3.1.

Figure 3.5(a) shows that the slowness diagram for an isotropic material consists of circles,
which illustrates Proposition 3.2.2. For the orthotropic case, some of the curves are not circles
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(a) (b)

()

Figure 3.4: Different types of modes based on the polarization: (a) antisymmetric Lamb mode,
(b) symmetric Lamb mode, (¢) SH mode.

| Material | Density (p) | Rigidity tensor (C) parameters
Sil 2.329 A=6.39
(isotropic) p="7.95
Bar [59] 5.3 C11 = 239, Cig = 104, C13 — 5.0
(orthotropic) Cog =247, 3 =05.2, ¢33 =135
Cqq4 = 65, Cs5 — 66, Ce — 7.6
Alb [21] 2.623 C11 — 691, Cig = 340, Ci3 = 30.8
(anisotropic) cu =51, c¢i5=-24, cig=-0.9
Cog = 1835, Co3 — 55, Coy = —-3.9
Co5 — —7.7, Cog — —5.8, C33 — 179.5
C3q4 = —8.7, C35 = 71, C3g = —9.8
Cyq = 249, Cy5 — —2.4, Ch6 = —7.2
Cs5 = 268, Cs6 — 05, Ces — 33.5

Table 3.1: Parameters list of the materials.




74 CHAPTER 3. ELASTICITY PROBLEM IN 3D PLATES

150 : 150,

180 180

210 210

150° 130°

8
180 0180° 0°
210° 330°
240° - 300°
270 270

Figure 3.5: Slowness diagram for (a) isotropic, (b) orthotropic, (c) orthotropic (taken from [67])
and (d) anisotropic plate with w? = 10 for (a), (b), (d) and w = 300 KHz for (c).

anymore but the diagram is still symmetric with respect to the vertical and horizontal axes.
Finally for the anisotropic case, we only have the symmetry by rotation of = radians (if
(g, o) € S, (—ay, —ay) is too).

The number of the curves constituting the slowness diagram and their forms depend on
w. This corresponds to the dispersive characteristic of the problem. In order to point out the
dispersion, we fix o, € R and consider all the solutions «, of (3.14) which depend on w. We
can show that there exist only a finite number of them which are real and we denote them as
aV(w),...,aM(w). Tt corresponds to taking a horizontal cut on a, in the slowness diagram
for a given w,. This number N depends on a,. As we can see in Figure 3.5, for large values of
ay, N =0 and for a, = 0, N = 6, but this number depends also on w. We denote N = N (w, o)
when necessary.

We represent the so called dispersion curves w +— o (w),j € [1,..., N(w,aq,)], when
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oY (w) > 0, for the isotropic material described in Table 3.1 (see Figure 3.6). In the isotropic
case, we represent the curves with the category of the associated modes as it is described
previously (A and S denote the antisymmetric and symmetric Lamb modes respectively, and
SH denotes the SH modes). The numbering of the modes refers to the order of the apparition
of the modes as the frequency increases (the negative numbering is linked to the group velocity
as it is explained below). For the isotropic or the anisotropic case, we see that as the frequency
increases, there are more and more modes that propagate in the plate. Remark that even for a
low frequency, there exist 3 modes.

For a fixed oy, we define for each a{)(w),j € [1,..., N(w, )] the phase velocity V(zfj) of the
associated propagative mode as

v = Y (3.18)
i o (w)
We represent the curves w — quj)(w),j € [1,...,N(w,a,)], when a{?)(w) > 0, for an isotropic

case (see Figure 3.7) and an anisotropic case (see Figure 3.8 taken from [12, 67])

Finally, we define for each o (w),j € [1,..., N(w, ay)] the group velocity of the associated
propagative mode as

V) — l

9

8@9)] -

o (3.19)

When Vg(j) is positive (or the associated dispersion curve is increasing), the energy of the

associated propagative mode goes towards +o0o in the x—direction. When Vg(j) is negative (or
the associated dispersion curve is decreasing), the energy of the associated propagative mode
goes towards —oo in the x—direction. The Figure 3.6 representing the dispersion curves in the
isotropic case show that some modes have positive phase velocity but negative group velocity.
That is why the corresponding dispersion curves have a negative numbering. These modes are
called backward modes in the x—direction.

10 10

81 81 8

6 6| 8
8 8
3 3

4 4 8

Ag
20 s 2 sH, SHy A
SHy SHs
O | 0 | | | | | |
0 2 0 2 4 6 § 10 12 14
Frequency w Frequency w

Figure 3.6: Curves for a, of the symmetric, antisymmetric Lamb modes, and SH modes with
respect to the frequency for Sil material.
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Figure 3.7: Curves for phase velocity of the SH, symmetric, and antisymmetric Lamb modes
with respect to the frequency for Sil material.
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Figure 3.8: Phase velocity for an anisotropic material (taken from [12]).

3.3 The Half-Space Matching method

3.3.1 Some notations
For the rest of the chapter, we use some notations described here. Let us note

Q= ((—a,a)* x (=d,d)) \O and Qf = (R*\(—a,a)?) x (—d, d),

3.20
= ((=b,b)* x (—d, d)) \O and Qf = (R*\(~b,)*) x (—d,d), (3:20)

where a and b are strictly positive real numbers with a < b, O C (—a,a)? x (—d,d), supp(f) C
(—a,a)’ x (—d,d), p and C are constant in Q5. We denote the domain €, the interior domain
where all the defects and source terms are located, and 2 the exterior domain. Remark that,
as for the scalar case explained in Chapter 0, there is an overlap between the interior and the
exterior domains.

The exterior domain is recovered by four overlapping half-plates. To precisely define the
half-plates, we use local coordinates systems for j € {0,1,2,3}:
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Figure 3.9: Geometry of the problem viewed from the above.

1:3 cos®# sin@’ 0] [z -
vy = —sin@’ cos® 0| |y|, where ¢/ = ‘%
2’ 0 0 1] |=
Using the local coodinate systems, we define the half-plates as:

O = {27 > a} x {y e R} x {&’ € (~d,d)},
and the bands that border the half-plates:

Y ={2 =a} x {yy € R} x {7 € (—d,d)}.

Furthermore, we also define

Zf%a = {2 =a} x {y € [~a,a]} x {# € (—d,d)},
S, = {27 = b} x {y/ € [-0,0]} x {# € (=d,d)},

and the union of these segments are denoted as
3 .
Eaa = U wa
§=0
3

S = | Sy

J=0

In the sequel, we will use x and (z,y, z) interchangeably.

7

(3.21)

(3.22)

(3.23)

(3.24)
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3.3.2 The half-plate representation

Consider u the solution of (3.1), we denote the restriction in each half-plate u’(x) := u(x) 127 €
Z,/A7Z. Each restriction u’ satisfies

div(o(u?)) + pw*n/ =0 in Q, (3.25)
(c(w))n=0 onz=+d. ‘

To simplify the presentation, we will only consider the restriction u” in the half-plate Q°, the
other restrictions are treated similarly. We also drop the superscript 0 to lighten the notation.
We define the Fourier transform 1 as

1
0 — -y
a(z, &, z2) = u(z,y, z)e "“Ydy, 3.26
(.8,2) = - /R (z,y,2) y (3.26)
which is the Fourier transform taken in only one direction. Thus, G satisfies

divi(of (1)) + pw?t =0 in Q, := (a,+00) x (—d, d),

(6(a))n=0 on z==+d, (3.27)

where o¢ et div® are the operators o and div with the derivatives on y replaced by i&. Contrary
to the 2D acoustic problem where for a fixed £ we have an ordinary differential equation which
is easy to solve, in this case we have a 2D problem (but with 3 components) on the half strip
), that we will solve by using a modal decomposition.

Description of the modes in a strip

Now we fix £ € R and we consider a strip {2 := R x (—d, d) where we have the equation

divé(o¢(U)) + pu?U =0 inQ,
" ))(ag(pﬁ))n =0 onz==d (3.28)
The modes of this problem are particular solutions, given by
Uk(& 2, 2) = U(& 2)e™ O, (3.29)
Then, (B,(€),Uy(€; 2)) are solutions of the quadratic eigenvalue problem
div?<(o®S(U)) + pw U =0 € S := (—h,h), (330)
oPEUn =0 onz==+d,

which is the same as (3.13) with o, = § and o, = £, but now «, is fixed.

From a numerical point of view, we use a numerical method called the SAFE (Semi Analytical
Finite Element) method. The variational formulation is discretized using 1D Finite Elements and
a new unknown is introduced to change the quadratic eigenvalue problem to a linear eigenvalue
problem of double size.

Once (B (€),Up(&; 2)) is computed, the associated mode Uy (&; z, 2) = Uy (&; 2)e*© can be
constructed and its normal stress in the x—direction can be obtained by using

Ty (&7, 2) = 0% (Up)e, = Ta(&; 2)e O, (3.31)

The modes are classified into two different categories:
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1. if B,(€) is real, the associated Uy is the propagative mode. Remark that this S;(€)
corresponds also to one intersection between the slowness diagram and the horizontal line

§

y = —. There exists as many propagative modes as intersection points. This number is

w
denoted N(w,&). Such a mode is said to be rightgoing if it propagates to positive x and
leftgoing if it propagates to negative x. We define the direction of propagation of this
mode by using the energy flux in a section S

S
If the flux is positive (negative, respectively), the mode is rightgoing (leftgoing, respectively).
The sign of the flux can be linked to the group velocity defined in (3.19).

(3.32)

2. if Im(B(€)) # 0, the associated mode Uy, is an evanescent mode. Such mode decays
exponentially as sgn(Im(5x(§)))x — +oo. This mode is said to be rightgoing if Im (5, (§)) >
0 and leftgoing otherwise.

Remark that in certain literature, some authors may make a distinction for the evanescent mode
between the ones with Re(8x(£)) = 0 (which are called the evanescent modes) and Re(Sx(€)) # 0
(which are called the inhomogeneous modes). In this thesis, we do not find this distinction
important.

It can be shown that there is a finite number of propagative modes and an infinite number
of evanescent and inhomogeneous modes. Remark that in the dissipative case, all modes are
evanescent.

In the sequel, we denote U} (&; z, 2) the rightgoing modes and Uy, (&; z, z) the leftgoing ones
and B (€) and B; (€) the associated rightgoing and leftgoing wavenumbers. We represent for
different values of w and for the isotropic material of Table 3.1 the S;(£)’s in the complex plane
for £ = 0.

T T
] O 10 | 0 ] |
10 & - B
O m] m
51 N or m |
m
() ——eoeo—00o—o00o = BB )—eo—o—eo—oe e ey
®
_5 | B _5 B ® k
° ° ®
)
_ L | ]
10 ° ° —10 | °
| | | | |

5

10

—10

Figure 3.10: The (;(€)’s in complex plane for a strip (€ = 0) of (a) an isotropic medium
Sil and (b) an orthotropic medium Bar with w = 11 and A = 0.5. Blue dots represent the
rightgoing modes and red dots represent the leftgoing ones.

We suppose that a function satisfying (3.28) that is rightgoing can be decomposed in terms
of the rightgoing modes:
> Akl€

k>0

F(&z,2). (3.33)

§xz
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The difficulty now is to determine the modal amplitudes Ay in terms of U. In the isotropic scalar
case, as the trace of the modes in a section S are orthogonal in L*(S), the modal amplitudes Ay
are simply the scalar product in L?(S) between the trace of U and the trace of U,. However,
the trace of the elastic modes are not orthogonal and therefore we need to use bi-orthogonal
properties that are described in the next paragraph.

Properties of the elastic modes

In this paragraph, we show several properties of the modes. We begin with some symme-
try properties of the f(£). In the following, in order to emphasize the dependence on ¢ and to
simplify the presentation, we will say when (5(£),U) defines a mode by (3.29) that (5 = 8(¢),U)
is a £&-mode.

By using Proposition 3.2.1 for a,, € R it is easy to show the following property.

— A

Proposition 3.3.1. If (3,U) is a §-mode, then (—B,U) is a (—&)-mode. Moreover, there exists
V such that (B, l}) is a &-mode and (—5,9) is a (—&)-mode.

Let us make some remarks on this important proposition. First, we deduce in particular for
¢ =0 that if (B,Z/?) is a 0-mode, then (—B,Z;{), (B, ])), (-8, f/) are also 0-modes for a particular

A

V. This was used for instance in [10, 68]. But this property is not true for £ # 0 in general.

It (6+,LA{+) is a rightgoing and evanescent or inhomogeneous ¢é-mode, this proposition show
that there exists an associated &-mode defined by (87, f/) which is leftgoing (if Im(87) > 0,
then Im(3+) < 0). Moreover, there exists also an associated (—¢)-mode defined by (=87, V)
which is leftgoing (if Im(5%) > 0, then Im(—$"%) < 0). We can then choose the numbering of
the evanescent /inhomogeneous modes such that

Be(§) =B () and B (=& =—B(E)

Concerning the rightgoing propagative £&-modes (ﬂ+,Z/A{+), i.e. they satisfy 37 € R and
Im </ U+ (&1, 2) ”i‘*(f;x,z)dz) > 0,
S

with U and T defined from (57,U*) by (3.29 - 3.31), this proposition shows that there exists

a propagative (—¢)-mode defined by (—B*,LA{*) which is leftgoing. We can then choose the
numbering of the propagative modes such that

Be (=) ==B() and Uy(—&a,2) =Uf (&, 2). (3.34)

Finally, let us mention that for isotropic materials, by using Proposition 3.2.2, it suffices to
compute the modes for £ = 0 to deduce the modes for all £ € R. More precisely, we deduce
from this proposition that

Proposition 3.3.2. For isotropic media, if (/{:,LA{) is a 0-mode, then V3 such that B* + £ = k2,
(8,V) is a &-mode where
V=R(EU,
with
Blk —¢/k 0
R(&)=|¢&/k Bk 0
0 0 1
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Now, we derive bi-orthogonality relations between the modes which will be useful to determine
the modal amplitudes in the modal decomposition (3.33).

Proposition 3.3.3 (Bi-orthogonality relation). For a fired § € R, let us denote (35 (£),U; 1:(€))
a E-mode and (Bi(=€),U(—€)) a (—&)-mode. We define respectively Tr(€) and T/(—€) their
associated normal stress as explained in (3.31). These modes verify the bi-orthogonality relation

V¢ €R, /S (U (&5 2) - Ti(=& 2) = Uh(=&:2) - Tal&;2)) dz = 0 for Bu(€) # —Bu(=€), (3.35)
where S := [0, 1].

Proof. This property can be shown by a simple Green’s formula in any portion Q(m,xz) of the

strip Q) defined by ) )
ey o) = {(2,2) € Qa1 <& < 22},

with z; < x9. The left and right boundaries of Q(xl 25) Are denoted respectively S; and S,.

As (Be(€),Ui(€)) a E&-mode, the mode Uy (€) defined from (8 (&), Us(€)) by (3.29) satisfies by
definition (3.28)

/{A2 (divg(af(ﬂk(é‘; z,2))) + p?UL(&; 2, z)) LU (=&, 2)dz = 0.

(z1,22)

By using twice the Green’s formula, we obtain
——/ Ok, 2))er) - Ui(=€ 1, 2) = (07(U(=& 21, 2))ea) - Up(§; 21, 2)d
(o (Uk(&x% z))ey) - ﬂl(_€§x272) - (U_g(ﬂl(—ﬁ;xzyz))ex) ) ﬂk’(f;x% z)dz

Sa
+ [ ﬂk(g;x, z) - (divfé(a_g(fjl(—g;x, 2))) + pwzﬂl(—f; x, z)) dz = 0.

Qay,zg)

As (Uy(=¢€; 2, 2)) satisfies (3.28) for —&, the volume integral vanishes and we obtain
/S Tk(€7 I, Z) : ﬂl(_£7 I, Z) - Tl(_£7 T, Z) ’ ﬂk(£7 T, Z)dZ
1
= Tk(fal‘%z) ( 5 Za, 2 ) ( E To, 2 ) ) ﬁk(gvx%z)dza

Sa
where the normal traces Ty(¢; z, z) and Ty(—¢&; z, z) are defined according to (3.31).
By definition of the modes, we deduce that

(e“ﬁk(ﬁ”ﬁl(’f”(m’”) —~ 1) /S (Iflk(ﬁ; 2) - Ti(—&2) — U(—& 2) - Tr(&; 2)) dz = 0.

As 77 and x5 can be chosen arbitrarily, we deduce the bi-orthogonality relation except if

Be(§) = =Ai(=¢). =

From this proposition and proposition 3.3.1, and the discussion above about the numbering,
we deduce that

vEeRVEALEN, [ (&) T (=62 — U (=62) T (62))dz = 0.
We denote
VEERVEEN, ()= | ([Uf(62) T (-62) ~ U (=&2) - TF(€2))dz (3.30)
For propagative modes, by (3.34),
3 = 201m ( [[2h (652) - T (6 2)d2).

We suppose that the frequency w is such that Ji(£) # 0 for all £ € N and almost every .
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Modal decomposition

Let us go back to the restriction of the solution of the original problem (3.1). We have seen
that the Fourier transform of its restriction in Q° (it is similar for the other half-plates) satisfies
(3.27). We suppose that this function decomposes as a superposition of the rightgoing modes
(and only the rightgoing ones) for all £

(& ,2) = Y A& U (& 2)e ), (3.37)

keN

This is in some sense our definition of the outgoing solution of the original problem. The
amplitude is then obtained by using the bi-orthogonality relation:

V() = AW(E ulyy , (o(W)nlyg) = T [ Wiy (62) T (6 2) U (6 2)- (o) gy (6 2)d

Ji(€)
(3.38)
Taking the inverse Fourier transform of (3.37), we obtain
Al j (e ) eB ©a—a) 1€y q e
U(;U7y, \/— R% k u‘EO ) (u))n Zg) k (57 Z)@ € g
Finally, we denote the trace of the displacement and normal stress field of the solution
Vi€ {0,1,2,3) @' =u on 5, (3.39)
E ) ) ) y y y *
/ s’ := (o(u))n’ on X..

The restriction uf of uin Q7 for all j € {0,1,2,3} satisfies (3.25) and can be represented in
terms of d’ and s’ as

AJ (& d’ SJ)UJ +(§ z]) BT (E)(wj—a)ezﬁyjdg' (3.40)
mhE

From Formula (3.40), we define an operator u’ as

w (2?7, ) =

V(d,s?), w(d, s)(x?,y’, ) /ZAJ &dl S])u] & 2e W8] () (@ —a) @Jdg
V2r Jr i
(3.41)

for any arbitrary couple (d’,s”) on ¥?. Naturally, we have (pay attention to the difference of
w and u) R
v =u/(d’,¢') in Q, j €{0,1,2,3}.

3.3.3 The Half-Space Matching formulation

The objective of this section is to derive some compatibility relations linking u® in Q° and (d’,s?)
on ¥ j € Z/47Z. By using Formula (3.41), we have the restrictions u’ in terms of (d’,s’) on Y.
Remark that two functions are needed to obtain u’, while in the 2D acoustic case we only need
to know the trace on the boundary of the half-space. Thus, there are twice as many equations
as for the 2D acoustic case.

First, we derive the compatibility relations between the traces. On parts of the strips
YIEL N QI for j € Z/4Z, we impose

d* = wd(d?, 87) on XIE N QI (3.42)
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st = (g(uf(d?,s))n/t on DIE NQI, j € Z/47. (3.43)
These compatibility relations lead us to define the operators D**'’s and N%*1’s as

Y(d?,s%), DIEN ) s7) =ul(d’, s?) on X N QI (3.44)
V(d,s7), NWE A s7) = (o(uw!(d, s7))ni*! on YE N Q.

=~
ot
~—

d’ = u'(d',s")

s = (o(u'(d", sh)))e,

dl — uo(dO,SO)
stost = (o(u’(d,s")))e,

()

supp f

EO

Figure 3.11: Compatibility relations between the traces on X} N Q2 and X2 N QL.

The operators D’/*! and N77*! have explicit expressions, for example the expressions of
D! and N are V(d/, s7),

71 y 0.+ r—a) 1€a
= 27T /]R ST AVE A, SO U (&, z)efn T Ol aletaqe (3.46)
v keN

o= X A s (o () () e RO et
keN
(3.47)

D (d’, s")(z, 2)

NOM(d, 8°)(a, 2) =

Using the operators D% and N797%! the compatibility relations (3.42 - 3.43) can be written
in terms of the displacement and normal stress traces

&/ = DI (A7) on N DI (3.48)
gIEl — NI Jil(d j) on O N Ejﬂ’ j € 2/42_

Second, we derive some compatibility relations linking u® and (d?,s’) on %,. We have
(o(u)) = (o(u (&, 7)) on Sl je{0.1,2,3), (350

which then leads us to define the operators A7’s as

V(d,s"), MN(d,s) = (o(u(d,s"))n on %, (3.51)
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22

21

(o) (o(u"))es = ((w(d,s")e,

53 supp f

EO

Figure 3.12: Compatibility relation between u® and u°(d°,s") on %Y,

The operators A’ also have an explicit expression. For example, the expression of A is V(d’, s7),

1 0+ A 0+
A(d, %)y, 2) = T /R SANE A, ) (oS (UG, 2)) ) ey T ©evdg, (3.52)

keN

where £ = b — a > 0. We can then write the compatibility relation (3.50) as

(o(u”))n! = AV(d?,s’) on X, j € Z/AZ. (3.53)

Finally, we impose some conditions for d’ and s’ on the segments ¥/ . j € {0,1,2,3}. For
the displacement field traces d’, we have

d’ =u’on X7 j€{0,1,2,3}. (3.54)
For the normal stress field traces, we have two possibilities. We can impose
d’ =/ (d’,s’) on X7, (3.55)
or
(c(u®))n? = (o(u?(d?,s7)))n’ on X7 . (3.56)

Remark 3.3.4. Equations (3.54) and (3.55) seem to be redundant since both express the value
of d’. However, these two equations are only equal for the trace of the solution (d’,s’)

w =l (d’,s?) on X2, j€{0,1,2,3},

aa’

but they are different for arbitrary functions (d’, s?)

u’ £ u(d?, s7) on ¥J

aa’

j€{0,1,2,3}.
More details concerning this compatibility relations are discussed in Chapter /.

Equations (3.55 - 3.56) lead to the definition of the operators K’’s and I'V’s as

Y(d’, s, K!(d,s') =u!(d,s")n’ on ¥ | (3.57)
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V(d’,s?), TI(d,s) = (c(u(d’, s")))n’ on Y7 . (3.58)

Again, the operators K7 and IV have explicit expressions, for example K° and I'V are
expressed as

K°(d", s")(y.2) = %AZM£f VUL (g5, 2) v,

keN

S AYEG A, &) (0% (U (G, 2)) ) e e,

R ken

ro(d”, s°)(y, 2) = \/—

22
sl
(& |1
f —— d’ =u’(d",s") or s = (o(u’(d’,s")))e,
supp
23
EO

Figure 3.13: Compatibility relations on %0,

Summing up, we have two HSM formulations

—div(o(u®)) — pw’u’ = f in €,
o(u’)n =0 on z = =h and 00,
) S y
u)n =N (d’,s’ on Xy, ,
d’ =u on X7 |
d’ = DY (& ) on B N7
s/ = NP=LWI(d7* s7*) on X 0 QFF
with
d’ = K’(d’,s’) on ¥/, (3.60)
s’ =T17(d’,s’) on 3/ . (3.61)

3.4 Numerical aspects

3.4.1 Variational formulation of the multi-unknown problem

In the rest of the chapter, we will use only Formulation (3.59) with (3.61), while the one with
(3.60) can be treated similarly. Remember that the unknowns of the problem consist of a volume
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unknown u’ and several unknowns (d’,s?) on the strips ¥7. In Q°, u® satisfies

—div(c(u?)) — pw?u’ =f in Q°,
‘ (o(u) = p 3.62

(c(u®))n =0 on z = +d and 900.

Taking test functions v, we get classically the following identity

/Qb o(ut) : e(v) — ptut v — [ ()i -v={ f-v,

pIRN Qb

The term on X, can be replaced by (3.53) and thus we obtain

/Qba() e(v) — pw*u® V—Z/ AN(d,s) - v=[ f-v

Q
For the traces, we take test functions d? and & . We obtain the following identities
/ L dE L dlE - DYEN(E §T) - df =0, for j € Z/AZ,
J ﬂﬂ‘j
/_ gL GE NI ) - 5 = 0, for j € ZJAZ,
i)
/_ s’ -5 —T9(d’,s7) -8 =0, for j € {0,1,2,3}).
EJ

aa

Finally, the equation ' ‘
u’ =d’ on X7,

is taken into account as an essential condition. The variational formulation of (3.59) is
Find (ub,f[dj7f[sj), uw = d’ on ¥,,Vj € {0,1,2,3} such that V( f[ ' f[ ),
v=d on E{;;V; € {]0,01,2,3} o
/Qba( u’) @ e(v) — pwtu® V—Z/ N(d?,8) v = Qbf-v,
/E g, P = D) =0, for j € Z/4Z.

/':l:l LG NI ) - 55 = 0, for j € ZJAZ,
200,

/_ s’ -8 —T7(d’,s%) -8 =0, for j € {0,1,2,3}.
Yia
(3.63)

Let us take a detailed look in one of the bilinear forms involving a Fourier integral, for
example the one involving the operator D%!. Expanding the definition of the operator, we
obtain

L, DM ")z, 2) - d!(w,2) do d
xINnQY

_ 1 O(¢. 30 0N 770,+ /¢, W80T (&) (z—a) ita 1

- Z}ngg( /—QW/RkGZNAk(&d 80 ) Uy (& 2)e ¢ - d(x, 2) | dzdz.

The modal amplitudes A% (&;d°, s°) can be rewritten as

1 . ) A
A& d, 8) = Jk(g)/gdo(f;Z’)-ﬁ_(—f;Z’)—§0(§;Z’)-U;J(—€;Z’) dz’
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1 1

~ Vor Je(€) s
1
(

1 /A T / I - / —i&y’ ! !
mm)/ (d°<y,z>~7;<—;z>—s°<y,z>~uk<—;z>)e & 4y dz.

Plugging this expanded expression of the modal amplitude, the bilinear form can then be
decomposed into two forms

[ D8, 2) -, 2) dr dz
zinQY

T
:% /21090 20 do(y’,z') kpp(x, 2,9, 2) d'(z, 2) dv dz dy’ d/ (3.64)
/ / (v,)) k(@ 2y, 2) d'(z, ) de d= dy 42,
ZlnQo Jx0

where the kernels are 3 x 3 matrices given by

1 50 : :
kS, 2,0, 2) / TO7(—&2) QUYT (& 2) o (O (@—a) gié(a—y e,
1 .

PTG QU (=) e O,

Kpn (2,29, 2) /
keN

Jr(€)

with ® denotes the outer product of two vectors. We conclude from (3.64 - 3.65) that each
bilinear form can be written as the sum of two forms, each with a kernel that produces 3 x 3
matrices.

3.4.2 Discretization of the variational formulation

To solve the HSM formulation numerically, we discretize the variational formulation (3.63) with
the following ingredients:

1. We truncate the strip ¥ to a bounded strip

S ={(0 =ay), ), -T<y <T,—d <z <d}.

2. We discretize the unknowns by taking 3D P1 Lagrange elements for the volume unknown
in the bounded domain u?, 2D P1 Lagrange element for the trace unknowns d{l, where
h = (T, h) and 2D PO Lagrange element for the normal trace unknowns sj, with h as
the discretization step. With these discretization elements, the discretized unknowns are
u’.dj, s], such that u} = dJ on X7, Vj €{0,1,2,3}.

3. We truncate the modal series expansion for each half-plate and for each ¢ by keeping
N modes, where N is an integer greater than the number of propagative modes in all
half-plates.

4. We truncate the Fourier integrals which appear in several operators A?’s, K?’s, TV’s,
D7#7Ebg  N7iEDg: the integral for € € R is replaced by an integral for ¢ € [—T,T7;

5. we apply a quadrature formula Q to compute the Fourier integrals explicitly. The
quadrature can be optimized by applying the Generalized Gaussian quadrature as described
in Appendix B (see also [20, 22]).
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For example, the bilinear form (3.64) becomes

/21 ne D%}Q(d?" sp) (2, 2) - dy, (2, 2) dy'dz’
a,h a

where the kernels are 3 x 3 matrices given by

Finally, the whole computation can be summarized into Algorithm 3.1

1
=5 /21 o /20 (dﬂ(y’,z’ k%;TQN(:c,z,y’,z’) dy(z,2) dv dz dy' d2’
a,h a a,h

1 0,/ / 0,1 o 1 / /
_W/E;hmﬂg/ﬁﬂh(sh(y’z k;DNTQN(x,z,y,z)dh(x,z)da:dzdy dz,

N

0,1 we S0, L Z e

kDDTQN(x’Z’y/’ZI>:£§Jk<§)ZTkO (—&:2) @UYT(€;2) e Oy,
N

kOD;VTQN(x’Z’y/’Z/) : < (f 2)e Byt (O (@—a) giéla—y')
€ k=1

(3.66)

(3.67)

Algorithm 3.1 HSM formulation for the elastic plate

1: Input: problem parameters (w, p, C), domain parameters (a, b, d), and discretization

parameters (T, h, T) .
2: Construct the discretized domain: the box 0% and the strips S

3: Compute the Fourier quadrature points £ and weights we (either by standard Gauss-Legendre

quadrature or by the optimized one described in Appendix B).

4: For each half-plate j: compute the modes (47, 7;) and the constants J{ for all £ by the

SAFE method.

5: Construct the kernels of the integral operators.

6: Construct the FE matrices of the dlscretlzed variational formulation and solve the linear

system for u” and Vj € {0,1,2,3} d, and si..
7: Compute the Fourier transform d and 8] .
8: Compute the solution in each half-plate by Formula (3.40).
9: Output: u in Q.

3.4.3 Numerical validation

We validate the method only for isotropic media. However, the method should work well also
for anisotropic media. The only difference is that the modes of an anisotropic plate have to be
computed for all £ € R, while for isotropic media it is enough to compute the modes for ¢ =0

and use the Proposition (3.3.2) to obtain the modes for other &.

As far as we know, there is no known fundamental solution for an elastic plate, even
for isotropic medium. Therefore, we validate the method only by showing that the different

representations are compatible in the zone where they coexist.

We consider again a Sil plate with a = 1, b = 2, and d = 0.5 with a sphere whose center is

(0,0,0) and radius is 0.25 as the obstacle O. We consider
—div(c(u)) — pw’u =0 in €,
(c(u))n=0 on z = =+d,
u(zr,y,2) = (z,y,2)"  on 90,
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v

Figure 3.14: The x-component of the solution in (a) Q° N {z > 0} and in (b) Q°.

with w? = 10. As for the discretization parameters, we use T = 5, T = 4.15, 3rd Gauss-Legendre
quadrature with 250 intervals, and we take only 5 first modes of which 3 are propagative.
Solving the variational formulation related to this problem, we obtain ul;L in O and the traces
d} and s} on ¥J. To show the defect in the middle of the plate, we show the z-component u
in Q"N {z > 0} and in Q° in Figure 3.14. In Figure 3.15 we show the 3 and z-components of
the solution in Q° as well.

¢ @

Figure 3.15: The y, and z-components of the solution in Q°.

Finally, by using the traces d{l and 3{1 on ¥ | we can reconstruct the solution in the half-plates
by using Formula (3.40). We show in Figure 3.16 the x, y, and z-components of the solution
in 0 and in the half-plates Q7. Due to the limited parameters, some discontinuities might be
seen (see for example the y-component in Figure 3.16 (b)). However, in Figure 3.16 (a) and (c),
we see that there is no apparent jump on the overlapping zone. We conclude that the different
representations coincide provided that the discretization parameters are taken fine enough.

Scattering problem in the plate

Finally, we consider here a scattering problem where u represents the scattered field and we
take an incident wave u,;,. such that

Wine(€ = 052, 2) = UO(€ = 0; ) (@), (3.68)
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()
Figure 3.16: The (a) x, (b) y, and (c) z-components of the solution in
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where (U)", 8)) is the first propagative mode in the half-strip O =Rx (—d,d). Since we
consider an isotropic medium, @;,.(&; z, z) can be obtained by Proposition 3.3.2. The scattered
field satisfies

—div(c(u)) — pw’u =0 in Q,
(c(u))n=0 on z = =*d,
u=—u;, ondO,

where we have the same defect as in the previous case. We take the scattered-scattered
formulation equivalent to (2.9) for the 2D scalar case.

Figure 3.17: The z-component of the solution in (a) Q° and (b) the reconstructed solution in Q.

In Figure 3.17(a) we show the scattered field in Q°, and again in (b) the reconstructed solution
in . Visually, there is no visible discontinuity of the solution between different representations.
We conclude that the representations are compatible at the overlapping zones.
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The motivation of this chapter is to answer several theoretical questions that arise, notably
from Chapter 3. In the said chapter, we developed a Half-Space Matching formulation for the
anisotropic elastic plate by using as unknowns both the displacement and the normal stress fields,
because both of them were necessary to obtain the half-plate representations. However, the
questions about the well-posedness and the appropriate functional spaces of the multi-unknown
HSM method were not addressed. As a first step, we give partial answers to these questions
in a simpler acoustic problem in 2D where we have in each half-plane €/ representations of
the solution with both the trace and normal trace on the boundary ¥’ used. We show the
equivalence of the multi-unknown formulations to the original problem and the uniqueness in
Section 4.3, while the stability is still an open question. Multi trace boundary integral equations
studied in [26, 27, 28, 44] also involve traces and normal traces unknowns and similar difficulties
appear in the analysis.

The half-space representation in each half-space €’ in terms of the trace and the normal
trace can be rewritten using the Green’s function instead of using the Fourier transform. With
this formulation, we can propose a representation of the solution in subdomains which are
not necessarily half-spaces. The method can then be used in configurations when the Green’s
function is not known globally but only subdomain by subdomain. This is explained in Section
4.6.

93
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4.1 A first model problem
In order to simplify the presentation, we consider first a problem where only 2 half-spaces are
involved. Let us then consider a simple model problem in a three-quarter plane:

Q= {x=(z1,22), 21 > 0 or x5 > 0}.

The problem that we are interested in is still the Helmholtz equation with Dirichlet boundary
condition in the dissipative case:

Find p € H'(2) such that
Ap+w?p=0in ),

4.1
p =g on 0, (4.1)

where g € H/?(9Q) is given and Imw > 0. We define two half-spaces Q' and Q? that cover Q
Q= {(z1,22), 21 ERT, 1y €R}, Q%= {(21,22), 71 € R, 1y € R},
and the lines that border these half-spaces
St = {(0,13), 72 € R}, Y%= {(21,0),7; € R}.
These lines can be decomposed further into
3L ={(0,29), 1 € RT}, Y= {(0,23), 7, € R},

Zi = {(.’131,0),1’1 S R+}, 23 = {(131,0),%1 S Ri}

T2

o

2 2
T

21
Figure 4.1: The three-quarter plane completed with notations.

Finally, we denote the traces and the normal traces
Vje{1,2}, ¢ :=p on ¥V,
wj — Ip

== .
oz, on



4.2. MULTI-TRACE HALF-SPACE MATCHING FORMULATIONS 95

4.2 Multi-trace Half-Space Matching Formulations

In this section, we develop half-space matching formulations satisfied by the trace and normal
trace and show that these formulations are equivalent to (4.1).

We consider the restriction of p in the half-space ¥, j € {1,2} and derive a representation
formula of the restriction in terms of ¢’/ and 1/’. In some sense, we are looking for a formula
analog to Formula (3.40) for the elastic plate where we represent the restriction in the half-plate
in terms of the Lamb modes and the Fourier transform of the displacement and the normal
stress traces. Let us consider the case of the half-space Q!, the formula for Q2 is obtained
similarly. The restriction of p in Q! satisfies the homogeneous Helmholtz equation

’Ap +w?’p =0 in Q" (4.3)

Taking the Fourier transform in x5 of (4.3), we obtain an ODE parametrized by the Fourier
variable &

d*p
dz?

Solving the equation for x; gives us the general solution
ﬁ(‘xh f) = Ael\/w2——§2:v1 + Be_’\/w2——§2x1.

On the boundary, we know that the trace and the normal trace are given by

for a.e. £ € R, + (W —=&)p=0 for z; € (a,+x).

p=¢' onX'
0
9D :¢1 on X',
8:1:'1

which then lead to
for a.e. £ € R, p(a,&) = @),
dp M
di,’]jl(a’g) - ¢ (g)’

We then have an ODE with 2 boundary conditions. The coefficients A and B can be expressed
in terms of these boundary conditions as

1 P! 1 P!
A= o'+ —— dB=-|ot - —— .
2 (SO * ww? — 52) o 2 ((’0 1 w? — &2
Since p is in H*(Q'), B has to be 0. Therefore, we have
~ 1 A1 Qﬂl 2752
1 N 44
Remark that B = 0 is equivalent to

VEER, @Y = Z\/% (4.5)

Thus, (4.4) can be written more generally as

Pa1.) = (rsal(&) +(1- r)z\/f;(i_)gg) Ve, (4.6)
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for r € R. For r = 1, we obtain the usual formula where we only have the trace in the
formulation, while formula (4.4) is the case where r = 1/2. We use (4.7) for the rest of the
chapter, but similar results could be obtained for any r € R.

Taking the inverse Fourier transform, the restriction of p in Q! is expressed in terms of the
trace ¢! and normal trace ' as

1 —
p(a1,2) = 2\/5/ ( \/@;L—)?) eVt de for (1, m5) € Q' (4.7)

Based on the form of Formula (4.7), we define integral operators P? j € {1,2} that take
two arbitrary boundary data (¢@’,1)’) on ¥/ and give

j%) VIR for (21,3) € Q1

-6>

Pt 0o an) = 5 [ (@49

1,2
P2 (@2, V) (21, 12) = 2\/%/ ( \2}%) eV T for (11, 29) € O,
(4.8)

and of course we have ' ‘

Vie{l,2}, p= Pj(gpj,w]) in 7.
We note in the following Vj € {1,2}, (¢7,97) the trace and normal trace of p on ¥’
as defined in (4.2), and (¢@’,{’) arbitrary data.

We have P 9p7) = p in ¥ only for the couple of trace and normal trace of the solution
(¢’,97). If we take any couple of two arbitrary functions (@7, ?), a priori the trace of P?(¢?,?)
is not @7, and the normal trace is not |’

P’ 97)|, # @,
Vi e {1,2}, ipj((pf,lp:f) i (4.9)
Oz, 5
and J () 1)) J
vy e {1,2}, 9 P.((p,’lp.) ¥ (p, & @l = ﬂ (4.10)
P )| = W= E

In the following, we say that the couple (¢’,1?) is compatible if it satisfies this relation.

As in previous chapters, the idea of the method is to derive a system of equations satisfied
by the couples of traces and normal traces (¢’,¢7),j € {1,2}. These equations are obtained
again by exploiting the overlap of the half-spaces. By definition of the traces, we have

2 dp

p=¢> and —— =19 on¥%
8%2

On the other hand, the representation in Q' gives

dp 0

9P _ Y pi1o1 . 1
O asz(so,w) in Q.

p=P(p",¢") and

In particular on Ei = ¥2N Q' we obtain the compatibility relations

0
o =Py andyt=FnPieh ¢l on XL (4.11)
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Similar compatibility relations are obtained on Zi =¥ nO2

iP2((,02, ¢®)  on XL (4.12)
T

o' =P(p*?) and ¢l = 5

S

Figure 4.2: Compatibility conditions on Ei and Ei.

Now, we need to derive the compatibility relations for (¢/,¢7),j € {1,2} on 7 ’s. The
boundary condition of (4.1) implies that

1 1

=gon X,
, O (4.13)
p°=gon X°.

It is then natural to impose these conditions on o' and ¢*. Equations are missing for the ¢/’’s
on Y ’s. There are several possible equations:

1. we impose another compatibility conditions on the traces

@' = P (", ¥") on XL,

4.14
p? = P*(*¢?) on X2, (4.14)
2. we impose another compatibility conditions on the normal traces
0
wl - aipl(gplawl) on 2177
gl (4.15)
2 20,2 2 2
=—P .

Remark 4.2.1. Adding Equation (4.14) seems redundant because we have Equation (4.13) on
2. However, for any function ¢’, these two equations are different. Indeed, for the traces and
normal traces of the solution, we have

Pi(p 7)) =g on X7,

but for general functions, - .
Pi(@7,07) # g on 3.
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£l = gls2
oP?
2l _ p2 2| _
Ples = Pllge ov 975, = O3 | o
22
Pl = gl
oP!
1 _ pl 1 _
gpzl_—P . Or¢21_8$121
El
Figure 4.3: Compatibility conditions on X! and 2.
umming up, the traces (¢, p*, ¥, satisty these systems of equations
S i h Lo ot ? isfy th f i
pl = P? 07 on X},
p* =Pl ) on X7,
0
Vo= %PQ(@2’¢2) on 1,
0
P = amQPl(cpl,zbl) on %2, (4.16)
o' =g on X!,
=y on Y2,
p! =Pl Y on XL,
p? =P 07 on 2,
or 1 2/ 2 2 1
o =P Y) on Iy,
Pt = Pa(so Y on X%,
¢1 = £P2(¢27¢2) on 21+7
0
PP = T@pl(@lﬂ/}l) on 3%, 17
o' =g on Y!, (4.17)
v = 9 on %2,
Yt = —Plp' ) on Xl
851
2 2 2 2 2
=—PF 7.
Vo= ey on BT

4.3 Variational formulations

The natural functional spaces for the unknowns are

Vi€ {1,2}, ¢ eH)*(Y):={¢’ € H/(Y), ¢’ =gon ¥},
W eHV2(30).
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In the sequel, we denote ® := (¢!, ¢*, ', ¥?) and the variational space is
/2 51 1/2(y2 ~1/2/y1 —1/2/y2
V= H)?(S") x HY?(S%) x HT'2(Sh) x H2(32),

Remark that it is intricate to write the variational formulations of (4.16) or (4.17) because the
unknowns are defined piecewisely. We know that if (pl‘21 € L*(31) and @'|_ € L*(X1), then

21
L
o € L*(X'Y). However, it is a priori not true for H 172 traces. Moreover, we know that if

¢ (HY2(sY)) but Wt € (Hy*(21)) where

o}
X!

Thus, we have to find appropriate test functions in order to write the variational formulations.
—1/2

(Pl

.Ll)l c H71/2(21)’ 11)1

1 1
sl O}y

¢’ € H'2(Y7), ¢’

vie{L2}, () ={¢

j
Xy

The idea is to write the compatibility conditions weakly, using duality products H'/?, H
For instance, in (4.16) the second equation

2 11 1 2
@" =P (p,¢") on X}

can be joined to the seventh one
p' = Plp" vt on XL

by taking a test function living on X U Ei. The set of test functions is then naturally different
from the one of the unknowns.

We need then to introduce the two following curves

=3l ux?,

) 4.18
=32 unl. (4.18)

These curves 37 are a simple swap (see Figure 4.4) of the two lines ¥’ and we have

Yunz=xtyy?

n! !

Figure 4.4: Illustration of the different curves: on the left ©' and ¥2, on the right X! and %2.
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Moreover, we define operators to pass functions defined on ' U ©? to ones defined on 3

E': LP(SY) x L*(2%) — L*(ZY),

! 3! (4.19)
El 17 2 — ® on — .
(0", 0% {(pg on 32
E?: LA(2Y) x L2(%%) — L3(%?),
2 2
© on X, 4.20
E* (o', %) =4, X (4.20)
() on Y.

We can show easily that if (¢!, @?) are in H;/Q(El) X H;/Z(EQ), then Vj € {1,2}, E’(@', @?) is
in H;/Q(ij) where
HY?(5) = {@ € H'/*(5), ¢ =gon 7 }.
This is true because the traces are compatible at the crossing point
o' = ¢? on X' N Y2

by definition of Héﬂ(zj).

We propose the variational formulation associated to each system in separate sections:
System (4.16) is studied in Section 4.3.1 and System (4.17) is studied in Section 4.3.2.

4.3.1 Variational formulation for System (4.16)

We will first derive the variational formulation for the first formulation, which is

o' = P*p* %) on ¥,

902 = P;(gol,wl) on Zi,

¢1 = 7P2(g027¢2) on 21+7
85’1

v = —P'(¢"¢') on X%,
3@

o =g on X',

<p2 =g on 23,

o' = P'("9) on X!,

0 = P9 on X2,

First, notice that the fifth and sixth lines are taken as essential conditions. Next, we consider
the equations for the traces ¢’. The second and the seventh lines are

@ =P (", ¢") on X2,
p' =P (") on BL.

We know that the right hand side P'(¢, @/11)‘21 is in H/2(31). For the left hand side, we can
combine them by using the operator (4.19), and it leads to

E'(¢',¢%) = P'(¢",9") on B,
Taking the test functions P} € H~Y2(31), this is equivalent to

(E' (0", %), 0)sn = (P (0" 0"), 0l s (4.21)
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: J
i 2 1 14
\SO =
Efz 77777777777 ! % i $2
’m 2 2 |
' 14 w2 P 2
1 1 |
o, =P, |
3 3 |
51 3
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Figure 4.5: Combination of ¢! and ¢? on X' and %2 to obtain (4.21) (left figure) and (4.22)

(right figure).

where (-, -)g; is the duality product between H/?(%7) and H~/?(%7). Similarly, by permuting

1 and 2, we combine the first and the eighth lines
' = P*(¢*,¥%) on X,
¢* = P*(¢*,¢%) on T2
For all p? € H™/%(%?) we obtain
(B!, %), 7)) s = (P2(¢%,9%), W) s
Finally, we consider the equations for 1/’’s. The third line of (4.16) is

0

= aixlp2((p2,w2) on Ei

wl

For this equation, we take the test functions ¢@; in HY 2(ZL). We obtain

0
<(ptla ¢1 1> = <(p%7 7P2(()027¢2) >
i Oz, !
+ 5L
A similar equation is obtained for all @? € Hy/ Z(Ei)
2 2 2 O i1
<(pt7w 2) :<(pt77P <907¢> >
X3 w2 0z 52
+ + 322

Summing up, we take the test functions

Vie{1,2}, o eHy*(5%),
i eHV2(5),

We denote ®; := (o, @2, Pt P?) and

Vp i= Hy2(SL) x Hy*(S2) x HV2(SY) x H7V/2(52),

The variational formulation associated to (4.16) is

(4.22)

(4.23)

(4.24)
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find ® in V such that for all <i>t in Vp,

(BY " ") bi)sn = (PHeh 901), %) s s
11 /1 ﬂ 2/, 2 2
<(pt7 ¢ E}r>21+ - <(pt7 (91:1P (<p aw )Ei>21 )
2 1 2 1.2 2 2 2 1.2 ’ (425)
<E (90 )y P )all)t>i2 = <P (90 7770 )>ll)t>512’
2 1 .2 i 1,1 41
<(pt7 ¢ Ei>2?~_ - <(pt> ax2P (90 ﬂﬂ )Ei>22

The following theorem states that Formula (4.25) is equivalent to the original problem (4.1).

Theorem 4.3.1. Let g € HY?(0Q). If p € H'(Q) is solution of (4.1) then (o', o ', ¢?)
defined by (4.2) belongs to V' and is a solution of (4.25).

Conversely, if (@', %, W', V?) € V is a solution of (4.25), then p := P(@’,?) satisfying
(4.8) for j € {1,2} is a function defined "unequivocally” in Q2. Moreover, p € H'(Q) and is
solution of (4.1).

Proof. The first assertion is true by construction. Conversely, suppose that (@', @ ', h?) € V
is solution of (4.25). For j € {1,2}, we have the representation P’(¢’,\’) as given by (4.8). In
order to alleviate the notation, we denote P/ = P?(@’,1’) in the sequel. We are going to show
that

P'=P*in Q' N Q2

Why the proof of Lemma 1.2.3 does not work

To show P! = P? in Q' N Q?, we have to use a significantly different reasoning from the one
used in Lemma 1.2.3. Let us try to proceed as done in Lemma 1.2.3 and see why it does not
work. Indeed, the difference v := P' — P? in Q' N Q? satisfies the Helmholtz equation

Av + w?v =0in Q' N Q2.

In Lemma 1.2.3, the compatibility conditions allow us to conclude that v = 0 on J(Q' N Q?).
Here, this is not true a priori. For instance,

v=P!— P? on X2,
=@*—P? on X2 (by the compatibility condition (4.11)),

but @2 # P? on Ei, as explained in (4.9). The compatibility condition on the normal traces do
not allow us to conclude either. Thus, our attempt of proving P' = P? in Q' N Q? using this
argument leads to no conclusion.

Ideas of the proof

Instead, we will show that there is a continuous extension of the difference P* — P? which is
a solution of homogeneous boundary value problem (homogeneous Helmholtz equation and
homogeneous Dirichlet boundary condition) in a domain that will be specified later. This
continuous extension is obtained thanks to the following functions

V()

PL@" ) (a1, 22) = wl%/R (‘@%s) + m) eVt in 0L, (4.26)
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1 A 11)2(5) —1y/w2—E2x9 1€z :
P2(@* %) (21, 22) := 2\/%/]R (—@2(5) + m) € Sretndein Q2 (4.27)

where Q! := R2\Q! and Q2 := R2\Q?. In order to alleviate the notations, we denote P’ =
P’ (@’ 7). The function P! is a particular extension of P' such that

oP'  OP!
o'=P' —Pland ' = —— - —— on X" (4.28)
8331 8:)&1

Similarly, P? is a particular extension of P? such that
?=P - P?andP*= —— — —— on X% (4.29)

To explain the ides of the proof, we first use the compatibility condition in their strong form.
We have

v=P!'— P? on E}H
=P — o' on Ei (by the compatibility condition (4.12))
= P! on X1 (by the jump condition (4.28)),
and similarly
ov 0Pt
L% ol
83;1 8$1 on *

The function defined by
v in Ql N QQ
vy =
! Pl in Q!
is an H' solution of the Helmholtz equation in (Q' N Q?*) U QL (see Figure 4.6(a)). Moreover,
we have

o' =Pl on X!,
which implies that
Pl=0on ¥l = wuly =0. (4.30)
Similarly, we have
v= Pl — p? on Ei,
= @ — P? on Ei (by the compatibility condition (4.11))
=—P? on X2 (by the jump condition (4.29)),
and 5 P2
v P
—— = ———on X2
E)xg 8x2 on +

The function defined by
(% in Ql N QQ
Vg 1=
? —P? in 2,
is an H' solution of the Helmholtz equation in (2' N Q?*) U Q? (see Figure 4.6(b)). Moreover,

we have
©* = P? on Y2,
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22 i 22 PE == 0
E Uy = —PE
Pl =0 :
sl sl
(a) The function v (b) The function vy

Figure 4.6: The continuous extension (a) from Q' N Q? to Q' and (b) from Q' N O? to Q2.

which implies that
P?=0on¥* = wuy;=0o0nX%. (4.31)

We have then defined a solution of the Helmholtz equation in a Riemann surface Q' U (' N
0?) U Q? satisfying homogeneous Dirichlet condition on its boundary ! U X? (see Figure 4.7).
Since the problem is coercive thanks to the dissipation of the medium, the unique solution of
the problem is

P'—P*=0in Q' N Q2
P! =0in Q!, (4.32)
P?2=0in Q2.
We conclude that P! = P? in Q' N Q2. Therefore, we can define a function p unequivocally in
as
p=P%in Q.

) ) , DI ) )
Remark that P2 = 0 in Q. yields ¢’(&) = % which means that ¢’ and 1’ are compatible
w E—

(see (4.10)). From (4.30) and (4.31), it follows that

J

7 =P

p|zj_ =P’ o

— ]
i~ @

w = Yl

Thus, p is indeed the solution of (4.1).

Figure 4.7: The domain in which P* — P? has a continuous extension.
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Rigorous proof
We use now the compatibility conditions written in the weak form. Let us first consider
v € H2(SY), (BN @', @%),bi)si = (P1 b5
Using ll)t € LQ( Y, ll)t =0 on Z+, we obtain
((p 11)t)L2 1) (Pl ll)t)m (1)’

which leads to

1| _ p1
which can be written as
P!l =0. (4.33)
Using 1])% € Lz(il),ﬂ)i =0 on X!, we obtain
1
(@%91) ey = (P101) o
which leads to
2| _ pl
@ g = Pl (4.34)
The equation
vib; € HV2(2%), (E*(@", 0%),b)se = (P* 0] s
leads similarly to
P? e =0 (4.35)
1| _ p2
[0) o= Pl (4.36)

Now, consider the difference P! — P? in Q' N Q% It satisfies the Helmholtz equation
~A(P' — P*) —w*(P' - P?)=01in Q' N Q2.

Multiplying it by Pt — P2, integrating it on Q' N Q?, and then applying the Green’s formula,
we obtain

/erm?

where n is the inward normal of Q' N Q2. On the other hand, in Q' , P! also satisfies

ort  op?
pl _ p2? 2 2P1_p22:_p1_p27_7 4.37
VI )‘ w ‘ ‘ < "on  On >a(ﬂlm92)’ (4.37)

2 , op!
VP! Pl = , 4.38
/Ql _’ ‘ ‘ 8$1 s ( )
and in Q2 , P? satisfies
2 , OP?
VP —w? P = : 4.39
fo VP2 =2l = 5 (4:39)

We show now that (4.37 - 4.39) sum up to zero by using the jump conditions and the compatibility
relations.
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As P! =0 on X, Pi’zl can be used as a test function in
+

oP?

1

= (o
oy = O Gl
+

Yo, € Hy*(Sh), (@), 0!

We deduce by using first the jump condition that

op! opr!
1 »1 T E# -
+
oP!
—(PL | ) = (PL )
Z1 Ei 1 + E-li—
oP? oP?
= (P!, . Y — (P, . ) (by the compatibility condition (4.23) )
1 T1 |1
tizy i i) 3l
opP? oP?
SR Wil e
T sy Tzt o
+
Similarly, we have
(P? (9PE> (P2 oP'|  or?
T Oxy s =7 Oxy 52 0xs w2,
+ =2
As Pl =0and P?| , =0, the function ¢ € L*(3} UX?) defined by ¢l = P|  and
- - +
Olg2 =~ P? ” is such that ¢ € H'/*(2} U¥?) and
Y € H_I/Q(E}i_ U Zi), <¢, 1|)|21+>21 + <¢a ¢|21>22 = <¢7ll)>2}kuzi :
+ +
It leads to
oP! oP? oP? oP? orPt  op?
(P, ory |« Or 1> —(F Oxy |ww Oy 2> = (@ on  on'sius
2 i » X3 x5 22 A
Finally,
_ pl
=P — o' by the jump condition
st st
=Pl - P, by (4.36),
+ +
and similarly.
_ p2
¢‘Ei — P— Ei
=—P*_ + ¢*_, by the jump condition
=2 52
= p! . 2 . by (4.34),

T +
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We obtain apl op? ap op
.5 -5 =o)L
on on "stus? on on "stus?

which enables us to conclude that

/ —wZ‘Pl—PQ‘QqL/
QlNQ2

vPe - w2 [P =o.
RQ\QI
As Imw > 0, we have

V(P' — P?)

’ 2

vpP![ —w2 | +/RQ\QQ

P'—P*=0in Q' NQ?
Pl =0in Q!
P2 =01in O*.

The result follows.

4.3.2 Variational formulation for System (4.17)

We now consider the second choice of the formulation, which is System (4.17):

o' = P, 9% on X!,

* = P'(o" 9" on X7,
0

1 _ 9 o9 o 1

¢ - aglp (SO 7¢ ) on E-t,-a

1/12 = %Pl(@ﬂﬁl) on 23-7

o = on X!,

o = 9 on X2,

¢1 - ailel(gol,zpl) on X!,
0

P = aTC?PQ(SOQJﬂZ) on X2.

There are some subtle technical differences, but the principle is the same. As test functions, we
take

(of, @) e V12 .= {(@1, %) € HY2(2Y) x HY?(%%), 3¢ € HY(Q) such that ¢’ = ¢ on zf} :

FS Ho_l/Q(EZL) = {11)|21+

/

Y e H'2(X9), Pl =0on Zj_} = (H”z(Ei))

The couple (@}, @?) taken in V12 means that they are compatible at the crossing point
(p% = cpf on ¥ N2

By having this compatibility, it is apparent that E’(@}, @?) is in HY?(%7) for (@}, ?) € V2,
Furthermore, we denote ®;, = (@, @?, b}, ?) and &, € Vy where

Vy o= V12 x H(J_l/z(zi-) 5 H()_1/2(23-)' (4.40)

We now derive the variational formulation. As before, the fifth and sixth lines of (4.17) are
taken as essential conditions. Next, we consider the equations for ¢’. The first line of (4.17) is

o' = P*(¢* ¢*) on T}
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Taking the test functions P} € H51/2(E}r), we obtain

<S01a1|)t1>21+ = <P2(S02aw2)71|)%>21+ . (4.41)
We obtain a similar equation for all {7 € H, Y 2(23)
<902a1|)?>21 = <P1(S01a¢1)a1|)?>21~ (4.42)

For the third, fourth, seventh, and eighth lines of (4.17), we take the test functions (¢;, @?) and
use the operators E? to pass the test functions from X' U X2 to 37, Furthermore, we define the
normal direction 7' as the direction inward of Q'\(Q' N Q?), while #? as the direction outward
of *\(Q' NQ?) (pay attention to the direction). These normal directions are such that

8~- _ 689% on X!,
on' —a—x; on Ei,
8~- _ —65;2 on %2,
on 87561 on Ei

72 T T $2
| lﬁl
! !

Figure 4.8: (a) The normal direction of ¥' and ¢* and (b) the normal directions 7' and 7>.

Pl = (ﬁlPl(wl,@/}l) on %!,
n
0

1 2 2 2 1

P :%P (<P a¢>0n2+,

5 (4.43)

—¢2 = WP%PQ,W) on 22_7
0

2 1 2

_¢ = aﬁlpl(gp 777b1) on Z+.

If we try to imitate what we did in the previous section, we would like to take a test function
¢ € H*(2Y) to combine the first and fourth line of (4.43). However, ¢! and 1? are a priori
not compatible at the crossing point. The same problem happens when we try to combine
the second and third lines. Instead, we can combine them by writing the sum of these four
equations and taking the appropriate test functions

)
(@1, 0 s = (07, 8%) 5 = (BN (@01, 07), 5 P, 00) |+ (B (@, 97),

0
o PH,07)

on?

52

(4.44)
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Summing up, the variational formulation associated to (4.17) is
find ® = (o', p?, 7', 9?) in V such that for all ®, = (@}, @, P;, P?) in Vi
(" by = (P20 b0)s
(P2 = (P ) B) |

0
(01,0 )51 = (07,95 = (BN (@01, 00), 5y P (9, 0)) | + (B2 (o1, 7).

Y

4+~

d 20 2 2
PP )

(4.45)

Theorem 4.3.2. Let g € HY?(0Q). If p € HY(Q) is solution of (4.1) then & defined by (4.2)
belongs to V' and is a solution of (4.45).

Conversely, if (o', @*, W', W?) € V is a solution of (4.45), then p := P/(@’,?) satisfying
(4.7) for j € {1,2} is a function defined "unequivocally” in 2. Moreover, p € H'(Q) and is
solution of (4.1).

Proof. The first assertion is again true by construction. Conversely, suppose that (o', %, W', P?) €
V' is solution of (4.45). For j € {1,2}, we have the representation P’(@’ \{’) as given by (4.8).
We are going to show again that

P'=P*in Q' N2

We start by defining the same functions P! and P? as defined in (4.26 - 4.27), which satisfy the
same jump conditions

Pl Pl
p!=pP —p! andl])l—a——a—_onill,

oy oy

and oP? OP?
=P’ —P?and P’ = — — —— on X%

8272 8x2

The idea of the proof is similar to the one in Theorem (4.3.1): we define a continuous extension
of the Helmholtz equation in a Riemann surface Q' U (Q' N Q?) U Q?. The only difference is
that this time, instead of having a homogeneous Dirichlet condition, we have a homogeneous
Neumann condition on the boundary X! U %2 .

Now, we show only the rigorous proof of the theorem, where we use the compatibility
conditions written in the weak form. First, we consider ¥(¢}, ¢2) € V1/2,

9 0
(@) 50 = (@07, W) 5 = (B (@01, 07), 57 P10 W)+ (B2 (@1, 07), 55 P (0%, 97))

sz
Taking @; = 0 on Eﬂr and (p? =0 on X2, we obtain
OP!
11 1
<(ptvll) 21—>Z£ _<(pta 8:1:1 E1> )
which leads to P!
—) =0. (4.46)
axl E£
Taking @; = 0 on ¥! and ¢@? = 0 on ¥*, we obtain
oP?
1l — /ol
<(pt71b 23_)2_1'— <(pt7 axl 21> )

1
+ =
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which leads to

OP?
o= 4.47
W= Gl (4.47)
Similarly, we have
OP?
a—_ =0 (4.48)
oP!
2l = 4.49

Now, if we consider the difference P' — P? in Q' N Q? and apply the Green’s formula, we

obtain
/Ql N2

where n is the inward normal of Q' N Q2. As before, in Q, P! also satisfies

2 2 ort  opr?
V(P'-P)| - P =P =—(P'-P* — — — : 4.50
( )‘ “ ’ ’ < " on on >a(ﬂlm92) (4.50)

2 oP!
VP —w?| P = (P, 4.51
/]R?\Ql 7’ ‘ ‘ 8:51 217 ( )
and in Q2 , P? satisfies
oP?
Lo v —e2|pff = . (4.52)
R2\02 " Oxy 52

Again, we show that (4.50 - 4.52) sum up to zero by the jump conditions and the compatibility

relations.
1

P
Indeed, for (4.51), since ?9 =0 on X', (4.51) simplifies to
T
oP! opP!
<P1>7> :<PE77>

axl 1
Using the first equation of (4.45)
<(pl71b%>zj_ = <P2>¢§>Ei

opr! _
with P} = . € H, 1/2(21 ) as the test function and P' = P' — @' on Ei, we obtain
x
oP? oP?
Pl — _ Pl o P2 —
LG, = PG
orP  9P!
Using (4.47) and Tl VP! on X!, we have
1 1
oP! orPt  op?
P —-p*—=) =(P'-P"———) . 4.53
< " Oy >21 < "Or; On >21 (4.53)
Similarly,
P? P? P!
(P2 orZ =) =(P*>- P, 1 O OF Yo (4.54)



4.4. GENERALIZATION TO A GENERAL EXTERIOR PROBLEM 111

Taking the sum of (4.50), (4.53) and (4.54), we show that

/erm?

Since Imw > 0, we conclude that

V(P' — P?)

‘ 2

VPE\Q e ‘PE’Q —0.

G I M U

Pl —P?=0in Q' N Q2

P! =0in Q!
P?2=0in Q2.
We conclude as in the proof of Theorem 4.25. n

With these theorems on the equivalence, we deduce easily the uniqueness of the solution of
the multi-unknown HSM formulations.

Theorem 4.3.3. The multi-unknown Half-Space Matching formulations have a unique solution.

Proof. We suppose that ¢ = 0 on 092. From Theorems 4.3.1 - 4.3.2, the formulations (4.25 -
4.45), we can define unequivocally a function p := P?(@’ ) satisfying (4.8) for j € {1,2}.
This function p is also in H'(2) and a solution of (4.1). Since Problem (4.1) is well-posed, the
only solution is p = 0 which then leads to P/(¢@’,?) = 0 for j € {1,2}. Thus, ¢’ = 0 and
P/ =0 for j € {1,2}. The result follows. O

The stability of Formulations (4.25 - 4.45) are still an open question.

4.4 Generalization to a general exterior problem

The formulations derived in the previous section can be extended to solve a Helmholtz equation
in the exterior of a convex polygon (the same problem as in Chapter 1). For simplicity, we
consider that the obstacle is a square O := [—a,a]?, a > 0. The problem that we are interested
in is

find p € H'(Q) such that

2 T2
{Ap+wp =01in Q:=R"\O, (4.55)

D = g on 00,

where g € H'/?(09Q) is given.

Taking the same approach, the domain is decomposed into 4 overlapping half-spaces €’ for
j € {0,1,2,3} (the same half-spaces as in Chapter 0). The restriction of the solution in each
half-space can be represented in terms of its trace and normal trace (¢’,7) on the boundary
similar to Formula (4.7). We are then looking for a system of equations satisfied by these

traces. By taking the same steps, the traces {(gpj , @/}J)} satisfy two different systems of

j€{0,1,2,3}
equations:
@ = PI(p7 ) on Y N, j € Z/4Z,
Gl j j 7 Jj+1 J
w | — anjj:lp (90 ’¢ ) on E N Q 3 (456)
- on >’ N OO,

¢ =P, 0) on ¥’ N 90,
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or , o . :
G = Pl ) on S N, j € 242,
. 0 S ) )
W# P RYES] P’ 7))  on Z]‘il N, (4.57)
o =g on >’ N 00O, '
) 0 A, )
wj = ﬁp‘](g@],w]) on > N 8(9,
n
where n/ is the normal direction into ©’. The functional spaces for the unknowns are
I e HY? (3
vie o123, |7 ) (4.58)

W e H2(20).
We denote ® = (@', 0%, ¢, ¢*, 9" 4% ¢* ¢*) € V, where
V=[] HPEYx I H ')

i€{0,1,2,3} j€{0,1,2,3}
To obtain the variational formulation for (4.56), once again we need to define new curves

Vi € Z/AZ, X7 =0(Q\ (U Qi)

S . . . (4.59)
=X TN U (X No0) U (XN ).

The new curves 37 are illustrated in Figure 4.9.

2 nt

n! 0

20

Figure 4.9: Tllustration of the different curves: on the left ¥7, on the right ¥, for j € {0,1,2,3}.

To establish the variational formulation for System (4.56), we take the test functions

¢l eHY*(59) = {¢ € H*(59),¢p = 0 on ¥/ N OO},

Vi€ {0,1,2,3}, | g
jed J P eH12(39).

We denote @ := (@7, ®;, @7, @}, 17, bi, 7, b}) and

o eVp:= [[ HPE)x [ H VA,

j€{0,1,2,3} j€{0,1,2,3}

By following the same steps, we define the operators that pass functions from Ylusiyyitt
to X’
E7 - L2(377Y) x LA(%7) x L2(37HY) — LA(%9),
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@t on XN Y,
Vj e Z/AZ, E (@' @l @) = ¢’ on Y NIO, (4.60)

@’ on YT NGO
L i—1 g+l 1/2 (vj—1 1/2 /v j 1/2 (yj+1 ~j /255 .
Again, if (¢’ NOUNOAR! € H)Y?(S771) x H)?(S9) x H)?(S9H), then @7 € H)?(Y) =
{¢ e HY 2(X7), ¢ =gon ¥ N (’3(’)}. With these operators, we deduce the variational formulation

find ® in V such that for all &, in Vp,
Vi € ZJAZ, (B (@007, W) = (P, 47), bl)s

.0 o (4.61)
< w >2jilmQj = <(pi7 MP](@]JW»

SIiEINQI .
This formulation can also be shown to be equivalent to the original problem (4.55).

The idea is still the same:

1. first we define Vj € {0, 1,2, 3}, P (@7 ) in @ := R*\( as functions that satisfy the
Helmholtz equation in 7 and satisfy the jump conditions:

@ =P — P’ on ¥,
oPi 9Pl . (4.62)

2. then we show that Vj € {0, 1, 2,3},PZ =0on ¥ NooO:;

3. finally we show that Vj € Z/47Z, P — P! in Q7 N Q™! can be continuously extended
by using the jump conditions and the variational formulation with the appropriate test

3
functions into the solution of a coercive problem in a Riemann surface U (RQ\Qj ) (see
=0
Figure 4.10) with a Dirichlet homogeneous boundary condition P2 = 0 on %/ N 9O;

4. we conclude that Vj € Z/4Z, Pl = P in OV n Q' Thus, we can define a function
p := P’ in ¥ unequivocally. Furthermore, since P’ = 0, we conclude that p = P/ =
P?— P’ =@’ = gon ¥ NoO. It follows that p is the solution of (4.55).

4.5 Numerical validation

Numerically, Formulation (4.61) that will be discretized is written as

find ® in V such that for all ®; in Vp,

Lo @™l [ Gl [ o= [P e,
2i—1nQ 2iNdO Si+INQs Y

0 o
JEl 5l — NP AT AY-Y|
/Zjilmij (pt /jilmQj @nj:tlp (QO 7¢ )(pt

The discrete problem is obtained by using the same discretization ingredients:

Vi € Z/AZ,

1. the Fourier integrals on the representation operators are truncated into segments of
[_T7 T])
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i P2 Pl P1 0 PO o Pl
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, — IR PR - |
t e
R\Q P’ =0 —p! L =L
PO (_F PO . P3 RQ\QI i
o |
(a) (b)
pP2—p' — P R2\Q? !
P2 =0 - RA\Q? _p3 - -p?
: 1 3
| T P =0 J E
: P2 P3 : PO o P3
P2 P3 (‘PQ : :
32 3 3
(c) (d)

Figure 4.10: The continuous extension from Q/~!' N Q7 to R\ to O/ N Q.

2. the lines ¥’’s are truncated into segment Z{}’s whose length is 27" and we take P1 Lagrange
elements for the traces @7 ,’s and PO elements for the normal traces V{7, ,’s with £,

3. a quadrature formula is used to compute the Fourier integrals.

We take the fundamental solution as the boundary data

Hél)(w\/x% + 23)

g(x) = n ,  xon 0,

where we take w = 1 and Hél) is the Hankel function of the first kind. For the discretization
parameters, we take T'= 10, h = 0.1, and 7' = 10 and 3rd Gauss quadrature with 1000 intervals.

In Figure 4.11, we show the real part of the trace (p%h and compare them to the exact
solution ¢°. We obtain a relative L? error of 2.25%.

Once the traces (Qp%h, Ll)jf’ ,) are obtained, we can reconstruct the solution in all half-spaces
QY by Formula (4.8). We obtain a relative L? error of 4.07%. Remark again that although
the theory is derived for the dissipative case, the numerical simulation also works well for the
non-dissipative case.
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Real part of the trace

position

Figure 4.11: Real part of the computed and exact solution of the trace ¢”. The exact solution
is given by the red curve while the numerical solution is in blue dots.

Figure 4.12: Reconstructed solution in the exterior domain obtained from the traces ((pZ_p by 11)2_}7 h)-

4.6 Formulations involving Green’s functions

4.6.1 The multi-unknown formulation set on curves instead of lines

Formula (4.8) gives a representation in a half-plane for a couple (@, 7). Another representation
can be obtained by using Green’s representation theorem [56]. For example, if we consider the
same problem (4.55) with 4 half-spaces, we can write the integral representation in 2°

P )00 = [ —0%(y) 50 (x ) + )G~ y)dy € (464)

where y = (y1,12) € X°, v is the inward direction of Q°, and G(x —y) = G4(y) is the Green’s
function, satisfying

AGy(y) + w?Gy(y) = x(y). (4.65)
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Actually, (4.64) is equivalent to the Fourier representation by using Plancherel’s formula. Indeed,
taking the Fourier transform of (4.65) in y2, we obtain an ordinary differential equation in ¥,
parametrized by the Fourier variable £. The L? solution of this equation is given by

; 1 1/ w2 —E2ly1—x1| ,—€x
Gx(ybg) = 2\/%2 — _626 &y 1|€ 3 27

and the derivative

Gy Sen(y1 — 1) /ey an]
: _ eV 1 £E1|e 15302.
Oy1 (1,€) 2427

On the other hand, if we apply the Plancherel’s formula to (4.64), we obtain

N

PO 900 = [ ~9%(€) 52 (0,-€) + 960, - (1.66)

A 0Gy
Plugging G and S into (4.66), we have a half-space representation P’ in terms of the couples
Y1
(¢°9°)

1,0
P60 = = | (@0@) , jﬂ%) eV g in 0,

which is exactly Formula (4.8). Thus, we can consider Formula (4.8) as the Fourier equivalent
of the integral representation with the Green’s function. An important remark is that Formula
(4.64) is valid not only in half-spaces, but in any domain whose boundary is not necessarily a
straight line.

Let us consider for instance a scattering problem with the same localized obstacle as in the
previous section, and let us introduce two subdomains defined by

O = {(z1,79), 21 €ER, 29 > a} U {(21,22), 21 < —a, 25 € R}
O = {(z1,22), 21 € R, 29 > a} U {(x1,29), 71 < —a, x5 € R}.

Their boundaries are then given by (see Figure 4.13 for illustrations)

Y= {(~a,33), 22 € (—00,a]} U{(x1,a), 7, € [—a,+o0)},

| 0’

Figure 4.13: Notations of the curves and the subdomains.
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2= {(z1,—a),x1 € (—o0,al} U{(a,x2),22 € [—a,+00)}.

Thanks to the overlap of the subdomains, we obtain similar systems of equations (4.16 -
4.17), where P?(@?,{’) is given by (4.64). In Figure 4.14(a) we show the trace @° on X° and
4.14(b) the reconstucted solution in 2.

Real part of the solution

01 F

Re(phio)

-0.05

-0.1

(a) (b)
Figure 4.14: (a) The real part of @" and (b) real part of the solution in 2 by using (4.64).

4.6.2 Configurations where a global Green’s function is not available

The junction of stratified media

The integral representation in each subdomain requires the knowledge of the Green’s function,
but it is not necessarily the same Green’s function in all subdomains. This is useful for some
cases where the global Green’s function of the domain is not available. To explain this argument
more clearly, we consider a scattering problem in two configurations: an imperfect stratified
medium and a junction of stratified media (see Figure 4.15) with a localized obstacle and
compactly supported source term

—Ap — Wk(x)p = f in Q :=R*\O

4.67
p =g on 00, (4.67)
where k(x) is constant in each stratification:
]{31 in Q+
k)(l’l, 5()2) = ]{/‘2 in Q* (468)
k3 in Q.

In the case of a perfectly stratified medium, we can take a Fourier transform in the horizontal
direction and solve the equation satisfied by the Fourier transform of the global Green’s
function. Thus, to solve (4.67), we can couple a Finite Element representation that englobes
the perturbations (imperfection of the stratification, the obstacle, and the support of the source
term) and use an integral formula on an artificial boundary ¥ (see Figure 4.16).
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ot ot

© . ©

Q*

o/

N ® ., @

Figure 4.15: Examples of stratified media: (a) a stratified medium with an imperfection and (b)
a stratified medium with a junction.

P e ‘
| (0 .
Q| |
| N |
QB i @ 3

Figure 4.16: An example of coupling between Finite Element representation in the domain
bounded by ¥ and the integral representation on .

On the other hand, we cannot apply the same method to solve the scattering problem in
the configuration given in Figure 4.15 (b), because we can no longer obtain the global Green’s
function easily by taking a Fourier transform in the horizontal direction. However, we can find
subdomains for which the Green’s function is available. More precisely, we take 7, j € {1,2}
and a bounded domain §° such that

1. the medium is perfectly stratified in each €, meaning that the coefficient k only depends
on Ty and not z;

Vj e {1,2}, 3kI(x3) such that — Ap — w?k/(z2)p =0 in &,

2. the subdomains are overlapping and cover the whole domain
Q' NO* £ 0,
Vie{1,2}, QNI #£0,
QU UQ*=RNO.

In addition to that, we also define
Q"= R*\(Q'UQ?).

Figure 4.17 illustrates the stratified medium completed with an example of subdomains Q° and
( and the curves X7, as well as the bounded domain Q. In this example, ° is a rectangle
covering the obstacle and the support of the source term. The boundary of this rectangle is
split into two non-overlapping parts:

0Nt =¥ U2 U 00,
vie{1,2}, ¥le,
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Q2

Figure 4.17: An example of the subdomains Q¢, Q°, and € and the curves ¥/ of a junction of
stratified media.

Y NXy=0.

Since the medium is perfectly stratified in each subdomain €7, we can compute the Green’s
function GY in each subdomain as explained previously. Using the overlap of the subdomains,
we derive the HSM formulation which is exactly the same as the one derived for the model
problem. Around the defect, we take a FE representation

p’:=pin Q.

The coupling of the FE representation and the representations in €, j € {1,2} is obtained in a
similar manner as in Chapter 0. We denote

= (p’, 0", 0% 0t 9P,
and ®° € V°, where

VE={(0" 0", % W' 0?),p" € HY(Q'), V) € {1,2}¢7 € H'2 (), 47 € H /()

) , ‘ o (4.69)
p’ =@ on ¥ NOQ%p :gonaO}.

To couple the FE representation around the obstacle with the multi-unknown HSM formula-
tion (for example taking the one with the compatibility on the trace (4.14)), we take the test
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functions ®° := (¢, o, @2, P;,?) and ®° € V), where

V= {(q, @}, 92, 0}, 12), g € HY(Q),Vj € {1,2} ol € Hy>(3), %] € HV2(3),

(4.70)
q =g on 00}.
By extending the formulation of Section 4.3.1, we obtain
find ®;, in V; such that for all ® in V},
2kt = / 9 piggi, [, 1a
/ Vo’ Vg - w?*kp'q = }: o #0Nat [ ST
<E1(90 750)7ll)t> < ( )7ll)t>ila
(01,0 s200r = (0} *le W, (.71)
~ 2Nt
<E2(<p17902>71b?>22 <P ( ) ¢t>22a
. (9
(@30 s = (@ T PO

where n is the inward direction of €7, j € {1,2} and n, is the outward direction of Q°.

Scattering problem in a "half-plane" with a stair-like boundary

We have not had yet numerical results corresponding to the configuration given in Figure 4.17,
but instead we consider another problem which can be solved by using the same formulation.
This is the scattering problem in a lower "half-plane" with a boundary in the form of a "stair"
denoted as ¥ (see Figure 4.18).

@

Figure 4.18: A "half-plane" with a stair-like boundary.

More precisely, the boundary can be decomposed into three parts
Y=Y uUuX*uxt,
where

={(z,h),x <0},
={(z, hy),x > 1},

and ¥* is a segment connecting ¥~ and ©*. The subdomains Q! and Q2 are taken as such given
in Figure 4.20.
We consider the scattering problem with a compactly supported source term
—Ap—uwlp=f inQ

b— 0 ons (4.72)
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Figure 4.20: An example of subdomains for multi-unknown HSM formulation.

Remark that the Green’s function of this domain is not easy to compute due to the "stair’".
However, if the domain is decomposed into 3 subdomains: Q°, Q', and Q2 (see Figure 4.23 as an
example of the subdomains), in each subdomain €/, the Green’s function G’ can be computed.
Indeed, by using the image principle, we obtain

G1<X7 (Y1,92)) = G(X7 (y1,92)) — G(X7 (y1,2h1 — y2)), (4.73)
where G is the Green’s function of the free space
= _ H(wR)
G<X7 y) - 4@ )
and (y1,2h; — y9) is the reflection of the point (y1,y2) by the boundary ¥7. Similarly, we obtain
G2<X7 (y1,92)) = G(Xa (y1,92)) — G(Xa (y1,2h — y2)), (4.74)

where this time (y;,2hy — y2) is the reflection of the point (y;,92) by the boundary ©*. Having
these Green’s functions, we then have the representations in Q' and Q2. By taking a FE
representation in 2’ we can then couple the representations and apply Formulation (4.71) to
compute the solution of (4.72). In Figure 4.21, we show the real part of the solution with f =1
in a unit disk.

Finally, we can also consider a scattering of a plane wave by this stair-like boundary. We
consider now the same domain but with a localized obstacle. We take a plane wave coming from
the bottom right part of the domain. Compared to the scattering problem in the whole plane as
discussed in Chapter 2, the plane wave is not only scattered by the obstacle but also reflected
by the boundary of the domain. We define p,.; the reflected wave by ¥, which is the solution of

_Apref - W2pref =0 in Q (4 75)
Pref = —Dplane OI 27 '

where Q is the domain without obstacle. Subsequently, we define the incident field as the
superposition of the plane wave and the reflected wave

DPine = Pplane + Dref-
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Figure 4.21: Real part of the solution of (4.72) in €.

Figure 4.22: An example of subdomains for multi-unknown HSM formulation.

The scattered field p satisfies
—Ap—wp=0 in (2

4.76
P = —Pine on xUIO. ( )

Remark that in this problem, we have a priori a right hand term in the infinite boundary
> and we do not know how to take into account this boundary condition. To simplify the
problem, we consider the boundary ¥ with particular values of h; and hsy such that p;,. satisfies
a homogeneous boundary condition

Pine = 0 on X~ U X2

By having a homogeneous boundary condition on ¥~ UX T, we can then use again Formulation
(4.71).

Figure 4.23: Real part of the scattered field in €.
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In Figure 4.23 we represent the real part of the scattered field. We use again here a real
frequency w = 1. Although we do not have the exact solution of this problem, we can say that
the method works well because the different representations match in the overlapping zones.
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In Chapter 2, we have presented numerical experiments which show that the HSM method
works in the non-dissipative case even though there is no theoretical result to justify it. In this
chapter, we develop a slightly different HSM formulation designed for the non-dissipative case.
The main idea is to choose as unknowns, instead of the traces of the solution, their analytic
extensions (for complex spatial variable) in the spirit of PML. The main advantage is that

while the traces decay at infinity as —= which is not in L?, their analytic extensions decay
r

exponentially. As a consequence, the analysis of the new complex-scaled HSM formulation can
be done in the L? framework in a similar manner to what has been done in the dissipative case.

5.1 Introduction

We reconsider the Helmholtz problem in a 2D plane. To focus on the novelty, we consider only

the exterior problem to a square O := [—a, a]?,a > 0:
—Ap(x) —wp(x) =0, xin Q:=RA\O,
a 709 =gl o0 20 o
(o) ) =

125
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where r = ||x||, g € HY?(99Q) is given and w € R*. Again, we define ¢’ as the trace of p on 7:

¢ = plyi, Vi€{0,1,2,3}. (5.2)

Proceeding as in Chapter 1 and by using the representation which was already given in Chapter
2 (Formula (2.7))
. . . 1 -~ 2_£2(pd— iEqyd . j
Vi€ {0,1,2,3) PI)(ad, ) = —/ D(E)eVIEC-D qe i F (5.3)
V2m JR
where we take the convention

Vz ¢ R, Im+/z >0,

5.4
Vz e RT, Rez>0, (54)
we can derive the HSM formulation for this problem
I[-D)® =aG, (5.5)
where ¢ := (gpo, o', %, ©*), T corresponds to the identity operator, ID is given by
0 DY 0 D
DO,I 0 D271 0
D:= o DY o D32|° (5.6)
D% 0 D* 0
and G is given by
. )y
G:=(¢"¢".¢°,¢°) whereg’ = g oh=o. 5.7
(9°.9.979") A (5.7)

Due to the convention of the square root given in (5.4), the branch cut of £ — \/w? — &2 is given
in Figure 5.1.

Im¢

Re¢

Figure 5.1: The branch cut of £ — /w? — &2 given by the red lines.

It will be useful in the sequel to introduce the decomposition of the lines

Y= {27 = a,y7), 4y’ > a},

vj€{0,1,2,3}, | | . .
Yo = {2 = a,y’), —a <y’ <a},
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and the decomposition of the trace ¢’ into 3 parts

Vi€{0,1,2,3}, ¢ =¢l+¢l+g, (5.8)
where ' '
. ] 90] on ZZb
vy €{0,1,2,3}, ¢\ = =
Jet R {0 on S\ L.
2 9
xt A !
Y5l 0 |%Y
3 pIA 2
¥2 0

Figure 5.2: The geometry considered and the associated notations.

The difficulty comes from the fact that the ¢’’s do not belong to L*(%?) (and therefore
neither do the ¢’’s). To overcome this difficulty, we will use the analyticity properties satisfied
by the ¢’

1. The function , o
¥ = @ (y)
la, +00) — C,

has an analytic extension to Rey’ > a. Moreover,

) —wssiny
3C > 0 such that Vs > 0,y € [0, g), ‘goi(a + Se”)‘ <0t 7 (5.9)
2. The function ‘ o
y =l ()
(—o00, —a] — C,
has an analytic extension to Rey’ < a. Moreover,
T ) efwssin'y
30> 0 such that ¥s > 0,y € [0, 3). @7 (—a — se)| < cT (5.10)
B

These properties hold because the ¢’’s are the traces of the solution p of (5:1) which is outgoing.
For simplicity here, we suppose that the data g is such that ¢’ € H} (¥7). In particular, the
¢’’s are continuous functions.

Remark 5.1.1. This allows to avoid possible singularities at the corners of the square which
are not relevant for our purpose. Note also that in the general formulation where the integral

equations are coupled to an interior variational formulation, the square is not a physical boundary
and the ¢’’s are in C*°(X7).
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Our objective is to derive a new HSM formulation depending on an angular parameter ¢
that will be chosen in <0, g) In this formulation, the unknowns ¢’ will be replaced by gofge
defined as

seRt — (s
7,6 (pjﬂ: ( ) 0 (511)
¢i(s) = pr(E(a+ se”)).
Note in particular that due to the properties mentioned above, we have
0 e—ws sin 6
Vi€ {0,1,2,3}, ¢%'(s)<C (5.12)

NG

To derive the HSM formulation with api s 1nstead of ©’s, we would like to derive a new
half-space representation like (5.3) but involving gp s instead of ¢.’s

Let us first establish the links of the Fourier transforms of gpjf and ..

5.2 Some properties of the Fourier transforms of the
traces

Let us focus on gp?r. By definition of the Fourier transform, we have

~0

1) = ¢12—7T /a g (y)e "¥dy. (5.13)

Since the integral is only on positive vy, it is clear that g?)i is an analytic function in Im ¢ < 0.
On the other hand,

Ao,

—+o00
90+ /_27r /

By using (5.12), @%9 is analytic not only in Im & < 0 but even in the larger domain Im & < w sin 6.

e 5 ds. (5.14)

Lemma 5.2.1. The functions £ +— @i(f) and & +— A09<§€ze) are analytic in C~ and C_,
respectively where (see Figure 5.3)

- = {£eC|m¢ <0},
C,o=16€C|Im¢ < (w—Re&)tanb}.

Moreover, for all§ € C- NC, ,, we have

P9(6) = e e (ge?), (5.15)

and hence $Y. has an analytic extension in C~ U Clo-

Proof. To show this equality, we use the residue theorem. We consider a contour
CR — ZRUFRUER07

where X3, := [a, R], Tr := {a+ (R—a)e",v € [0,6]}, and $% , := [a, R]e’’, and with orientation
indicated in Figure 5.4.
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Im¢&

SANINNNNNNNNNY

7
Ry

Re &

P VYV vyl

Figure 5.3: ¢Y is analytic in C~ (in green) and 0}’ is analytic in C, 4 (in blue).

| 4
a E%

Figure 5.4: Scheme of the contour Cg on the complex plane.

By the analyticity properties of gp?r, the function z — @ﬂ(z)e_zgz is analytic for Rez > a.
From the residue theorem, we obtain that

¢ (z)e **dz = 0.
Cr

We then have

. @5 (2)e " dz + /20 @ (2)e " dz = — . @5 (2)e " dz.
R R,6

The identity (5.15) is obtained by taking the limit for R — +o0. Indeed, for £ € C~

lim ¢%(2)e " dz = V2 5. (),

R—+4o00 2%

and for £ € C_

R

lim 9(2)e™*dz = lim 0(q + se?)ewlatse?) 0 0g — \/Qre10€ ot 500 (¢,
dm [ e Jim [7at se?) Vare et 30 (ce?)
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It remains to prove that

: 0 —1€z —
RE)I—]BOO . ¢, (2)e7"*dz = 0.

Indeed,

0
/ (,03(2)67152(12 = ‘/ ng(a + (R - a)ez’y)efzﬁ(aJr(Rfa)ew)Z(R —a)edy
I'r 0

< C\/m ealm§/0 6(Rfa)(coswImff(wfRef) sin’y)d,y.
0

The result follows since cosyIm¢ — (w — Ref)siny < 0 for § € C" NC; 5 and v € (0,0).

More generally, we can obtain similar results for all functions goi.

Lemma 5.2.2. Forj € {0,1,2,3}, the functions & — @’ (£€) and & — ”e(ifew) are analytic
in C™ and C 4 respectively. Moreover, for all § € C N C_ 4, we have

Ph(EE) = eT e Pl (ge). (5.16)

5.3 The "half-space" representation with complex-scaled
traces

The objective is now to make appear the complex-scaled traces in the representation formulae
(5.3). Let us focus on the half-space representation for j = 0

P ) = o= [ 9€) eV El et (5.17)

By the decomposition of the trace (5.8), we consider for now ¢” = ¢ . The integral in (5.17)
can be split into 2 parts depending on the sign of £

P0(¢1)<x,y) = \/1_ /_ @(_)’_(g) ezs/w2—§2(x—a)ezfyd€

/ P w2 52(33 a) zfyd€
R+

By using Lemma 5.2.1, since R~ C C_ ,, we can replace the first line of the formula by

w,0)

Aoe 567,0 2\/w2—§2(iv—a)€1§(y_a)dé"

\/_

To complexify the trace in the second line (for £ € RT), as RT ¢ C_, > 1t is necessary to change
the path of integration from R to a line included in C,. This is the object of the next lemma.

Lemma 5.3.1. We have

N /w2 —€2(x—a) 1 ~0,0 1/ w2—n2e=29(z—a) e~ (y—a
/]R+ 0 () eV = )eiydgz/RjL(pgr (n)e'Ve = (z=a) gme ™" (y=a) 4,

P

for all (z,y) € Q5.(0) :== {(z,y) € Q% 2 —a > tan(d) (y — a)}.
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Tm(¢)
Tk Re(¢)

v

%

Figure 5.5: Scheme of the contour Cg in the complex plane.

Proof. The idea of the proof is similar to that of Lemma 5.2.1. We define a contour
Cr:=TRUl%LUTY,

where T}, := [0, R], T'% := {Re™ ¥y € [0,6]}, and T'%, := [0, Rle™* with orientation indicated
in Figure 5.5.

Since the function z s @ (2)e™V**~*"(@=9e2V j5 analytic in C~ (thanks to the choice of the
square root), by the residue theorem we have

/C @3_(Z)GZ\/W2_22($_G)€ZZde =0,
R

which leads to

/F @3_(2)62\/w2—z2(z—a)ezzydz + /F3 @3_(Z)GZsz_ZQ(x_a)CZZde - _ AZ @3_ (Z)elva_zz(x_a)elzde.
R

1
R R

First, we have

R —1
/FS @(i(2)61\/w2722(:c7a)ezzydz — _6729/0 @3(,06719)6“/w27n267210(x7a)€me Oydn'

By using Lemma 5.2.1, we deduce that

0

20 (4 62\/w2—22(:c—a)ezzydz — _ R ~0,0 62\/w2—7726*219(x—a)ezne*w(y—a)d )
- P Y+ N n
R

The question now is to show that

~0 (Z)ez\/w2—z2(a:—a)ezzydz —0.

lim o

R—+o00 I‘%

By a simple parametrization of the line I'},, we have
0
A wWw?2—2z2(z—a) 12
/F2 Pl (2)e ez = /0 Fou(R,7)dy,
R

where
f;my(R, ’y) = @O(RQ—ZV)R 6—m(gj—a)ezRe—z'yy'



132CHAPTER 5. COMPLEX-SCALED HSM METHOD FOR THE NON-DISSIPATIVE CASE

Remark that

|fx’y(R, ’y)| — |@0<R e—l’Y)l ‘R €_R e—wm(ay—a)efisin(fy)y‘ .

We can show that ¢°(Re™")ef**"7 is bounded when R — 400 uniformly in v € (0,6) and
fay(R,7) = 0 when R — +o0 uniformly in ~ if

(x —a)cos(0) > (y — a)sin(0).

O
Summing up, we have proved that
PO())(w,y) = PY(0) (@, ), for (z,y) € Q4.(0),
where we have set
Vo€ IARY), Pp)(r) = S [ pleet) VIR st
(5.18)

1 N 1/ w2—n2e=29(z—a) me ¥ (y—a
+27T/R+(’0(n)6v n (@=a) gme™"(y=a)qp,

The new representation Pﬂ’g(go(le) is only valid in a subset of the half-plane, this is why we
put the quotation marks around half-plane in the title of the section.

In order to recover a certain symmetry in £, we can also change the path of integration of
the Fourier variable from R~ to e R~ but this will reduce again the domain of validity of the
expression. Indeed, we can show that

P9 (@,y) = PY2(5) (,y), for (z,y) € QL_(0),

where

1 N i/ w2—n2e=20(x—a) ame= " (y—a
Vip € I(RY), P2U(p) = = [ glm) eV e gy, (519)
where

QL_(0) :={(v,y) €,z —a>tan(d) (y—a) and z—a>—tan(d) (y —a)}.

Similar results can be obtain for ¢’ using the change of variable y — —y. More precisely,
denoting by S the operator defined by

Se(y) = o(—y), (5.20)
we have
PO(p?)(x,y) = P°(S¢?)(z, —y) V(z, —y) € Q°,
= P (%) (2, —y) V(z, —y) € Q%(0),
= P2 (") (2, —y) V(xz, —y) € Q5 _(0). (5.21)

In particular,

)@, y) = PYUR") (@) + P () (2, =) + P (") (. y) for (z,y) € Q°(6),
(5.22)

PO+ +¢°
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Figure 5.6: The validity region of (a) Formula (5.18) and (b) Formula (5.19).

where
Q°0) = {(z,y) € W,z —a>tan(d) (y —a) and z — a < tan(f) (y + a)}, (5.23)
illustrated by Figure 5.7.

y
(a,a)
Q°(0)
(CL, —CL)
5%
N

Figure 5.7: The validity region of Formula (5.22).

5.4 The complex-scaled half-space matching formulation

By using the integral formula (5.22), we will derive integral equations linking the complexified
traces . The function P°(°) coincides with P>’ (¢%%) on £ ¢ Q°(0) which is

1 A 1/ w2—n2e=29(z—qa
PR 0) = = [ ) VI g, e >
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This function is analytic with respect to x in the complex neighborhood of ! . We define an
integral operator

Vi € LARY), DI a(t) eV Wit 4t e RY, (5.24)

m/w

and with this operator we have
DY % (t) = PYP(0%0)(a + te,a), VteR* (5.25)

Similarly, the function P°(¢°) coincides with P2?(0%%) on 3% c Q9(0) which is

P—?-ﬁ(@?i-a)( —CL AO 0 5629 z\/oﬂfﬁz(xfa)efméadf
’ A/
/ AOO e7, w2—n? 6—219( )e—ane*loadn’ Yo > a.
R+

This function is analytic with respect to z in the complex neighborhood of Ei. We define an
integral operator

: / 5610 Z\/w2—§2t6296—215ad€
V T (5.26)

210 2
4+ w2e219 —p te—22ne adn’ t e R+.
V2m /R+

Vi € LA(RT), DY (t)

and with this operator we have
D? 20 (t) = P2 (02 (a4 te?, —a), VieR*. (5.27)
Finally, the representation

PO(g )((L’ j:CL \/wQ—EQ(I—a)eizﬁadg

- v L

is analytic with respect to z in the complex neighborhood of X! and Ei. We define
Vo € L2((~a,a)) DI, (t) : / D(e)eVIE Rikeqe e R (5.28)
\/ 2m

which leads to the integral operator

DY, ¢°(t) == P°(¢°)(a + te?, +a), VteR*. 5.29
*,74

By symmetry, we have exactly the same expressions for PJ (cpi ) and Pg’e(gj ) for all j €
{0,1,2,3} as Formula (5.24 — 5.28), thus expressed by the same operators. Finally, we can write
the system of equations involving all the traces as

¢ = DY (") + DY (") + DY (¢7),

P = DY (%) + DO (P + D _(¢), € /4L (530

This system of equation can be more compactly written as

(1-1%) 2 = ¢, (5.31)
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where

eV = {(so_ oY ol o 02 0, 08 e (L(R)) } (5.32)

I corresponds to the identity operator, DY is given by

0 0 0 0 0 0
o 0 D2 D° 0 o0
D pf 0o 0 0 0
o o o o D D

oo+§oooo|§>
o

D=\ o p D 0 0 (5:33)
O 0 0 0 0 0 D
o o0 o0 o D DY 0
D2 D> 0 0 0 0 0 |

T
and G’ := [D? ,g* D! g' DI ¢ DI g* DI .g" DI g° DI g* DI g°

5.5 Analysis of the formulation

The main result of this section is the following stability result.

Theorem 5.5.1. The operator (1—D) € L(V) is the sum of a coercive operator and a compact
one.

To prove this theorem, we first show the main property of three integral operators involved
n (5.31).

Lemma 5.5.2. For 0 € (0, x|, the operator Di is bounded on L*(R™). Furthermore, it can be
decomposed into the sum of two operators:

D =L+K,
where ||L|| < 1/v2 and K is compact.

Proof. From the definition of the operator, it actually corresponds to the operator D for the

dissipative case
Dy (t) = eV Eletade, t e RY,

1 ~
V2T /R W
for the complex frequency we’ and a = 0. The result follows immediately from Theorem
1.3.7. ]

Lemma 5.5.3. For 6 € (0, 7], the operator D’ is compact on L*(RT).

Proof. The operator is composed from 2 different integrals:

D9

DEY RO (E 1) dE + —— / Mk (n, t)dn,
\/_
where
k:’e(f,t) — 61\/0_;2,527&629721{61 fOI' (f,t) c R~ x R+,
k0, 1) = eVttt 2me for (,t) € RT x R*.
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The integral operator involving the kernel k(€. ¢) is a Hilbert-Schmidt operator (thus compact)

since
1

2 .
kt,@ ,t dtdn = / —4nasin 6
/R'*‘ /R“’ ‘ (g )‘ g R+ © 2Re /772 — w22

For the kernel k=?(¢,t), we show that it is in L*(R™ x RT). First, we have k_?(¢,1) €
L*(R™ x (b, +00)) for any b > 0 since

< +00.

§2b51n9 70.)21)(3059

// (6.0 dede = /2msm0 /wzmcose

d¢ < 4o00.

Next, we can also show that k=?(¢,¢) € L*((—M,0) x RT) for any M > 0 since

d¢ < +o0.

H| did / / -
/ /R+ 5 &= 2¢y/w? — §2 sin 6 e+ 2,/€? —w2 cosf
We now need to show that k=?(€,¢) is in L?((—oo, —M) x (0,b)). We define a kernel

(&, 1) = 8"~ %8 for (£.1) € R™ x RY,

which has the same expression as k:’e, but for w = 0. The norm Hk:’e —k

/ /‘k (&:1) = ft dtdf / / 26t cost |

where ¢(§) = /&2 — k? + £. This function is bounded and decays to 0 when £ — —o0 as 1/¢.
We can then choose M > 0 such that for any £ < —M,

is
L2(—00,—M)x(0,b)

efq( &)t cos 0>

dede,

1 9] < Crcos Blg(€)).

We deduce that

b
/ / ‘k (€,1) — k(& t)’ dt < CCOSH/ 2/ eXteos942qtd¢ < +o0.
0
It suffices now to study the operator
D(t) = - / R(&, 1) () dg, for t € (0,b), (5.34)

where

]Ng(f’t) — eﬁteW,Qlfa (5 t) cR™ x RJr, and ¢(£€ze ,lsgeze ds.

75 o #0

This operator can also be rewritten as

5 616

Di(t) = / k(t,s) ¥(s) ds, for t € (0,b),

2 Jr+

where for all £ > 0 and s > 0

o M(te0 1561 —21a)
(te —1se — 21a)

-M
k’(t, 8) _ / ef(tele—zsew—%a) df —
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We have

6—2M(t cos O+ssin a)

(tcosh + ssinf)2 + (tsinf — scosh — 2a)?’
which implies that k € L*(R* x RT) and D is compact.

[k(t,5)|* =

Gathering all these results, we conclude that the operator DY is a compact operator on
L*(R™).
O

Lemma 5.5.4. For all 6 € (0,7/2), the operator Dfi is continuous from L*((—a,a)) to
L*(R™).

Proof. The proof is similar as for the one for kfe(f ,1) in Lemma 5.5.3. The operator is given
by:

D9 ig ki 5 t)d£7

- 75 La©
ki(f; t) _ ez\/w27§2telgeiz§a.

We show the proof for &k, the same arguments can be used to prove the same result for for k_.

By direct calculation, we can show that k. (¢, ¢) € L*(Rx (b, +00)) and k4 (€,t) € L*((—M, M) X
(0,0)). As before, we define k as

where

(&, t) = e 16’ ea el S Mt e (0,D), (5.35)
which is the same as k; for w = 0. By similar calculation as done in Lemma 5.5.3, it is easy to

show that ky — k is in L?((M, 4+00) x (0,b)) and L?*((—oo, —M) x (0,b)). Finally, we need to
show that the operator

+oo .
Lige [ gl eteag
M
is continuous from L*((—a,a)) to L*(0,b), the one for
= -M 26
Lige [ ge)e’ euag

can be shown in a similar manner.

We use the arguments used to prove the continuity of the Laplace operator (see Theorem
5.1.2 in [68] or [38]). We start by

Lo(t)] = | [~ e e e)a
</ §t0050|g )|€1/4§_1/4d€.

By using the Cauchy-Schwarz inequality, we have then

+
|Lg </ —§tcos6‘§—1/2d£/M —§tcos6‘ 1/2| ( >| d§ (536)

The first integral can be computed by using a change of variable s = £t. Indeed, we obtain

/+Ooe£tcosgg1/2d£§/+me£tcoseél/2d£§1/+0068008051/2d5~
M 0 \/l_f 0
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Again, by a change of variable r = s%/2, it follows that

1 400 2 400
7/ 6_8C0S93_1/2d527/ e_T»?cosOdT,: \/E .
V't Jo Vit Jo Vtcosf

Now, taking the integral in ¢ on the expression (5.36) and by using the Fubini’s theorem, we find

) 00 oo »—Etcosf
[P ar < X T el dga
00 oo »—E&tcosf
< [T el ag

By a change of variable, we can explicitly compute the integrals as before. We get

+00 +oo
| kP ar< o [ )R de.

™

cos
We conclude that

ILgl|r2@+) < cllgllze-
The result follows. n

With these lemmas, we can prove Theorem 5.5.1 by decomposing the operator DY as done
in the proof of Theorem 1.3.1. Thus, we have shown that for the system of equation (5.31),
the Fredholm alternative holds. The numerical analysis can then be derived to obtain some
estimations, but it is left as a perspective for now.

5.6 Numerical results

To implement the method, we use the same ingredients of discretization as done in Chapter
1. Thus, we have 3 discretization parameters: T, T, and h, as well as quadrature formulae to
evaluate the Fourier integrals.

Validation of the half-space representation based on the complex-scaled traces

The first thing we would like to verify is the validity zone in a half-space depending on 6. To
show this, we consider the half-space Q° and take the data

1
gogr’e(t) = ¢ (a,a + te?) = ZZHél)(w\/az + (a + te?)?) t € [a,T],
1
(1) = @0 (a,—a — te”) = T HY (/e + (—a - te?)?) tea,1)
1
1
’(a,t) = EHO(I)@J\/ a? +t2) t € (—a,a).

where Hél) denotes the zeroth Hankel function of the first kind. We take three values of 6 €

(0.2, 7} and compute () ,) + P2 (2) () + P(o") ,0) in Dy = [, ] x [0,
by using Formulae (5.18), (5.21), and (5.3) respectively. We take w = 1,a = 2.5,b = 8. The
simulation is obtained by using P1 finite elements with 7" = 10, 7' = 10, h = 0.1, and a 3rd
order Gauss quadrature with 1000 intervals.

For 6 = 0, we obtain the usual (not complexified) representation and it is valid in the whole
Q. For 0 = = and %, the representations are only valid in Q°(6), given in (5.23). As 6 increases,

the validity zone becomes smaller, as expected.
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Figure 5.8: Reconstruction of the solution in Q° given the complexified trace of the Hankel

function with (a) # = 0° (not complexified), (b) 0 = g, (c) 8= %

Qualitative validation of the half-space matching formulation

Now we consider the whole domain R? with a square O = [~2.5,2.5]? and we impose
1
g= 4—Hél)(w7‘) on 00.
7

On Figure 5.9 we represent on the interval (—7,T) the real and imaginary parts of the exact
solution ™’ (blue line) and of the computed solution go%’eh (red dots). We get an L? relative

error of 0.23%.

Real part of the solution Imaginary part of the solution

Re(phi0)

Figure 5.9: The real (left) part and the imaginary (right) part of the computed solution go%eh

(red points) and the exact solution (blue line) on X°.

For the reconstruction, we define the reconstruction zone as
Q;—?ec = {(xj’ y])| xj € [a7TR€C]7 |yJ| S xj}’ j S {07 17 27 3}
QRec = U Qg%em

j€{0,1,2,3}
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where we take a = 2.5 and Tr.. = 8. We obtain an Lz(Q Rrec) Telative error of 0.32%.

10

Figure 5.10: On the left: the real part of the reconstructed solution in Q% . U Q... On the
right: the real part of the reconstructed solution in Qg

Remark that to obtain a complex-scaled trace that decays exponentially as fast as possible,
one might want to take 6 = /2. However, if we use § = /2 for all 4 traces, we would not be
able to reconstruct the solution in the whole plane. The complex-scaled trace with fastest decay
that still ensures the reconstruction of the solution in the whole plane is therefore obtained for
0 =m/4.

Influence of the length of the lines (parameter 7)

We will only trace the error based on the length because it is the only parameter affected by

the complex scaling. We consider different values of 6 € {0, %, %, g} and fix other parameters
to h = 0.025, T = 30, and 3rd order Gauss quadrature with 3000 intervals.

—1.9 %
—-1.5 ¢
—92
24 M\B\E\B-E
Y o 0= 5 2
s a0 =7/6 E 0.5
g 4l = f=n/4| 2 —22 ;
=0 =m/3
—35 —23 ¢
—4 : : : : : > —24 ; ‘ ‘ ‘ >
3 4 5 6 7 8 0.5 0.75 1 125 15 L7
T log,o T

Figure 5.11: Influence of the length of the lines T for (a) various values of # in log — lin scale
and (b) for 8 =0 in log — log scale.

In Figure 5.11 we represent log (ngo,e — goggehH) as a function of T'. The errors ||900’0 — goOT:9h||
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decay exponentially, depending on # with the following behavior

1
“300’0 0 Qogeh 0” - ﬁa
- 0,0=7/6 _0.
||900’0 /6 Wﬁh m/ ” — ¢ 047T7
(p00=n/4 — ght=rli| = ot
ngo,ezw/s . SOOT’?:W/3|‘ _ e—o.ﬁsT7

before finally becoming constant due to the other discretization parameters. We expect that the

error decays as

0,0 T51n9

||SO SDThH _Ce

but the results that we obtain is not as good, especially when 6 increases.

5.7 Extension cases

5.7.1 Complex scaling from an arbitrary point

The formula Pﬂ’e(gpi’e) derived in Section 5.3 is obtained by changing the integration path from
[a, +00) to e?[a, +00) starting from the corner of the square (a,a). The complex scaling can
actually be done from an arbitrary point, meaning that we can change the integration path
starting from (a, c) where ¢ > a, leaving the segment from (a,a) to (a,c) as it is. Figure 5.12
illustrates the difference between the change of integration path from the original formulation
with the one done from an arbitrary point.

Im(y’) Im(y')

Figure 5.12: On the left: the change of the integration path starting from the point (a,a). On
the right: the integration path is left unchanged from (a,a) to (a,c) and then the integration
path is changed starting from the point (a, ¢).

Deriving the half-space formula for this arbitrary point (a,c), we define an operator
Pﬁﬁ( / / ey dy'e 1/ w? &2(w*a)elfyd§
¢ 27r

2 / / (c+ se? e letse?) g eV WL w—a) by g ¢ (5.37)
T
2 /+ /+ c+ S€ —zne”g(c-‘,-sele)ds 61\/w2—n2e*219(m—a)eme”eydn‘

T JR R
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We have
P (%) (@,y) = PYoY) (x,y) in Q. (0), (5.38)

where

Q% .(0) :={(z,y) € Q°,x —a > tan(d) (y — o)} (5.39)

Similar formulae can be obtained for @970 by using the operator S defined in (5.20) such
that we have

PO ) (x,y) = Pra(ee) (@, —y) Yz, —y) € Q5 .(0). (5.40)

Finally, we have also

P05 + ¢ + ¢") (@, y) = PYoUOY) (2, y) + PYoEY%) (2, —y) + P°(°) (2, y), for (z,y) 6( QS(?),
5.41

where
QY0) :={(z,y) € Q2 —a>tan(d) (y — c) and z — a < tan(f) (y + ) }.

This validity zone is illustrated in Figure 5.13.

Figure 5.13: The validity region of Formula (5.22).

In Figure 5.14, we show the different validity zone for ¢ = a = 2.5 and ¢ = 4 for the same
0 = % It is clear that the validity zone for ¢ = 4 is bigger than the one for ¢ = 2.5.

5.7.2 Anisotropic case

We consider now the anisotropic problem

—V - (AVp) —w?p =0 in Q,

42
p =g on 00, (542)
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Figure 5.14: Reconstruction of the solution in Q° given the complexified trace of the Hankel
function with # = 7/6 and (a) ¢ = 2.5, (b) ¢ = 4.

where A is a 2 X 2 matrix is given by

A= (?; g), where o, f > 0 and det A > 0.

The HSM method for anisotropic dissipative case is derived in detail in [19, 68]. For the
anisotropic non-dissipative case, we need to use the complex-scaled HSM method. As before,
first we consider the following half-space problem in ¢

V- (AVP)) + w?P? =0 in &,
: . : (5.43)
P’ =y’ on Y.
By using the Fourier transform, the solution can be expressed in terms of the trace:
Pz ) = _/ 5 (&)’ Q)@ —a) ey’ g ¢ 5.44
(=,1) MRMS)B et dg (5.44)
where the values of 7/ are defined as:
—&y +4/d
) =r?= 3 1o with d(§) = w?a — 3 det A,
3 ) ds(€) 49
+
rl=p3= ST VERE) with do(€) = w?B — 2 det A,

B

with the convention Imy/d(§) > 0,k € {1,2}. As before, we consider only the expressions for

go?r, the ones for the other traces can be derived in a similar manner. We have the following
representation

1 . —1€az+iy/w2a1—£2 det A ma__a 2
Py = 7= / 20l )5 e (5.46)

This integral can be split into 2 parts depending on the sign of &

1 —1€az+iy/w?a1 —£2 det A) ZTTeZ§yd£

P y) = = [ A o
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2 2det A |Z
L e T
R+

By using Lemma 5.2.1, since R~ C C_ ,, we can replace the first line of the formula by

w,0

AOG 5610 ( waztiy/w2a1— §2detA) Za“ ’5yd§

\/%

To complexify the trace in the second line (for £ € RY), as R ¢ C,, 0> 1t 1s necessary again
to change the path of integration from R™ to a line included in Chlp We have the following
lemma which is analog to Lemma 5.3.1.

Lemma 5.7.1. For 0 € (0,7/2), we have

R wagtiy/w?a;—E2det A ) =2
/wso‘i(ﬁ)( oV ERA) G g

—10 —2160det A | z—a
—me ™" a3+1\/w a;—nZe=2 ) —a0(,
a1 gme™ "y a)d77

R+
for all (z,y) in Q5.(0, A) := {(m,y) € Q°, (\/detACOSQ + a3 sin 9) (x —a) > a;sinf(y — a)}.

The proof of this lemma is based on the same reasoning as the one for Lemma 5.3.1. Summing
up, we have proved that

P2 (a,y) = PL(4) (a,y), for (z.y) € Q0.(6, A),

where we have set

0
[ s LT

e
Vp € LQ(R+)7 P—Eﬂ(@)(‘r?y) = \/% -

—20 2 210det A | z—a
£0,0 ( me~Yaz+iy/w?a;—n2e~ ) —10(y,_
( ) e \/ ar e (y a)dn.

1
_l’_ [
V21 JR+ Pt

(5.47)
In particular, the half-line X! is included in Q9 (A, 6) if
Vdet A Vdet A
tanf > — ¢ for as > 0 or tanf < — ¢ for as < 0. (5.48)

a3 as

In order to recover a certain symmetry in £, we can again change the path of integration of
the Fourier variable from R~ to e R~ but this will reduce again the domain of validity of the
expression. Indeed, we can show that

PO(%)(x,y) = PY2(0%0) (2, y), for (z,y) € QL_(0, A),

where

1 me—"0azt1r/w2as —n2e—20 det A .
\V/QO c LQ(R+)7 P.E’f(@) — \/%/R@g,@(n) 6( ul 3+ \/ 1—1N ) a 6 G(y_a)dn7
(5.49)

with

Q) _(0,A) == {(z,y) € Q°.(0, A), (vdetAc080 — azsin 0) (x —a) > —aysinf(y —a)}.
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In particular, the half-line ¥! is included in QY _ (0, A) if the same condition (5.48) is satisfied.

The integral operators are obtained in the same manner. However, due to the anisotropy,
the operators are a priori different for each j € {0, 1,2, 3}.

For example, the function P°(¢") coincides with P2’ (¢}?) on ' < Q°(0, A) which is

—120 2 210 det A | z—a
( me a3+z\/w al— 77 e~ ) a1 ne

—120 —a
P22 (%) e =gy,

\/_/Aoe

This function is analytic with respect to x in the complex neighborhood of X! . We define an
integral operator

me 10a3+z\/w2a1 —n e—219detA> _t

“idp,t € RY, (5.50)

vy € LX(RY), DYV y(t) = ¥(n) (-

#l-
S—

and with this operator we have
DY 00 (t) = PYP (%) (a+te?,a), VteR*. (5.51)

We define all operators D*/*! for all j € {0,1,2,3} in a similar manner.

Similarly, we define an integral operator

( was+iy/w2al —&£2 detA) o _Zgadg

Vo e LAHRT), D" (1) V_

0,0 6 —me~"Pag+iy/wa1—n 6*2’9““‘) at g —2ume W,

“ 7o e d"'
(5.52)
and with this operator we have
DY 00 (1) = PYP (%) (a + e, —a), VteRY. (5.53)

Again, we define all operators D= for all j € {0','1, 2, 3} in a similar manner. We also define
the operators DY/ for all j € {0,1,2,3} from PWE (/) (a +te?, +a).

Finally, we have a system of equation

S0]—19 Dij+1’9(g0¢6)+D@j+179(§0 )—i—Dj]—He(gj)’

J>
g . T | 5.54
P = DY) + DY TV () + DTG, j € Z/4Z. oo

To simulate the method, we take

with the source term
1
g= zH(wr) on 00,

and 0 = 7/6. In Figure 5.15 (left), we represent the real part of P°(¢*?) in Q% .. Notice that
the validity region is no longer symmetric due to the anisotropy. In Figure 5.15 (right), we
represent the real part of P°(p™?) in Qpee.
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Figure 5.15: On the left: the real part of the reconstructed solution in Q%__ given the complexified
trace of the Hankel function with § = 7/6. On the right: the real part of the reconstructed
solution in Qpee.



Perspectives

In this thesis we have studied and implemented the Half-Space Matching Method to solve
scattering problems both in 2D and 3D, for acoustic and elastic waves. Some analyses have
been done to answer several theoretical questions concerning the method. Let us now present
some natural extensions of our work, and several interesting questions that could be considered.

In Chapter 1, the numerical analysis of the HSM formulation for an exterior problem with a
general (Robin) boundary condition is almost complete. Error estimates for the discretization
parameters (truncation in Fourier integrals T, truncation in the physical domain 7" and the
discretization step h) were also derived. However, one aspect of the discretization i.e. the
quadrature formula was not addressed in the chapter and would be interesting to take into
account to complete the analysis. In addition, it would be interesting to do the numerical analysis
of the complex-scaled HSM formulation, in order to prove that we re-obtain the exponential
decay with respect to T', as observed in the simulations. It seems that the analysis in Chapter 1
extends to the complex-scaled HSM formulation without new difficulties, but it is to be verified.

The extension of the method to the 3D elastic plate was addressed in Chapter 3. Due
to time limitation, we were only able to show some numerical results in the isotropic case.
However, the method developed in this chapter is actually applicable to the anisotropic case.
The only additional cost compared to the isotropic case is that the modes in the strips have to
be computed for all Fourier variable &, while in the isotropic case it is enough to compute the
mode for £ = 0 and then apply a simple rotation formula to obtain the modes for other £ € R.
This simulation will be implemented in the near future.

Motivated by the HSM formulation in the 3D elastic plate, in Chapter 4 we have started a
theoretical analysis of the multi-unknown HSM formulation involving the traces and normal
traces of the solution. We have shown that the variational formulation for this method is very
different from the standard HSM formulation, and the proof for equivalence with the original
problem brought us to consider an analytic continuation in an unusual Riemann-surface-like
domain. The next step is then to establish a stability result. The difficulty is that the formulation
is not in an L? framework, but rather in HY? and H /2. Furthermore, the test functions are
taken not in the same spaces as the unknowns. Thus, this question is still open.

Also in Chapter 4, multi-unknown formulations involving integral representations with
Green’s functions were developed. In the end, we showed an application of this formulation for
a scattering problem in a “half-plane” bordered by a stair boundary. However, to simplify the
formulation, we only considered a particular incident wave which vanishes on the exterior of the
bounded domain, achieved by tuning the height of the stair. In general, the definition of the
incident field is more intricate. The difficulty comes from the fact that the reflected field (the
reflection of the plane wave by the boundary X)) is a priori different for ©* and ¥~ (see Figure
5.16). Thus, by taking the subdomains Q' and 7 as illustrated in Figure 5.16, the incident
field can be defined differently in each subdomain

pgnc = Dplane +p£ef, in Qj,j € {1, 2}

147
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EJr
n- /
> S
/%/ K @ DPplane p%ef

Pplane pqlnef 02

El

Figure 5.16: Scattering problem in a "half-plane" bordered with a stair-like curve.

These different reflected field should also be considered in the compatibility relation.

There are also several extensions of the HSM formulation that were not discussed in the
thesis but are interesting to consider:

1. Multiple scattering

In the case where there are several defects far from each other in the inspected piece,
englobing all the defects and taking a Finite Element representation would be expensive.
It is more advantageous to consider several Finite Element boxes, one around each obstacle
(see [36, 37]), and then establish the HSM formulation on strips around each obstacle.
Figure 5.17 illustrates the configuration of the domain for 2 Finite Element boxes and 8
strips, 4 for each box. We can consider an iterative method where the scattered field from
one obstacle in an iteration becomes the incident field for the other obstacles for the next
iteration for the concerned half-plate.

Figure 5.17: Multiple scattering configuration.

2. Scattering in a finite plate

The HSM formulation considers an infinite plate so that we do not have the interaction
between the defects and the border of the plate. The evident extension of the method is
then to consider a scattering problem in a finite plate with localized defects. Concurrently
in CEA, J. Barras is working on a pencil method to consider the radiation problem in a
finite healthy (without defect) plate [11, 65, 66]. By combining the pencil method and the
HSM method, we could consider a scattering problem with localized defects in a finite
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plate. This method works well in treating straight borders where reflection coefficients are
explicitly known as the function of the incidence angle. The idea is then to use the HSM
Method to transfer the information of the localized defect to similar quantities.

3. The scattering problem in 3D space.

Finally, the extension of the method to treat the scattering problem in 3D (infinite in
the 3 directions) with localized obstacles is also interesting to analyze. In this case, the
domain will be decomposed into a Finite Element cube and 6 overlapping half-spaces
where the unknowns live on planes that coincide with the faces of the cube instead of
lines. Surprisingly, in that case, we have many possible compatibility relations that we can
impose because the number of edges (12) is greater that the number of faces (6). We have
some arbitrary choice to take, which induces some loss of symmetry in the formulation.
The analysis of this method seems immediate, but it is to be verified. This extension
might also be used to treat a diffraction by quarter plane [5, 6].

>t

Py Zy,-i-

z,+
y Y

T

Figure 5.18: Overlapping zones of the half-spaces for the HSM method for 3D case
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Appendix A

Proof of Lemma 1.3.5

Let us remind the definition of the operator Ly. For all ¢ € L*(X°), we consider the problem
—Av=0 inQ°,

ov 0 (A1)
Baix = ¢ on Y.

This problem has a unique solution v in the following weighted Sobolev space (see for instance
[52, Chap. 6]):

{u e 12, ()

The operator Ly is defined as

Tgl/gu € L3(QY), \};VU € L?(QO)} |

Ly : L*(X%) — LA(Z'nQY),

0
Lyy :=p @U(i/f)

z1nQo
We want to show in this appendix that

1. The operator Ly is continuous from L*(¥") in L*(X!' N Q") and its norm is bounded by 1;
2. 3C € (07 1)7 Vﬂ) S LQ(ZO)’ ”LNX(Q(T,—%OO)#}“ < O’|X(aar,+oo)¢|| ;
3. LNX(—o0,q;) 18 & compact operator from L*(X°%) in L2 (=1 N Q).

Let us begin the proof which is based on Mellin techniques.

1. Denoting (r,#) the polar coordinates (the center is the intersection point between X° and
(X' N Q%) defined by

r= (@ =192+ (y—ag)? € (0, +00),

+ A.2)
7r y — ag (
0= 5 arctan( T ) € (0,7).

We introduce the function w defined for almost everywhere (¢,0) € B = R x (0,7) by
w(t,d) = v(x,y) where t = Inr and (r,0) is defined in (A.2). It is the solution of
—At,gw =0 in B,
ow
52%1,0) = w(t) = Ul + i), (A3
aalg(t,ﬂ) = e(t) == e'p(—e" +af).
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APPENDIX A. PROOF OF LEMMA 1.3.5
We can show by a simple change of variable that
YpelX(2Y) = tee VY, € LAR) and t— e Y%, € LAR), (A.4)

and

a

= ¥l g poey a0

vy = Wiy (A)

It is possible to compute explicitly w by applying the Fourier-Laplace transform which is
defined as

i(\) = [Mea(\) == / e~ Mu(t)dt. (A.6)

R

It is an isomorphism between {u, e"u € L*(R)} and L*(I_,) where [_, = {\ = —y+is,s €
R}, for all v € R and we have the Plancherel formula

1
2 2 o ~ 2 X2
/Re M (t)[2dt = 27”/[ A PAN = ]2 - (A7)

Y

We have in particular thanks to (A.4-A.5)

A Po(A) € L2 (L), ollzeq, ) = 191l L2 (0t 1-00):

. ) . (A.8)
A= be(N) € Lo(liy2), |Ww||L2(zl/2) = ”wHLQ(foo,aaL)

Applying the Fourier-Laplace transform to w, we have w(e,0) = My \w(e, ) which
satistifes

0%
2 7 _— —
—A\“w(A, 0) a92()\ 0) =0, vaeC
ow -
5%<)‘7 O) - wO()\)7
ow v
_6%<>‘7 7T> - 77Z)7r()‘>)
and we can easily find the solution of this equation. We obtain for A ¢ 7Z
. _cos(A(m —0)) - cos(N0) -~

which, for A ¢ Z, leads to

BI2O0) = AT~ 6)0(N) — A6 (),
where n(\0)
A9) = sin(Am)

Moreover, we can show that for all § € (0,7),s — |A(1/2+1s,0)] is in L*(R) and its
supremum is attained at s = 0 and it is equal to sin(6/2). Using the Cauchy Schwartz
inequality (ab+ cd)? < (a® + ¢*)(b* + d*), we have then, for all 6 € (0, 7)

2
v . v 2
—7 (X, 0) < (cos(0/2) [0l 2 ) — 5in(0/2) [0l 22, )

L2(1y2)

< (I1oll32q, ) + 18sl1320,,0) = 19132050y
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The last inequality for # = 6%, after the change of variable r = €', yields to

o e (X' N Q)
Ox ¥1nQo
and 5
v
oo < Illaceny (A9)
SINQOIIL2(21 N Qo)

We have shown that the operator Ly is continuous from L?(X°) to L*(X' N Q) and its
norm is bounded by 1.

2. The norm of LyX(a0,100) can be deduced from the previous computation by taking
w(_oo’aar) = 0 or equivalently ¢, = 0. We get for all § € (0,7)

ow

< cos(0/2) [0 (Nl 220, 2) = €08(0/2)[0[] 2 a1 o0 (A.10)
L2(ly2)

from where we conclude that the norm of the operator LyX (40 1o0) is bounded by cos(6""/2).

3. Finally let us consider the previous computation with ¢» = 0 on (a, , +00). This corresponds
to take 1o = 0 and 1, = e" 1 (—e’ + ag). Since 1 vanishes on (ay,+00), we have e ¢,
is in L*(R) for any v > 1 and so, by (A.7), ¢ is in L2(l,) for all v > 1. The previous
computation yields to

AL BT 0 = —A 0N,

We can show that
Vy>1,7¢N, sup AA(X6%") < +oo,

Ael,

which enables us to deduce that

Vy>1, v¢ N, )\aalg()\,&o’l) e L*(l,).

By applying inverse Laplace-Fourier transform, we have then

2~
Vy>1, v¢N, e_"’t;;;(t,&o’l) € L*(R),

and by change of variable,

Lo

1 —v+3/2 .
Vy>1,v¢N, r 0 <T89

(r, 90’1)> € L*(RY).
If we choose v = 3/2, the operator LNX(—00:) € H*(0, +00). By compact embedding of
H'(0,b) in L*(0,b) for any b > 0, we show that x (o) Ly X(—soag) 18 compact. It suffices

to use similar argument as in the proof of Lemma 1.3.3 to show that x4 4o0) Ly X(
is a Hilbert-Schmidt operator.

—00,a4 )

Let us now give other properties of Ly which will be useful for the numerical analysis (see
Section 1.4). We remind the definition of the symmetric and anti-symmetric operators, defined
in the proof of Lemma 1.4.3, S and A € £L(L*(R))

(¥(y) — ¥ (2a5 —y))

N | —

Vo€ LAR), Suly) =3 (b) +0Caf —y), and Av(y) =
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We remind that S+ A =1Id. , S? =S5, A>= A, ||S|| <1, |A|| <1 and for any ¢ € L*(R) such
that 1 _ .y = 0, we have

1
HSwHLQ(R) = ’|A¢“L2(R) = ﬁ HwHLQ(R)' (A.11)

Let us now study the norm of Ly St and Ly A for any ¢ € L*(R). By reproducing the
previous calculations, we have easily that, writing (Sv) = (S¢),

||LN S¢|’L2(Elﬂ§20) < sup ‘A<)\7 = 9071) - A()\7 90?1)‘ HSwHL?(a,—i-oo)

)\Ell/g

where we remind that

sin(\0)
sin(Ar)’

We can show that the supremum is attained at A = 1/2 and then

VO € (0,m), VAE Z, A(N0) =

sup |A(\, 7 — 0°1) — A(\, 0°1)] = |cos(6°!/2) — sin(6°' /2)].
)\€l1/2

Using that V2 ||S¢||L2(a,+oo) = ||S¢||L2(]R) < ||¢||L2(R)7 we obtain

cos(0%1/2) — sin(6%' /2

Similarly, we get

cos(6%'/2) + sin (6% /2)

Moreover, let us remark, that gathering these inequalities, we obtain an inequality which
comparing to (A.9), is not optimal :

| L ¢||L2(zl naoy = | L S¢||L2(zl mQO)"’”LN A¢||L2(El naoy = ﬁmaX(COS(eo’l/Q)a sin(6/2)) ||¢||L2(R) .
(A.14)
Moreover, for 1) € L*(R) such that w(—oo,aa') = 0, using (A.11), we obtain

HLN ¢HL2(21 nQo) < HLNS“ HSwHLQ(R) + HLNAH HAwHLQ(R) < HwHLQ(R)

where

C' = max(cos(6°! /2),sin(6™/2)) € (0,1).

This result is then not optimal for #%! € (0,7/2) (compared to (A.10)) but the constant C’,
obtained that way, is still in (0, 1).
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Optimization of the quadrature
formula

This is a joint work with Stéphanie Chaillat from POEMS.

We are interested in computing some integrals that appear in our integral operators. In the
2D isotropic scalar case, we have two discretized operators (up to symmetry)

1 / / /
DY (W)(@y) = o [ ¢) kole,y') dy'
T8 (B.1)
]' / / / .
A () = 5- [ ) k. y) dy
with the kernels A
T !
kpla,y) = [ eV elagdaig,
- (B.2)

T
ka(y, y’) = / R Z\/w2 — 5261\/w2—52(b—a)elé(y—y’)df'
-7
Here, we suppose that w, a, and b are fixed.

To compute these kernels numerically, we are looking for a quadrature rule (&, w;)1<j<,
such that

Vo € la,T) and ¢ € [-T,T], |kp — Zw].elx/WQ—E?(x—a)elfj(a—y’) <e
j=1

(B.3)

<e

Vy € [=b,b] and y' € [-T,T], |ka — > wjz\/uﬂ — 5]2-31\/“2_5?(1’_“)6’51(9’?/)
=1

for a given tolerance e.

The kernel kp (and also kp) can be written as a linear combination of the real part and the
imaginary part of its integrand

T ) + ,
kD(x7y/) - /TRe (61\/w2—§2($—a)el§(a—y )>d§ + l/_:ﬁ Im (e“/wz_g(z_a)ezg(a—y )>d§.

Thus, we can write more generally that we compute numerically a set of L integrals
T
L(P)= [ fi&P)dg, Cef{12.. L},PeP (B.4)
—7
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where P is a set of parameters and (f);<s<y are real-valued square integrable functions which
are chosen such that the kernels of the integral operators in the HSM formulations are linear
combinations of them (in our case, L = 4). The parameters in our case are (z,y,y’), obtained
from the sampled points from the spatial discretization. Depending on the discretization, we
might have a large number K of parameters sampling P. To give an approximation of the size
of the problem, if we use T" = 10 and a discretization step h = 0.1, we will have thousands set of
parameters. We define a large collection of m = K L input functions £ — ¢;(£),1 < i < m with

(&) = fu(&; P;), for some k and [.

The objective is then to obtain a quadrature rule that accurately integrates these input functions
(i) 1<izm.

Standard choice of quadrature to compute the Fourier integrals used in this thesis is the
Gauss-Lagrange quadrature. To get a certain degree of accuracy, we have at least 2 naive
methods: we can either apply a higher order Gauss-Lagrange quadrature or we divide the
segment in many smaller segments and apply a lower order (for example 3) quadrature. However,
the quadrature obtained by these methods are redundant: we could obtain a quadrature with
far less points with the same accuracy. We use the Generalized Gaussian quadrature (GCQ)
developed in detail in [20, 22] to obtain the optimal quadrature by doing the following steps:

1. compute an oversized quadrature rule (ék, Wy )1<k<p that integrates accurately all products
of input functions (¢;)i1<i<m,

2. find a (low) numerical rank r of the set of input functions and compress them to r
L*-orthonormal functions (u;)1<i<,,

3. construct an r-point quadrature rule (&, wg)1<k<, that achieves the same accuracy as
Step 1.

Step 1: adaptive construction of an oversized quadrature

We construct an oversized quadrature (ék, Wy )1<k<p to integrate all products of input functions
with precision €;

[ o@0ens - 3 dion@on)| < (B9

This quadrature (ék,ﬁ)k)lgkgp is obtained iteratively. For each ¢;, we construct an order-I
Gauss-Legendre expansion

l
=)

where P,(§) is the n-th Legendre polynomial. This parameter [ should be large enough to
capture the singularities, but small enough for the algorithm to be efficient. This expansion is
compared to 2[-nodes expansion, and if the difference is larger than the given tolerance €; (based
on the L?-norm of the difference between order-I and order 2[), we split the integration interval
into two subintervals of equal length and use order-/ expansion in each subintervals. This process
is repeated until the difference is less than the tolerance €; or it reaches the maximum number
of subdivision (we set it to 30). Finally, we gather all nodes for all ¢; into a single list and
construct a quadrature formula by concatenating the [-points quadrature in each interval. The
size of the quadrature p is usually large due to the poor performance of classical quadratures in
integrating singular and oscillatory functions.
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Algorithm B.1 Construction of the oversized quadrature rule

1: Input: m input functions ¢1, ..., ¢y, defined on the interval [—7", T, precision e;, and order
[ of the piecewise Legendre expansion
2: fori=1,....m
3: Construct 2/ Legendre nodes &, . . ., &y on [T, T7.
4: Compute the coefficients ayg, ..., ag_1.
201
5: if > o’ <€
=l
6: ’ The order-I Legendre expansion of ¢; is sufficient
7: else
8: Split the interval into two subintervals of equal length
9: Repeat the procedure until convergence or the interval is too small

10: end if

11: Store the endpoints of each interval

12: end for

13: Gather all the endpoints into a single list and eliminate repeated values
14: Concatenate the [—points Legendre quadratures on each subinterval

15: OQutput: p-point quadrature rule (éi,wi)lgigp

Step 2: compression of the input functions to rank r

Up to this point, we have obtained an accurate quadrature rule but it is unacceptably large.
This quadrature rule can be reduced by observing that the values gbz(ék) of the input functions
sampled at the p nodes ék are highly redundant. To show this, we first define the numerical
rank of a matrix. If X is a n x m matrix, we call the smallest nonnegative integer k such that
the singular value oy41(X) < € the numerical rank of X to precision e. We define a matrix as

AER™, Ay =iy $i(&). (B.6)
This matrix A has a numerical rank r which is much smaller than both p and m. Thus, we build
an orthonormal basis uq,...,u, by applying a rank-revealing ()R decomposition to a certain
precision:
|A—QR| < .
Therefore, the initial large set of input functions ¢y, ..., ¢,, is compressed into the smaller set
ug, ..., u, of functions sampled at the Legendre nodes &, ..., ¢,
(&) = Qu/Vibi, (1<i<p 1<j<r). (B.7)

Algorithm B.2 Compression of the input functions to a set of orthogonal functions of rank r

1: Input: m input functions ¢r, . .., ¢, sampled at & (1 <k < p), p point quadrature rule
(éi, W;)1<i<p, and precision e,

2: Compute the matrix A € RP*™ defined by (B.6).

3: Compute the rank-revealing () R decomposition to precision €5 of A

4: Construct the r orthonormal functions wy, ..., u, defined by their values, as given by (B.7)

5. Output: orthonormal functions i, ...,u, sampled at the Legendre nodes &, . .. ,Ep
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Step 3: construction of a r-point quadrature rule

As the last step, we are looking for an r-point quadrature rule (§;, w;)1<i<, that accurately
integrates the r orthonormal functions (u;)i<;<, that we have obtained from the previous step.
It consists in finding the minimum norm solution Z € R? of the underdetermined system of
equations

BZ =8, (B.8)
with the matrix B € R"™? and the vector S € R" given by
By, := \J iy wi(&) 1<i<r1<k<p),

G 2 B.9
Z:l”i(fk)@k %/_Tuz-(é)df (1<i<r) (B.9)

SZ'Z

Again, we construct a rank-revealing () R decomposition
BIT = Q[Rll R12]>

where Q € R™" orthogonal, Ry; € R™", Ry, € R™®™) and II € RP*? a permutation. The
permutation I is to sort the absolute value of the diagonal elements of R;; in descending order
to obtain more numerical stability. We then obtain the vector Z from

RuZ =Q*S

by back substitution. We define the nodes and weights on the basis of the r non-zero entries
Ziyse-oy Ly, of Z by
Sk = &y, and wy, = Z;, W,

where i3 denotes the row index of the non zero entry in the k-th column of II. This r-point
quadrature rule also accurately integrates the input functions (¢;)1<i<m-

Algorithm B.3 Construction of an r-point quadrature rule

Input: r orthogonal functions (u;);<i<, and p-point quadrature rule (fk, Wi )1<k<p
Construct the matrix B and vector R as defined by (B.9)

Construct the rank-revealing QR decomposition: BIl = Q[Ry1 Ri2]

Compute the solution Z € R" of Ry Z = Q*r using backsubstitution

Form the new r-point quadrature (&, wg)1<k<, by setting & = ék and wy, = Z;, W;,, with iy,
the row index of the non zero entry in the k-th column of II

6: Output: r-point quadrature rule (&, w;)a<j<r)-

Applying this method to the 2D scalar case with w =1,a =1,T7 = 10,h = 0.1, and T= 10,
we usually use a quadrature formula with 3000 nodes. By using this method, we obtain a
quadrature formula with only 140 points and we obtain the same accuracy.

As for the 3D isotropic elastic plate case, there are many more kernels compared to the 2D
scalar case, and each kernel produces a 3 x 3 matrices. The kernels of the operators are the
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following:

kpp(z,z T z )@Z/{Jr(g )eﬁﬁ(é)(m*a)elﬁ(a*y’)dg’

kpn(z, 2,y 2") )®u+(§ )GZB;T(E)(ﬂc—a)615(0»—11’)(1§7

L) @ Tt (& 2B (€)er ©@—a) b=y qe

knp(x, 2,y 2")

(=& 2) @ T (€ z)zﬁ*(f)elf‘ﬁ(é)(x*a)elé(a*y’)dg’

knn(z, 2,9, 2")

-1}
=/
[}
[
bl = [
[
[
-

2) @ T (& 2) (€) e O rr=ge

kan(y, 2,y %) 2 @ TiH (€ 208 (€)erfn ©b-a) gty g¢

krp(y, 2,9, 2') 1 2") @ TiF (& 218 () vde,

ken (v, 2,1/, ) 2) @ TeH (& 2B (e v dg,

i Mz ||Mz ||M2 i Mz HMZ ||M2 i Mz i Mz

where (Uy(€), Tr(€), Br(€) are obtained from (U (0), T.5(0), 8:(0)) by Proposition 3.3.2. Thus,
from each kernel, we obtain 9N integrals where N denotes the number of modes taken into
account. If we only take the first 5 modes, there are 360 integrals in total, compared to 2
integrals for the isotropic 2D case. Applying CGQ to this case with T = 13.85, we obtain a
quadrature of 233 nodes which is much less than the usual Gauss-Lagrange quadrature that we
used.



162 APPENDIX B. OPTIMIZATION OF THE QUADRATURE FORMULA



Bibliography

1]
2]

3]

[10]

[11]

[12]

[13]

R. Adams and J. Fournier. Sobolev Spaces. Number 9780080541297. Elsevier Science, 2003.

D. Amos. A subroutine package for bessel functions of a complex argument and nonnegative
order. Technical report, Sandia National Laboratory, 1985.

X. Antoine, H. Barucq, and A. Bendali. Bayliss-turkel-like radiation condition on surfaces
of arbitrary shape. Journal of Mathematical Analysis and Applications, Elsevier, 229(1):184—
211, 1999.

T. Apel, S. Nicaise, and J. Pfefferer. Discretization of the poisson equation with non-smooth
data and emphasis on non convex domains. arXiv, 2015.

R. C. Assier and N. Peake. On the diffraction of acoustic waves by a quarter-plane. Wave
Motion, 49(1):64-82, 2012.

R. C. Assier and A. V. Shanin. Diffraction by a quarter plane. analytical continuation
of spectral functions. The Quarterly Journal of Mechanics and Applied Mathematics,
72(1):51-86, 2019.

K. E. Atkinson. The Numerical Solution of Integral Equations of The Second Kind.
Cambridge University Press, 1997.

D. Aubry and D. Clouteau. A regularized boundary element method for stratified media.
Mathematical and numerical aspects of wave propagation phenomena Proc. 1st International
Conference, pages 660-668, 1991.

V. Baronian. Couplage des méthodes modale et éléments finis pour la diffraction des ondes
élastiques guidées. PhD thesis, Ecole Polytechnique, 2009.

V. Baronian, A.-S. Bonnet-BenDhia, S. Fliss, and A. Tonnoir. Iterative methods for
scattering problems in isotropic and anisotropic elastic waveguides. Wave Motion, 64:13-33,
2016.

J. Barras, A. Lhémery, and A. Impériale. Pencil method for computing modal guided wave
fields in isotropic finite plates validated by a transient spectral finite element method. to be
submitted.

I. Bartoli, A. Marzani, F. L. di Scalea, and E. Viola. Modeling wave propagation in damped
waveguides of arbitrary cross-section. Journal of Sound and Vibration, (3-5):685-707,
August 2006.

A. Bayliss and E. Turkel. Radiation boundary conditions for wave-like equations. Commu-
nications on Pure Applied Mathematics, 33(6):707-725, 1988.

163



164

[14]

[15]

[16]

[17]

[18]

2]

[27]

BIBLIOGRAPHY

E. Bécache, S. Fauqueux, and P. Joly. Stability of perfectly matched layers, group velocities
and anisotropic waves. Journal of Computational Physics, 188(2):399-433, 2003.

J.-P. Berenger. A perfectly matched layer for the absorption of electromagnetic waves.
Journal of Computational Physics, 114:185-200, 1994.

C. Besse, J. Coatléven, S. Fliss, I. Lacroix-Violet, and K. Ramdani. Transparent boundary
conditions for locally perturbed infinite hexagonal periodic media. Communications in
Mathematical Sciences, 11(4):907-938, 2013.

M. Bonnet. Boundary integral equations methods in solids and fluids. John Wiley and Sons,
1999.

A.-S. Bonnet-BenDhia, C. Chambeyron, and G. Legendre. On the use of perfectly matched
layers in the presence of long or backward guided elastic waves. Wave Motion, 51(2):266-283,
2014.

A .-S. Bonnet-BenDhia, S. Fliss, and A. Tonnoir. The halfspace matching method: a new
method to solve scattering problem in infinite media. JCAM, 338:44-68, 2018.

J. Bremer, Z. Gimbutas, and V. Rokhlin. A nonlinear optimization procedure for generalized
gaussian quadratures. SIAM Journal on Scientific Computing, 32(4):1761-1788, 2010.

J. M. Brown, E. H. Abramson, and R. J. Angel. Triclinic elastic constants for low albite.
Physics and Chemistry of Minerals, 2006.

S. Chaillat and M. Bonnet. A new fast multipole formulation for the elastodynamic
half-space green’s tensor. Journal of Computational Physics, 258:787-808, 2014.

G. Chandler. Galerkin’s method for boundary integral equations on polygonal domains.
Journal of The Australian Mathematical Society, 26:1-13, 1984.

S. N. Chandler-Wilde and D. C. Hothersall. Efficient calculation of the green function
for acoustic propagation above a homogeneous impedance plane. Journal of Sound and
Vibration, 180(5):705-724, 1995.

S. N. Chandler-Wilde, S. Langdon, and M. Mokgolele. A high frequency boundary el-
ement method for scattering by convex polygons with impedance boundary conditions.
Communications in Computational Physics, 11(2):573-593, 2012.

X. Claeys. Quasi-local multi-trace boundary integral formulations. Numerical Methods
Partial Differential Equations, 31(6):2043-2062, 2015.

X. Claeys and R. Hiptmair. Electromagnetic scattering at composite objects: a novel
multi-trace boundary integral formulation. ESAIM Mathematical Modeling Numerical
Analysis, 46:1421-1445, 2012.

X. Claeys, R. Hiptmair, and C. Jerez-Hanckes. Multi-trace boundary integral equations.
In D. Gruyter, editor, Direct and Inverse Problems in Wave Propagation and Applications,
volume 14, pages 51-100. Radon Series of Computational Applied Mathematics, 2013.

M. Dauge. Elliptic boundary value problems on corner domains: Smoothness and asymp-
totics of solutions. Springer Berlin Heidelberg, 2006.

B. Engquist and A. Majda. Absorbing boundary conditions for the numerical simulation of
waves. Mathematics of Computation, 31(139):629-651, 1977.



BIBLIOGRAPHY 165

[31] S. Fliss. Etude mathématique et numérique de la propagation des ondes dans des milieux
périodiques localement perturbés. PhD thesis, Ecole Polytechnique, 2009.

[32] S. Fliss and P. Joly. Exact boundary conditions for time-harmonic wave propagation in
locally perturbed periodic media. Applied Numerical Mathematics, 59(9):2155-2178, 2009.

[33] M. Gallezot, F. Treyssede, and L. Laguerre. Numerical modelling of wave scattering by
local inhomogeneities in elastic waveguides embedded into infinite media. Journal of Sound
and Vibration, 443:310-327, 2019.

[34] D. Givoli. High-order local non-reflecting boundary conditions: a review. Wave Motion,
39(4):319-326, 2004.

[35] P. Grisvard. Elliptic problems in nonsmooth domains. Society for Industrial and Applied
Mathematics, 69, 2011.

[36] M. J. Grote and C. Kirsch. Dirichlet-to-neumann boundary conditions for multiple scattering
problems. Journal of Computational Physics, 201:630-650, 2004.

[37] M. J. Grote and C. Kirsch. Nonreflecting boundary condition for time-dependent multiple
scattering. Journal of Computational Physics, 221(1):41-62, 2007.

[38] M. Haase. Lectures on functional analysis. Technical report, Delft Institute of Applied
Mathematics, 2012.

[39] T. Hagstrom. Radiation boundary conditions for the numerical simulation of waves. Acta
Numerica, pages 47-106, 1999.

[40] M. Halla, T. Hohage, L. Nannen, and J. Schoberl. Hardy space infinite elements for time
harmonic wave equations with phase and group velocities of different signs. Numerische
Mathematik, 133(1):103-139, 2016.

[41] M. Halla and L. Nannen. Hardy space infinite elements for time-harmonic two-dimensional
elastic waveguide problems. Wave Motion, 59:94-110, 2015.

[42] M. Halla and L. Nannen. An infinite element method treating backward waves in unbounded
elastic plates. In WAVES 2015 Abstract book, 2015.

[43] L. Halpern. Absorbing boundary conditions for the discretization schemes of the one-
dimensional wave equation. Mathematics of Computation, 38(158):415-429, 1982.

[44] R. Hiptmair and C. Jerez-Hanckes. Multiple traces boundary integral formulation for
helmholtz transmission problems. Advances in Computational Mathematics, 2012.

[45] T. Hohage and L. Nannen. Hardy space infinite elements for scattering and resonance
problems. SIAM Journal on Mathematical Analysis, 27:972-996, 2009.

[46] T. Hohage, F. Schmidt, and L. Zschiedrich. Solving time-harmonic scattering problems
based on the pole condition. i: Theory. SIAM Journal on Mathematical Analysis, 35:183-210,
2003.

[47] M. N. Ichchou and J. M. Mencyk. Multi-mode propagation and diffusion in structures
through finite elements. European Journal of Mechanics - A. Solids, 2(5):877-898, 2005.



166

[48]

[49]
[50]
[51]

[52]

[53]

[54]
[55]

[56]
[57]

[58]
[59]
[60]

[61]
[62]

[64]

[65]

[66]

[67]

BIBLIOGRAPHY

M. N. Ichchou, W. J. Zhou, and J. M. Mencyk. Wayve finite element for low and mid-
frequency description of coupled structures with damage. Computational Methods in Applied
Mechanics, 319:335-354, 2009.

T. Kato. Perturbation Theory for Linear Operators. Springer, 1995.
N. Kielbasiewicz and E. Lunéville. User documentation of XLiFE++. POEMS.

S. Kobayashi. Fundamentals of boundary integral equation methods in elastodynamics. In
Topics in Boundary Element Research, volume 2, chapter 1, pages 1-54. Springer, 1985.

V. Kozlov, V. G. Maz’ya, and J. Rossmann. Elliptic boundary value problems in domains
with point singularities. American Mathematical Society, 52, 1997.

H. Lamb. On the flexure of an elastic plate. Proc. London Mathematical Society, 21:70-90,
1889.

H. Lamb. On waves in an elastic plate. Proc. Royal Society London, 93:114-128, 1917.

M. Lenoir and A. Tounsi. The localized finite element method and its application to the
two-dimensional sea-keeping problem. SIAM J. NUMER. ANAL., 25(4), 1988.

W. McLean. Strongly Elliptic Systems and Boundary Integral Equations. CUP, 2000.

J. Ott. Halfspace Matching: a Domain Decomposition Method or Scattering by 2D Open
Waveguides. PhD thesis, Karlsruher Institut fiir Technologie, 2017.

M. Reed and B. Simon. I: Functional Analysis, volume 1. Elsevier, 1980.

D. Royer and E. Dieulesaint. FElastic Waves in Solids I, volume 1. Springer, 2000.

F. Schmidt, T. Hohage, R. Klose, A. Schéidle, and L. Zschiedrich. Pole condition: A
numerical method for helmholtz-type scattering problems with inhomogeneous exterior
domain. Journal of Computational Applied Mathematics, 218(1):61-69, 2008.

L. Schwartz. Analyse hilbertienne. Ecole Polytechnique, 1978.

[. Singer and E. Turkel. A perfectly matched layer for the helmholtz equation in a
semi-infinite strip. Journal of Computational Physics, 201(2):439-465, 2004.

E. A. Skelton, S. D. M. Adams, and R. V. Craster. Guided elastic waves and perfectly
matched layers. Wave Motion, 44:573-592, 2007.

A. Sommerfeld and H. Bethe. Electron theory of metals. In Handbook of Physics, volume 2.
Springer, 1933.

M. Stévenin. Rayonnement des ondes ultrasonores guidées dans une structure mince et
finie, métallique ou composite, en vue de son controle non-destructif. PhD thesis, Université
de Valenciennes et du Hainaut-Cambresis, 2016.

M. Stévenin, A. Lhémery, and S. Grondel. An efficient model to predict guided wave
radiation by finite-sized sources in multilayered anisotropic plates with account of caustics.
Journal of Physics: Conference Series, 684, 2016.

L. Taupin. Modélisation des méthodes ultrasonores de surveillance de structures aéro-
nautiques instrumentées en vue de leur optimisation. PhD thesis, Ecole Polytechnique,
2011.



BIBLIOGRAPHY 167

[68] A. Tonnoir. Transparent conditions for the diffraction of elastic waves in anisotropic media.
PhD thesis, Ecole Polytechnique, 2015.

[69] F. Treyssede. Three-dimensional modeling of elastic guided waves excited by arbitrary
sources in viscoelastic multilayered plates. Wave Motion, 52, 2015.

[70] A. Velichko and P. D. Wilcox. Modeling the excitation of guided waves in generally
anisotropic multilayered media. The Journal of the Acoustical Society of America, 121(1):60—
69, 2007.

[71] C.-Y. Wang and J. Achenbach. Three-dimensional time-harmonic elastodynamic green’s
functions for anisotropic solids. Proc. A, 449:441-458, 1937.



universite

PARIS-SACLAY

Titre : Quelques contributions a ’analyse de la Half-Space Matching Method pour les problémes de
diffraction et son extension aux plaques 3D élastiques

Mots clés : diffraction, conditions aux limites transparentes, opérateurs Fourier intégraux, dilatation
complexe, élastodynamique, modes de Lamb

Résumé : Cette thése porte sur la Half-Space Matching Method qui a été développée pour traiter
certains problémes de diffraction dans des domaines complexes infinis pour lesquels les méthodes
numériques existantes ne s’appliquent pas. En 2D, elle consiste & coupler plusieurs représentations en
ondes planes dans des demi-espaces entourant les obstacles et une représentation éléments finis dans un
domaine borné. Afin d’assurer la compatibilité entre les différentes représentations, les traces de la
solution sont liées par des équations intégrales de Fourier posées sur les frontiéres infinies des
demi-espaces. Dans le cas d’un milieu dissipatif, il a été montré que ce systéme d’équations intégrales est
coercif plus compact dans un cadre L2.

Dans cette thése, nous établissons des estimations d’erreur par rapport aux paramétres de discrétisation
(a la fois pour les variables spatiales et les variables de Fourier). Pour traiter le cas non-dissipatif, nous
proposons une version modifiée de la Half-Space Matching Method, obtenue en appliquant une dilatation
complexe aux inconnues afin de retrouver le cadre L.

Nous étendons ensuite la Half-Space Matching Method aux problémes de diffraction dans une plaque
élastique infinie 3D en vue d’applications au Controle Non Destructif. La difficulté par rapport au cas 2D
vient de la décomposition sur les modes de Lamb utilisée dans les représentations de demi-plaque. La
relation de bi-orthogonalité des modes des Lamb impose de considérer comme inconnues non seulement le
champ de déplacement, mais aussi le champ de contrainte sur les bandes infinies au bord des
demi-plaques. Certaines questions théoriques soulevées par cette formulation multi-inconnues sont
étudiées dans le cas 2D scalaire. Des connexions avec les méthodes intégrales sont aussi abordées dans le
cas ou la fonction de Green est connue, au moins partiellement dans chaque sous-domaine.

Les différentes versions de la méthode ont été mises en oeuvre dans la bibliothéque XLiFE++ et des
résultats numériques sont présentés pour les cas 2D et 3D.
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Abstract : This thesis focuses on the Half-Space Matching Method which was developed to treat some
scattering problems in complex infinite domains, when usual numerical methods are not applicable. In
2D, it consists in coupling several plane-wave representations in half-spaces surrounding the obstacle(s)
with a Finite Element computation of the solution in a bounded domain. To ensure the matching of all
these representations, the traces of the solution are linked by Fourier-integral equations set on the infinite
boundaries of the half-spaces. In the case of a dissipative medium, this system of integral equations was
proved to be coercive plus compact in an L? framework.

In the present thesis, we derive error estimates with respect to the discretization parameters (both in
space and Fourier variables). To handle the non-dissipative case, we propose a modified version of the
Half-Space Matching Method, which is obtained by applying a complex-scaling to the unknowns, in order
to recover the L? framework.

We then extend the Half-Space Matching Method to scattering problems in infinite 3D elastic plates for
applications to Non-Destructive Testing. The additional complexity compared to the 2D case comes from
the decomposition on Lamb modes used in the half-plate representations. Due to the bi-orthogonality
relation of Lamb modes, we have to consider as unknowns not only the displacement, but also the normal
stress on the infinite bands limiting the half-plates. Some theoretical questions concerning this
multi-unknown formulation involving the trace and the normal trace are studied in a 2D scalar case.
Connections with integral methods are also addressed in the case where the Green’s function is known, at
least partially in each subdomain.

The different versions of the method have been implemented in the library XLiFE++ and numerical
results are presented for both 2D and 3D cases.
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